Conformal connections on Lyra manifolds
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Abstract. We give an algebraic characterization of the case when confor-
mal Weyl and conformal Lyra connections have the same curvature tensor.
Tt is determined a (1,3)-tensor field invariant to certain transformation of
semi-symmetric connections, compatible with Weyl structures on confor-
mal manifolds. It is studied the case when this tensor is vanishing.
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Introduction

The invariance of curvature type tensors under conformal transformation of metrics
plays a central role in conformal geometry and has deep geometric significance.
The conformal Weyl curvature tensor

C(X,Y,Z,W)=R(X,Y,Z, W) — %[g(X, WHS(Y,Z) — g(Y,W)S(X, Z)+
+9(Y,2)S(X, W) — g(X, Z2)S(Y,W)|+
k
(n—1)(n-2) [
is invariant under conformal transformation of metrics g — g = e*g.
The conharmonic curvature tensor

+ g(X,W)g(Y, Z) — g(Y,W)g(X, Z)]

KX, Y,Z,W)=R(X,Y,Z, W) — ﬁ[S(X, Wig(Y,Z) — S(Y,W)g(X, Z)+

is invariant under conharmonic transformation of metrics ¢ — g = e*g, where &=
995 =0,Ene = Enp — Enli + &€ gni, & = 25
The concircular curvature tensor
k

L(X,Y,Z,W) = R(X,Y,Z,W) — wn—1)

[9(X,W)g(Y,Z) — g(Y,W)g(X, Z)]

is invariant under concircular transformation of metrics ¢ — g = e*¢g, where T}, =
&rs — &€, T = 2Tr(T)g, S is the Ricci tensor and k is the scalar curvature.

Batkan Journal of Geometry and Its Applications, Vol.13, No.2, 2008, pp. 43-49.
(© Balkan Society of Geometers, Geometry Balkan Press 2008.



44 I.E.Hirica and L. Nicolescu

1 Semi-symmetric connections
on Lyra manifolds

Let m € AY(M). A linear connection V is called 7-semi-symmetric if
TX,)Y)=m(X)Y —m(Y)X, VX,Y € X(M).

If, moreover, V is metric (Vxg = 0), then the triple (M, g, V) is called Lyra manifold
associated to .

A. Friedman, J.A. Schouten introduced the notion of semi-symmetric connection.
The research is continued by H.A. Hayden. The subject was developed from different
perspectives. The main directions of study are:

a) The geometrical significance of semi-symmetric connection:

Theorem A [12] The necessary and sufficient condition such that a Riemannian
manifold admits a metric semi-symmetric connection with vanishing curvature tensor
is that the space is conformally flat (i.e. C =0).

Theorem B [12] The necessary and sufficient condition such that a Riemannian
manifold admits a metric semi-symmetric connection V such that M is a group man-
ifold (i.e. R(X,Y)Z = 0,(VxT)(Y,Z) = 0) is that the space (M,g) has constant
curvature.

Along the same line T. Imai got the following results

Theorem C [3] If a Riemannian manifold (M, g) admits a metric semi-symmetric
connection V such that SY =0, then:

a) RV = C (the curvature tensor associated to this connection coincides with the
conformal Weyl curvature tensor of the Riemann space).

b) There exists G € § such that R = C (the curvature tensor of the Levi-Civita
connection associated to g coincides with the conformal Weyl curvature tensor of the
Riemann space).

If the 1-form 7 is closed one can introduce the notion of sectional curvature.

Theorem D [3] If a Riemannian manifold (M, g) admits m-semi-symmetric con-
nection V such that 7 is closed and the sectional curvature corresponding to V is
constant, then the Riemann space is conformally flat.

In [13] P. Zhao, H. Song, X. Yang studied semi-symmetric recurrent connections.
They considered V and V two semi-symmetric metric recurrent connections on a
Riemannian space such that V — V is a projective transformation and determined
an invariant of this transformation.

b). Properties of semi-symmetric connections on manifolds endowed with special
structures:

Let M(p,&,7n,g) be a Sasaki manifold. A metric connection is called S-connection
if (Vxe)(Y) =n(Y)X — g(X,Y)E.

