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Abstract. In this study, we derive the equations of a motion model of
two smooth homothetic along pole curves submanifolds M and N; the
curves are trajectories of instantaneous rotation centers at the contact
points of these submanifolds. We comment on the homothetic motions,
which assume sliding and rolling.
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81. Preliminaries

In ([7]), R.Miiller has generalized 1-parameter motions in n-dimensional Euclidean
space given the equation of the form Y = AX 4 C, and has investigated the so-
called axoid surfaces. Further, K. Nomizu has defined ([8]) the 1-parameter motion
model along the pole curves on the tangent plane of the sphere, by using parallel
vector fields, and has obtained results in the particular cases of sliding and rolling.
Then, H.H.Hacisalihoglu has the investigated 1-parameter homothetic motion in the
n-dimensional Euclidean space ([4]), and B. Karakag has adapted K. Nomizu’s kine-
matic model to homothetic motion, defining as well parallel vector fields along curves
([5))-

In this study, we define the kinematic model of smooth submanifolds M and N
using arbitrary orthonormal frames along the pole curves and obtain the equations
of this homothetic motion which assume both rolling and sliding of M upon N along
these curves. Further, we obtain the equations of homothetic motion of M on N for
two given arbitrary curves on M and N respectively, assuming that these curves are
pole curves.

§2. Introduction

We shall use hereafter the definitions and notations from ([5]). The homothetic
motion of smooth submanifolds M onto N in Euclidean 3-space is generated by the
transformation
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(2.1) F:M — N
‘ X({t) — Y(@) =hAX@t)+C

where A is a proper orthogonal 323 matrix, X and C are 3 x 1 vectors and h # 0 is

homothetic scale. The entries of A, C' and h are continuously differentiable functions

of the time t, the entries of X are the coordinates of a point on M in Euclidean coordi-

nates (x1,x2,x3), and Y is a trajectory of X. We take B as hA, and by differentiating

(2.1), we obtain

dY dX dB dcC

(2.2)

dt dt’
where

B, dC  pdX a4y

dt dt’ dt’ dt

are respectively called sliding velocity, relative velocity and absolute velocity of the
point X. As well, we call X center of instantaneous rotation if its sliding velocity
vanishes. If X is the center of an instantaneous rotation, then X is a pole point at
the time ¢ of the motion F' given in (2.1). Since det(42) # 0, then every homothetic
motion in E? is a regular motion. Consider a regular curve X (t) on M, which is
defined on a closed interval I C R, such that all its points are pole points. In this

case, we call the curves
dB\ " [dC
Xt)=—-|(— —
o=-(%) (%)

v o (%) (1)

. . . -1, .
moving and fized pole curves, respectively, where the matrix B (dd—f) is described

by
B\ ' A A
-B <d> = (dllA + hd> poia-t = 4 h™ I+ Ay
N—_——

dt dt dt dt dt
S
©

and

We call ¢ and S the sliding part and the rolling part of the motion F', respectively.
Every homothetic motion in E? consists of both sliding and rolling. For S # 0, there
is a uniquely determined vector W (t) such that S(U) equal to the cross product
W (t) AU for every vector U € ITR3. The vector W (t) is called the angular velocity of
the point X (¢) at the moment ¢ ([8]).

§3. Sliding and rolling of M onto N

We consider further two smooth manifolds M and N which are tangent (inside or
outside) each other and the curves X (t) on M and Y (¢) on N as moving and fixed
regular pole curves. Let ¥ be the common tangent plane of M and N (tangent to
X (t) and to Y (¢)) at the contact point p). We consider a Cartesian coordinate system
in £3 and let {e; = (1,0,0),e2 = (0,1,0),e3 = (0,0,1)} be the canonic unit basis. We
denote by £ = £(t) and n = n(t) the normal vector fields of M and N along the curves
X (t) and Y (t), respectively. In addition, we denote by {7, N, B} and by {T, N, B}
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the Frenet vector fields of the curves X (t) and Y (¢), respectively, (tangent, principal
normal and binormal vector fields). Since the homothetic motion F' : M — N consists
of rolling, then W (¢) lies in the tangent plane of both X (¢) of M and Y (¢) of N at
each contact point ([5]), where we have B¢ = ehn. Here by e we denoted the sign
function such that if € = +1 then M moves inside of N along pole curves, and if
€ = —1 then M moves outside of N along pole curves.

