A pseudo-Riemannian metric on the tangent bundle
of a Riemannian manifold

Cristian Eni

Abstract. On the tangent bundle of a Riemannian manifold (M, g) we
consider a pseudo-Riemannian metric defined by a symmetric tensor field ¢
on M and four real valued smooth functions defined on [0, c0). We study
the conditions under which the above pseudo-Riemannian manifold has
constant sectional curvature.
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1 Necessary facts about the tangent bundle T'M

Let (M, g) be a smooth n-dimensional Riemannian manifold and let 7 : TM — M
be its tangent bundle. Then T'M has a structure of a 2n-dimensional smooth mani-
fold induced from the structure of smooth n-dimensional manifold of M as follows:
every local chart (U, ¢) = (U,x!,...,2™) on M induced a local chart (7=1(U),®) =
(7=YU), 2, ...,2™, 4y, ...,y™) on TM, where we made an abuse of notation,identifying
2! with 7*2° = 2° o m and 3’ being the vector space coordinates of y € 7~ (U) with
respect to the natural local frame ((%)W(y), . (%)W(y)) ie y= yi(%)ﬂ(y)

This special structure of T'M allows us to introduce the notion of M-tensor fields
on it (see [3]). An M-tensor field of type (p,q) on T'M is defined by sets of nPt4
functions depending on 2% and %, assigned to induced local charts (7=1(U),®) on
T M, thus the change rule is that of the components of a tensor field of type (p,q) on
M, when a change of local charts on the base manifold is performed. Remark that the
components y° define an M-tensor field of type (1,0) on T'M. It is also obvious that
a usual tensor field of type (p,q) on M may be thought as an M-tensor field of type
(p,q) on TM. In the case of a covariant tensor field, the corresponding M-tensor field
on the tangent bundle 7'M is nothing else but the pullback of the initial tensor field by
the submersion 7 : TM — M. Other useful M-tensor fields on TM may be obtained
as follows. Let a : [0,00) — R be a smooth function and let || y [|*= gx()(y,y) be the
square of the norm of the tangent vector y. Then the components a(|| y ||*)0% define
a M-tensor field of type (1,1) on TM. Similarly, if g;;(x) are the local coordinate
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components of the metric tensor field g on M, then the components a(|| y [|?)gi;
define a symmetric M-tensor field of type (0,2) on M. The components go; = ¥’ g;;
define an M-tensor field of type (0,1) on T M.

Recall that the Levi-Civita connection V of the Riemannian metric ¢ defines the

direct sum decomposition
TTM =VTM & HTM

of the tangent bundle to T'M into the vertical distribution VI'M = ker m, and the
horizontal distribution HT'M. The vector fields (6%17...7 %) define a local frame
field for VT'M and for the horizontal distribution HT'M we have the local frame field
(%, ceny ﬁ‘n), where

) 0 n 0

5o = w0y

h h o,k
Lo = Doy

and F?j are the Christoffel symbols defined by the Riemannian metric g. In [5] the
author proves the following

Lemma 1. If n > 1 and u,v are smooth function on TM such that
ugij +vgoigo; = 0,90i =y’ gji» y e (U)
on the domain of any induced local chart on TM, then uw=v = 0.

In a similar way we can obtain

Lemma 2. If n > 1 and u,v are smooth function on TM such that
ugik6; — ugi;0p + vg0igo; 6 — vg0;90k0; = 0,900 = ¥ gji, y € (U)
on the domain of any induced local chart on TM, then uw=v = 0.

Remark. From the relation
ugiryiy" — ugiry;y" =0, yex ' (U),

we obtain u = 0.

Since we work in a fixed local chart (U, ¢) on M and in the corresponding induced
local chart (7=1(U), ®) on TM, we shall use the following simpler notations

0 5
oyt & dxt

9;

We also denote by

1

1 1 o B
t=5 11y 1= 59x0) (W:9) = 5005 (@)y'yy € 71 (U).
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2 A pseudo-Riemannian metric on T'M

Let ¢ be a symmetric tensor field of type (0,2) on M, and let a1, b1, a2,bs : [0,00) — R
be smooth functions. Consider the following symmetric tensor field of type (0,2) on
TM (see [6],[7],[4])

Gy(XV, YV) =0,
(21) Gy(XH7 Yv) = al(t)gﬂ(y) (X7 Y) + b1 (t)gﬂ(y) (ya X)g‘rr(y) (ya Y),

Gy(XHYH) = a5 (t)r(y) (X, Y) + b2 (8) g () (U, X) () (4, V).

The expression of G in local adapted frames is defined by the following M -tensor
fields
Gj; = G(5:,05) = a1gij + b1goigo;,

ij = G(6;,65) = ascij + bagoigo;-
The associated matrix of G with respect to the adapted local frame is
(e
Gl @&,
The conditions for G to be nondegenerate are ensured if
ay(ay + 2tby) # 0.