If, moreover, T(X,Y) = n(Y)p(X) — n(X)p(Y), then V is called metric semi-
symmetric S-connection and is given by

VXY =Vx Y — p(X)e(Y),

[e]
where V is the Levi-Civita connection.
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Theorem E [7] If a Sasaki manifold M (p,&,n,g) admits a metric semi-symmetric
S- connection, whose curvature tensor is vanishing, then:
a) the conformal Weyl curvature tensor coincides with the conharmonic curvature
tensor;

b) the concircular curvature tensor coincides with the Riemann curvature tensor.

R.N. Singh and K.P. Pandey [9] gave the relativististic significance of a semi-
symmetric metric S- connection whose curvature tensor is vanishing. S.D.Singh, A.K.
Pandey [8] studied semi-symmetric metric connections in an almost Norden metric
manifolds. P.N. Pandey and B.B. Chaturvedi [6] considered semi-symmetric connec-
tions on Kihler manifolds. F. Unal and A. Uysal [10] studied semi-symmetric connec-
tions on Weyl manifolds.

2  Weyl manifolds

Let M be a connected paracompact differentiable manifold of dimension n > 3.

Let g be a pseudo-Riemannian metric on M and § = {e*g | ¢ € F(M)} the
conformal class defined by g.

A Weyl structure on the conformal manifold (M, §) is a mapping

W g AY(M), W (e*g) = W(g) — 2d¢,VE € F(M).

We call the triple (M, g, W) a Weyl manifold.

Remark 2.1. There exists an unique torsion free connection V on M, compatible
with the Weyl structure W :

Vg+W(g)®g=0,
called the conformal Weyl connection. This is required to be invariant under the
transformation g — e g.

H.Weyl introduced the 2-form (M) = dW(g),g € § (a gauge invariant). If
(M) = 0, then the cohomology class ch(W) = [W(g)] € H*(M,d) does not de-
pend on the choice of the metric g € g.

(M) and ch(M) are obstructions for a Weyl structure to be a Riemannian struc-
ture.

Theorem F [2] Let (M, G, W) be a Weyl manifold and V the conformal Weyl
connection. The following assertions are equivalent:

1) (M) = 0, ch(M) = 0;

2) There is a Riemannian metric g € § such that Vg = 0.

Let (M, §, W) be Weyl manifold and V be the conformal Weyl connection.

Let V be the 7 semi-symmetric connection compatible with the Weyl structure
W ie.

Vg+W(g)®g=0,

called conformal 7 semi-symmetric connection or the conformal Lyra connection.

Let E € TY“2(M). The F(M)-module X (M) becomes an algebra, denoted
UM,E) if X oY = E(X,Y),VX,Y € X(M).
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If V and V’ are linear connections on M and E =V — V', then U (M, E) is called
the deformation algebra associated to the pair (V, V).

Our purpose is to study properties of semi-symmetric connections on Weyl mani-
folds.

Theorem 2.1. Let (M,5,W) be a Weyl manifold, n > 4 and
UM,V — V) be the Weyl-Lyra deformation algebra associated to the 1-form . Let
R, R be the curvature tensors associated to the connections V, V.

Then R =R, if (M) =0 and R, : Ty x T, x T,M — T,,M is surjective, ¥p € M,
if and only if the Weyl-Lyra algebra is associative.

Proof.” =7

Let A=V — V. One has

g(Z(X,Y),Z) =r(Y)g(X,Z2)-n(Z)g(X,Y),VX,Y,Z € X (M).
Using the second Bianci identities and VxR = V xR we have
(67 Ryjp, + 05 Ry + 0p R )me + (it Ry + 9j1Rog; + grr Ryi5)m" = 0.
This relation leads to

(n = 3) grn R + (9r1Srj — g1Sr) 7 =0
and
(n—2)Sm" =0.
Therefore
(n—3) g,.hRZ-kﬂ'T =0.