Assume that {b1,b2} and {a1,as} are orthonormal systems along the regular pole
curves X (t) and Y(t), and let by, by and a;, as transforms into each another via
by = hB~'a; and by = hB~tay, respectively. Thus we call {by,bs,£} and {ay, as,n}
moving and fixed orthonormal systems along the curves (X) = X(¢) and (V) = Y (¢),
respectively. Since (X) is the pole curve, we can write the equation % =B % by
using (2.2). If ¢ is the arc-length parameter for the curve (X), then we can write

Y _ hAT and we have the following equations

dt
h = HdY [ = ldl
dt ||’ h dt
Since £ € Sp{N, B}, then we can write
(3.3) &(t) = cosp(t)N + sine(t)B

and we need to construct the frames {b1, b2, X} and {a1, as,e3} in order to determine
the orthogonal matrix A and to set up the kinematic model. During this process, we
make use of the frames {T, AT, £} and {T,nAT,n}, which are called Darbouz frames
along (X) and (Y) on M and N, respectively. We can find an orthogonal matrix @
by using (3.3) and

T T
(3.4) EAT | =@ | N
3 B

It is well known that if the system {T, N, B} rotates relative to {ej, es,e3}, then we
can write for P € SO(3) the relations

T €1
(3.5) N [ =(P)| e
B €3

The tangent spaces Sp{b1,b2} and Sp{T,&{ AT} coincide with X, and hence we have

by cosf) sinf O T
(3.6) by | = —sinf cosé 0 ENT ],
¢ 0 0 1 £
R

where 6 = 6(t) is the angle between by and T' (by and £ AT'). We obtain the orthogonal
matrix A; = (P)” [Q)T[R)T by using (3.4)-(3.6). The matrix A; transforms b to e,
ba to eg and € to es, respectively. On the other hand, we denote the skew symmetric

T
matrix %Al as wi, so that wy will be given by
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0 0"+ kysiny mq
(3.7) wy = | —0 —kysiny 0 mo |,
—ma —TMa 0

where k1 = k1 (t) and ko = ka(¢) are the curvature and torsion of the pole curve (X)
respectively, and

my = eky cosfcosty + (ko + 1) sin@, mo = —ekysinfcosy) — (kz + ') cosb.
Thus we have the following

Proposition 1. The vector fields by and bs are parallel according to the connection
of M along the curve (X) if and only if 0’ + k1 siny = 0 is satisfied.

Proof. Let V be the Levi Civita connection and Sy, be the shape operator of M. We
obtain by by using (3.4) and (3.5),

b1 = cos 0T + sinfsiny N — sinf cos B
and from the Gauss equation, we have
Vb = Vb + (Su(T), b1)é,
and after routine calculations, we obtain
Vrby = — (0" + ki sin) - (sin 0T — sin 1) cos N + cos ) cosOB).

It is easy to see that Vrb; = 0 if and only if 6 + k;sinyy = 0. Hence, b; is a
parallel vector field relative to the connection of M along the curve (X) if and only if
0’ + k1 sinty = 0 is satisfied. Similarly, we can easily prove that by is a parallel vector
field relative to the connection of M along the curve (X) if and only if 0’ +k; sint = 0

is satisfied, as well. [ |
On the other hand, since n € Sp{N, B} then we have

(3.8) n(t) = cos(t)N + sintp(t) B

thus we can find an orthogonal matrix @ by using (3.8) such that

T T
(3.9) nAT | =(@Q)| N
n B

Since {T', N, B} rotates according to the orthonormal basis {ey, €2, e3}, we obtain P
€ SO(3) as follows

T [
(3.10) N | =[P e
B €3

and since Sp{ai,as} and Sp{T,n AT} coincide with ¥, we infer



106 Yilmaz Tunger, Yusuf Yayl, M. Kemal Sagel

ai cos @7 sin@i 0 T ~
(3.11) as | = —sinf cosf O nAT
n 0 0 1 n
R

where § = 0(t) is the angle between a; and T, (a2 and n AT). Thus we obtain another

orthogonal matrix A, = (P)T(Q)T(R)” by using (3.9)-(3.11) such that the matrix A,
transforms a1, as, n into ey, e, e3, respectively. We denote the skew symmetric matrix

d?fT As as ws, which has the form
(3.12) -
3 1 T win o k1 cos 6 cos i+
! - - —
0 0" + ki siny { (/iz+1/zi)sing }
9" — kqsin k1 sin 6 cos—
p— _ / _ . B 1 ) -
wo = 79 kjbln% 7 f) ) { (ks + ') cos 8 }
_ | kicosfcosipt k1 sin 6 cos ¢— 0
(k2 + ') sin g (k2 + ') cos

where k; = ky(t) and ky = ko(t) are curvature and torsion of the pole curve (V).
Thus we have the following

Proposition 2. The vector fields ay(t) and ax(t) are parallel according to the con-
nection of N along curve (Y') if and only if ' + kq siny = 0 is satisfies.