Under these conditions the matrix (G}]) has the inverse with the entries

. 1 .. b1 .
HY = g9 Lo
1 a1g +a1+2tb1yy

We shall denote by

G} 0G?. 8G} 6G2
1 _ vJ 2 v] 1 _ v] 2 vJ
OnGij = oyh’ hGij = oyh’ onGij = Szl  0nGly = Sah

The following formulae can be easily checked and will be useful in our next compu-
tation:

VzG;k =0;G}, — TGy — ThGl, =0,
ViG2, = 6,G%, — TG, — Th.G2, = aaVies,
(2.2) ViH{" = §;H{* + T, H* + T% H{" =0,

Viajallcl = 5i5jG11cz - ngahGllcl - F?kajGilzl - F?lalelch =0,

Vi0;Ghy = 6:0,Gy — TonGYy — T0;Ghy =TGRy, = aggo;Vici-
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Proposition 3. The Levi-Civita connection V of the pseudo-Riemannian manifold
(TM,G) has the following expression in the local adapted frame (04, ..., Op,
01y -vey On)

Vo,

0

9 = QLo Vs,

i

0, = (T +Phow+Plon,

Vod; = Ploy+ Ploy, Vs.0; = (Tl +Sh)on + Skon,

i

h ph ph gh gh

where the M-tensor fields Q3;, P}, Pj;, Si%, Siy are given by:

1

b= §H{Lk(5iG}k +9;G),
1
P = §H1hk(aiG}k — 0Gij),

=~ 1 1.,

Pjj = SH"0:G3) = SHT'(0,Gjy — 01Gy) G HY™,
a . . .

Sz}z = ?Q(Vicj'k + Vjcki — chij)Hfh—

1
—a1Ro H" + §H13l(8lG?j)G§kahv

- 1
i hk

Sp = —§H1 G,

Ryiji, denoting the local coordinate components of the Riemann-Christoffel tensor of

the Levi-Civita connection ¥ on M and Roijr = lelijk

Remark. Replacing the expressions of G}j, G?j, Hfj, aiG}k, (‘314G?k by their local

coordinate components we obtain some quite complicated expressions.

The curvature tensor field K of the connection V is defined by the well-known
formula

K(X,Y)Z =VxVyZ-VyVxZ — V[X’y]Z, X, Y, Z e F(TM)

Proposition 4. The local coordinate expression of the curvature tensor field in
the adapted local frame (01, ..., 0n, 01, ..., 0pn) 1S given by

K(8:,05)0k = YYYY]: O,

K(0i,0;)00 =YY XY .0h + YY X X[ 61,
K(9;,6;)0, =Y XYY/, ,0n + Y XY X} 0n,
K(8:,6;)00 = Y X XY .0, + Y XX X[ :0n,
K(él, 5j)8k = XXYY,j;j@h + XXYX]?ij(Sh,
K (0i,0;)0p = XX XY 0n + XX XX}, 0n,

where we have denoted
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YYYYIQJ‘ = 0iQ%, + Q% Q% — 9;Q — Q3 Q
YYXY = 0P + PPl + Ple — ;P — PP, — PLQ,
YYXX,?W =0, P}, + PlkPj; d; Pl — ijph
VXYY =0, P} + P,g bt Phpl — Pl
YXYX,’;” =0 ij +P ,fj Pl — PLQ;, o
YXXY,W = 0;Sf, + 5,Qf + SlkP[; S} Pl — P Ply — V;Pjy
YXXX,W =0, S iy L. Ph—Shpl — PPl
XXYY], =V, P,gg - P,g P+ P,g Sl —V,; Pl — PL,Pl — PlLSh+

+Ry; + ROUQM N
XXYX,’;”. = PP+ PéLSZ’; P,élPh P;&Sﬁ N N
XXXY,W =V; Sh + S8 + 5] L Pl —v;sh — Sk St — S4.Ph+ Rl Pl
XXXX[ =V, Sh + SlkS + S}kPl’} —V;Sh sl St — Sh.Ph+

+szg "’ Rb,; Pk

Remark. Note that, as a first step, the formulae for the local expression of K also
contain some other terms involving the Christoffel symbols I‘fj However, all of these

terms are involved in the derivative V. For example
VPl =6 Ph —TLPh — T, Ph+ThP!,

but using the expression of f’f; and taking account of relations (2.2) we obtain after
a straightforward computation that

’ . a ) . N
VP Jk = 2H1hlgojVicm - EQHfl(aszlcz - 31G;k)(vic”)H{h

Remark also that the terms viQ?k and Vinhk do not appear because they are zero as
follows from the formulae (2.2).

s Pl Pl S,
Sf‘j in order to obtain the explicit expression of the components of K. However, the
final expressions are quite complicated, but they may be obtained after some long
and hard computation made by using the Mathematica package RICCI.

Recall that the pseudo-Riemannian manifold (7'M, G) has constant sectional cur-

vature k if its curvature tensor field K is given by

Now, we have to replace the expression of the M tensor fields Q"

K(X,Y)Z = Ko(X,Y)Z = k(G(Y, 2)X — G(X, Z)Y),VX,Y,Z € T(TM).

In order to find under which conditions (T'M, G) has constant sectional curvature we
shall consider the differences between the components of the tensor fields K and K
and we shall denote them by Dif f. For example

Diff YYYY[, =YYYY]! —YYYY(,.