Since R, is surjective, one has A = 0.
b <: ”
The condition (X oY)oZ =Xo(YoZ),VX,Y,Z € X (M), implies

9ikmsTo0; = (GikTj + GjkTi — GijTr) T .
This becomes
(9irTj + gjrmi — gijme) 7 = 0.
Hence 7 = 0 and A = 0. Therefore R = R.

A linear connection V is compatible with the Weyl structure W and is associated
to the 1-form w if

) (Vxg)(Y, Z2) + W(g)(X)g(Y, Z) + w(Y)g(X, Z) + w(Z)g(X,Y) = 0.

There exists an unique connection V o-semi-symmetric satisfying (x):
VXY =Vx Y+ 3W(@)(X)Y + GW(9) +0) (V)X = g(X,YV)(5W(g) + 0 —w)*,

where V is the Levi-Civita connection associated to g.

_ Proposition 2.2. Let (M, g, W) and (M, g, W) be Weyl manifolds. Let V (resp.
V) be the o (resp. @ )-semi-symmetric connection compatible with the Weyl structure
W (resp. W), associated to the 1-form w (resp. @). Then
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(%) VxY = VxY +p(X)Y +q(Y)X — g(X,Y)r",
holds, where p = (W (g) —W(g)),q=p+0 —0,r=q—w+w.

Theorem 2.3 Let (M, §) be a conformal manifold , n > 3.The tensor

2

7 7 mi k mi
e = Al t m{st (Ami — mgml) — Q" (Ams —

k
mgms)}

is invariant under the transformation (xx),

where ) = $(I ® 1 —g® g) is the Obata operator, (g.9)(X,0) = g(X, o),

Al =Ry — %5}R§Sl, Aij = Ajj and k is the scalar curvature.
Proof. From (%) we find

S

Rjrl = Rjirl + 5; (prl - plr) + 2(2;";%11 - 29?1“er7

where pr = prji + Prots Gri = Grji — @@ + 590ip + qroy and p = g q;q;.
We get ‘
A;’rl = A;’rl + 2Q§Tle - 29;'71”er .

The previous relation leads to

er = Ajr - (TL - 2)%'7’ - ng(_Aja

k

where ¢ = T'rq. Therefore ¢ = —m and we get

1 — T—k
qjr = Th_29 {Ajr—Ajr—ger(n_D} .

Hence Bjirl = Ejirl.
Theorem 2.4. Let (M, g, W) be a Weyl manifold, n > 3 and V the conformal
Weyl connection. Then there exist the 1-forms p and q such that the semi-symmetric

connection
(5 % %) VxY =VxY +q(Y)X +p(X)Y — g(X,Y)q"

has vanishing curvature tensor if and only if the tensor B is zero.
Proof. 7 = 7 is obvious.
7 <7 If B}y, = 0, one considers the following two systems of equations

{ Pr/1 = Pri
Pri — Pir = _%R:Zrl y
_ 1
qr/1 = qri + qrqi — 99riP
arl = n%g [Arz - ﬁgrl} :

We prove that if B;rl = 0 ,n > 3, then the previous systems have solutions. From

Prjt = Dijr = Pyt — Py = *%Rirl’ where ¢, == f% (W(g)),, one has
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oh
pr=—0, + I
where h is arbitrary smooth mapping.
Since B;Tl = 0, using ZCAérl/h =0, we get
r,lh

Q?llier/h - Q;‘?ﬂiqml/h =+ Qﬁile/rf

_Qﬁith/r + Q;‘yqumh/l - Qﬁiqmr/l =0.
Hence (n — 3)(qjr/1 — qji/r) = 0. Because n > 3 the integrability conditions

Qjr/1 — 4j1)r = 0

are satisfied.

Remark 2.5. The previous result remains valid when replace V by a semi-
symmetric conection, compatible with the Weyl structure W.

Open problems. Let (M, g, W), (M, §, W) be Weyl manifolds and 7,7 be closed
1-forms.
Let V and V be conformal 7 (resp. 7) -semi-symmetric connections.

1) The characterisation of the invariance of sectionale curvature.

2) The study of properties of the deformation algebra U(M,V — V).
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