Proof. It is easy to proof similarly remark 1. [ ]

Therefore, we can find the main matrix A of the motion (2.1) by using A; and A,
as A = Ay AT so that A transforms by to ag, by to az and & to en, respectively. The
skew-symmetric matrix S = 24 A7 is instantaneous rotation matrix and S represents
a linear isomorphism as S : Ty N — Sp{n}. We obtain the matrix S by using
(3.7) and (3.12) as S = Ag(—wq + w;)AL. Consequently, the matrix S determines an
unique vector w, € Sp{a1,az,n} as follows.

—ky costpsinf + (' + ko) cos 0+

W = eky cossinf) — e(zﬁ’ +_/<:2) cos ¢ a1 |p
—ki cospcos @ — (Y + ko) sin 6+
(3.13) + eky cospcos O + e(y) + ko) sin 0 az|,

B 0" + ky sin |
—0' — k1 sin My
Thus, we obtained an important condition for the rolling part of the homothetic

motion of smooth submanifolds in E3, along regular pole curves. Hence we have
proved the following

Theorem 1. The transformation F is a rolling motion defined as Bby = hay, Bby =
has and B¢ = ehn at the centers of instantaneous rotation if and only if ' +k1 siny —
0" — kysinty = 0 is satisfied.

Furthermore, we can specify this result to special cases:

Corollary 1. a) If M is a manifold in E* and N is a plane, then the angular velocity
vector at the contact points will be
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| €kycostpsinf— |+ ekq cos 1 cos O+ . 0 + ky— |
Wr = e(y)' + ko) cos 6 lp ()" + ky)sin 0 @2lp 0 — kysingy [ T
In this case, F is a rolling motion if and only if 0’ + ki — 0 — ky sin = 0 is satisfied.

b) If M is unit sphere and N is a plane then angular velocity vector at the contact
points will be as follows,

wy, = ek cossinbay, + eky cosp cosfazy, — {0' + ki — ' — kysine} g,

In this case, F is a rolling motion if and only if 0’ + k1 — 0 — ky sin = 0 is satisfied.

Corollary 2. a) In case that by(t), ba2(t) and ay(t), az(t) are parallel vector fields
along the pole curves, then we obtain all of the results in [5].

b) In case that by (t), ba(t) and a1(t), az(t) are parallel vector fields along the pole
curves and h = 1 then we obtain all of the results in [8].

¢) If (X) and (Y') are geodesics of M and N, respectively, then M rolling on (or
in) N along the pole curves.

As well, we can state the following

Proposition 3. Let (X) and (Y) be geodesics on M and N with the same curvatures
and same torsions. Then M both slides and rolls on N or M slides without rolls inside
of N along the pole curves.

Proof.  Since (X) and (V) are geodesics on M and N with same curvatures and
torsions, then we take 8 = 0 = ¢ = ¢ =0, ky = ky = X and ko = ky = p.
Substituting in (3.13), we obtain

wp = (1—¢) {qu f)\(n/\T)p}

In the case e = —1, the vectors £ and 7 are opposite at the contact point p, and thus
wp # 0 and wy, is tangent to both (X) and (Y'). This means that M slides and rolls
outside of N along the pole-geodesic curves. In the case e = 1, the vectors £ and 7
have the same orientation at the contact points p, we infer w, = 0, which means that
M slides without rolling inside N along the pole-geodesic curves. [ |

Theorem 2. Let M and N be two submanifolds and X (t) and Y (t) be smooth pole
curves on M and N respectively, which satisfy the conditions of Theorem 1, and which
are tangent to each other at the contact points. Then we can find a unique homothetic
motion F of M upon N along pole curves.

Theorem 3. Let Sy and Sy be the shape operators of M and N along the curves
(X) and (Y), respectively. If

_ dX ay
h 1SM(E) = Sn(—7)

then F' is a sliding motion without rolling.
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Proof. We can write the following equations along the curves (X) and (Y), respec-

tively.
dX d& dy dn

SM(E) = and Sn( dt) e

Differentiating (3.3) and using (3.6) we yield

de§ | kycosfcost b+ k1 sin 6 cos v b
dt O +(ka+¢)sing [TPTEY —(ka+¢)cosh [ 2

and since by = hB~'ay, by = hB~lay and ¢ = ehB~ 1,

de€ k1 cos 6 cos i+ k1 sinf cosy—
B = ‘6{ (k2 + ') sin 6 }“1“{ (ky + /) cos [ %

we obtain by differentiating (3.8) and using (3.11),

dn ];1_005 é_cos @—i_— n —/%1 sin?cos @j—
dt (ky +¢')sing [ (ko +4'") cos 0 2

Since h_lB(%) = %, we obtain
e {kysinfcostp — (ko + ') cos 0} = {—kysinfcost) + (ko + ') cos 0}

e {k1cosfcostp + (ks + ') sin @} = {k; cosOcostp + (ko + ') sinf}

Substituting these equations into (3.13), we obtain w, = 0. Hence F is a sliding
motion without rolling. [ |