The explicit expression of Dif f YYYYk’;j is

. CL/ —b
Diff YYYY}, = mmjké? — gij0p)+
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1 ’ " ’ ’ "
+M(3ala12 - 2@%@1 — 3@1[)% + 2(1%1)1 + 2a12b1t — 4@1@1 b]t_
—Qbi)t + 4a1a/1b/1t) (5/};901'90]' — 5?90]*9010.
From Lemma 2 it follows that Dif f YYYY,QJ- =0 if and only if b; = a,l. By replacing
by = a/1 in the expression of Dif f YYXYkhij we obtain
D’Lff YYXYk]—%j = —kalgjk(sih + kalgik(ﬂl + kall(;?gm‘gok - kalléfgojg()k.

Using again Lemma 2 and taking account that a; # 0 it follows that
Diff YYXYk};j = 0 if and only if £ = 0. Under the conditions b; = a; and k =0 we
have

Diff YYXX}, =Diff YXY X[, = Diff XXY X}, =0.

Computing Dif f XXXX,’;ij and taking y = 0 it follows that R = 0, so (M, g) is flat.
Taking y = 0 in the formulae Dif f YXXX,’JM = 0 we obtain

na; (0)cji = —2b2(0) g,k

ay(0)cjp = —(n + 1)b2(0)g;s

from which we have
(n® +n—2)by(0)gjx =0

Assuming that n > 1 it follows that by(0) = 0, s0 ay(0)c;x = 0.
Now we may consider the following cases:

(i) a'2 =0, by = 0 so the pseudo-Riemannian metric G is given by
G(0;,0;) =0,
(2.3) G(8:,0;) = argij + ) 90igo;
G((S“ (%) = CLQCij,

where a5 : [0,00) — R is a smooth function and a5 is a nonzero constant. Computing
the remaining differences we have

Diff YXYY), =Diff YXXY, =Diff YXXX]; =
=Diff XXYY), = Dif f XXXX}!,; =0,
and

Diff XXXY]:;]- = ;%(Vlvkc? — vjka? + Vjvhcik — Vthjk)Jr

(1/10,2
2a1 (ay + 2ta))
Taking y = 0 in Dif f XXXY,QJ- = 0 it follows that

(Vzvzcjk - vivkclj + vjvkcli - vjvlcik)yhyl-
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Vﬁkc? — V]chf + V]thik — Vﬁhqk =0.

Observing that the first bracket of the expression of Dif f XXX Ykhij is zero if and
only if the second bracket of it is zero we may state:

Theorem 5. If the tangent bundle (TM,G) has constant sectional curvature,
where G has the entries given by (2.3), then it must be flat. Moreover, (TM,G) is
flat if and only if (M, g) is flat and the tensor field c satisfies the condition

(2.4) Vlvlcjk - Vﬁkclj + V]chh- — V]Vlcik = 0.

A symmetric tensor field ¢ of type (0,2) on M is Codazzi tensor field if
(Vxe) (Y, Z2) = (Vye) (X, Z), X,Y,Z c T(M)

Note that the condition (2.4) is fulfilled if ¢ is parallel with respect to V or it is a
Codazzi tensor field on M.

(i) aa = 0, by = 0 so the pseudo-Riemannian metric G is given by

G(0;,0;) =0,
(2.5) G(6:,0;) = a19; + a190i90;
G((S“ 5j) == 0,

where a; : [0,00) — R is a smooth function. In this case all the differences Dif f are
zero, so we have the following

Theorem 6. If the tangent bundle (TM,G) has constant sectional curvature,
where G has the entries given by (2.5), then it must be flat. Moreover, (TM,G) is
flat if and only if (M, g) is flat.

(#i) as = 0, so the pseudo-Riemannian metric G is given by
G(0;,0;) =0,
(2.6) G(0:,0;) = argij + ) goigo;»

G(6:,05) = bagoigo;,
where a1,bs : [0,00) — R are smooth functions, b2(0) = 0. In this case we have

Diff XXYY} = ugjryiy”" — ugiey;y",

’ !
b (a1b272a bat+2a1 b t) . h
here u = =2 1 22 From Dif f XXYY".
where u 4a1(a1+2a/1t)2 © ff kij

made in the first section,

= 0 we have, using the remark
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bg(albg — 2Clllb2t + 2a1b,2t) =0.

Remark that by = 0 is a solution of this equation. Next we shall prove that b, = 0 is
the unique solution of this equation. First of all let us observe that

th2." aib? + 2taybyby — 2a, b3t

= =0,vt>0
) = >
It follows that tb%af2 is a constant function, but since b3(0) = 0, we must have

th2(t)ay(t) = 0,¥t > 0, so by(t) = 0, for all t > 0. As a consequence of Theorem 6
we obtain:

Theorem 7. If the tangent bundle (TM,G) has constant sectional curvature,
where G has the entries given by (2.6), then it must be flat. Moreover, (TM,G) is
flat if and only if (M, g) is flat and by = 0.
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