Proposition 4. If F is a sliding and rolling motion then the shape operators of M
and N satisfy following inequality

dX ay
WS (=) # Sn (-
t
Example 1. Assume ¢ = —1. Let X(t) = (sint,0,cost), t € [0,7] be a unit
speed curve on the unit sphere ¢(u,v) = (sinwvsinu,sinvcosu,cosv) and Y (t) =

(sint, —t,cost — 2) be a helix on the cylinder z? + (z 4 2)? = 1. We obtain the unit
normal vector fields of M and N, 1, 9, 0, 6 and the Frenet vector fields and curvatures
of the curves X (¢) and Y (¢) as follows

T = (sint,0, —cost), N = (—sint,0,—cost), B =(0,1,0)

k=1, ko =0, v =m, &(t) = (sint,0,cost)

and
_ 2 2 2 =
T = ({cost, \2[, g 1nt> N = (—sint, 0, —cost)

B=

V2 V2 Ve
2 202"

— cost, ) , 1(t) = —(sint,0,cost)
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_ V2o

k1=7, k2=—77 Y=
Since ||[dY/dt|| = h, we find h = V2 and we obtain 0(t) = 6(t) = 0 by using ‘% =
B%. Hence the motion will be described by

cos?t — \/isin2t cost (1 + \/5) costsint
(3.14) Y(t) = —cost 1 sint X(t)
—(1+ \/5) costsint —sint sin?t—+/2cos?t
(1+v2)sint
+ —t
(1++/2)cost —2

The matrix S and the vector w), are

(3.15)
0 Lging 1442
2 2 2 2 2
S = %ﬁsint 0 _T‘/icost , Wy = <\2[ cost, 1+ g, —g sint)
—1 -2 MZiost 0
2 2

Both (X) and (Y") satisfy (2.2), and these curves are the moving and the fixed pole
curves of the motion (3.14), and the vector fields given in (3.7), (3.12) and (3.15)
lie in the common tangent spaces T'x()(M) and Ty (4 (N) at the contact points. In
addition, since the vector w, satisfies the condition given in Theorem 1, the motion
(3.14) is a rolling motion. Since e = —1, then the unit sphere is rolling on the cylinder.

o 2%
':\.__\_\ _H_H_'_,_,_-'-'—""
-t}
T
-
0
ol 1 M}:@
a]
\\‘m ] M M‘:—ﬂl‘;
\\&Kr'r"" i -1 :

&

Figure 1: Unit sphere rolling on the cylinder along the curves (X) and (Y)

Example 2. Assume ¢ = 1. Let X(¢) = (sint,0,cost — 1), t € [0,7] be a unit
speed curve on the unit sphere ¢(u,v) = (sinvsinu,sinvcosu,cosv — 1) and let
Y (t) = (2sint, —t,2cost — 2) be a helix on the cylinder 22 + (z + 2)? = 4. We obtain
the unit normal vector fields of M and N, 9, v, 6, 6 and the Frenet vector fields and
curvatures of the curves X(t) and Y (t) as follows

T = (sint,0,—cost), N = (—sint,0,—cost), B = (0,1,0)
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k=1, ko =0, v =m, &(t) = (sint,0,cost)

and
T= 2\/5C08t,_ 5,_2\/gsint , N = (—sint,0,—cost)
5} ) 5
_ ) 2v/5 —/b
B = \/—_cost, \/_, \/_sint , n(t) = (sint, 0, cost)
5 ) 5
_ 25 Vb
kl:T’ kzz—?y Yp=m

Since ||dY/dt|| = h, we find h = /2 and we obtain 6(t) = (t) = 0 by using 4 =
B%. Hence the motion will be described by
2cos?t 4 v/5sin?t  cost (VB —2)costsint
X(t)

—cost 2 sint
(V5 —2)costsint —sint 2sin®t ++/5cos’ ¢
{ (‘/52_2) sin 2¢+
(2 —+/5)sint
+ (sint —t)

(@)(005215—1— 1)
+(2 —+/5) cost

Y(t)=

(3.16)

The matrix S and the vector w, be as follows.

(3.17)
0 —gsint —25—‘/5
S = %sint 0 %cost , Wp = <_T\/gcost,1—%, gsint>
—1—|—¥ *g/gcost 0

Both (X)) and (V') satisfy (2.2). Then these curves are the moving and the fixed pole
curves of the motion (3.16) respectively, and the vector fields given in (3.7), (3.12)
and (3.17) lie in the common tangent spaces T'x ;) (M) and Ty ;) (N) at the contact
points. Moreover, the vector w, satisfies the condition given in Theorem 1, and thus
the motion (3.16) is a rolling motion. Since e = 1, then the unit sphere is rolling in
the cylinder.

Figure 2: Unit sphere rolling in the cylinder along the curves (X) and (Y)
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