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Abstract. We study the conditions under which the cotangent bundle
T*M of a Riemannian manifold (M, g), endowed with a K&hlerian struc-
ture (G, J) of general natural lift type (see [4]), is Einstein. We first ob-
tain a general natural Kahler-Einstein structure on the cotangent bundle
T*M. In this case, a certain parameter, A involved in the condition for
(T*M, @G, J) to be a Kéhlerian manifold, is expressed as a rational function
of the other two, the value of the constant sectional curvature, ¢, of the
base manifold (M, g) and the constant p involved in the condition for the
structure of being Einstein. This expression of A is just that involved in the
condition for the Kéahlerian manifold to have constant holomorphic sec-
tional curvature (see [5]). In the second case, we obtain a general natural
Kahler-Einstein structure only on ToM, the bundle of nonzero cotangent
vectors to M. For this structure, A is expressed as another function of the
other two parameters, their derivatives, ¢ and p.
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1 Introduction

A few natural lifted structures introduced on the cotangent bundle T*M of a Rie-
mannian manifold (M, g), have been studied in recent papers such as [1]-[5], [14],
[17], [18], [20]-]26]. The similitude between some results from the mentioned papers
and results from the geometry of the tangent bundle TM (e.g. [2], [6]-[8], [15], [16],
[27]-[29], [13]), may be explained by the duality cotangent bundle — tangent bundle.
The fundamental differences between the geometry of the cotangent bundle and that
of the tangent bundle of a Riemannian manifold, are due to the different construction
of lifts to T* M, which cannot be defined just like in the case of TM (see [30]).
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Briefly speaking, a natural operator (in the sense of [10]-[12]) is a fibred mani-
fold mapping, which is invariant with respect to the group of local diffeomorphisms
of the base manifold.

The results from [10] and [11] concerning the natural lifts, and the classification
of the natural vector fields on the tangent bundle of a pseudo-Riemannian manifold,
made by Janyska in [9], allowed the present author to introduce in the paper [4], a
general natural almost complex structure J of lifted type on the cotangent bundle
T*M, and a general natural lifted metric G defined by the Riemannian metric g on
T*M (see the paper [15] by Oproiu, for the case of the tangent bundle). The main
result from [4] is that the family of general natural Kéhler structures on 7*M depends
on three essential parameters (one is a certain proportionality factor obtained from the
condition for the structure to be almost Hermitian and the other two are coeflicients
involved in the definition of the integrable almost complex structure J on T M).

In the present paper we are interested in finding the conditions under which the
cotangent bundle 7% M of a Riemannian manifold (M, g), endowed with a Kéhlerian
structure (G, J) of general natural lift type (see [4]), is an Einstein manifold. To this
aim, we have to study the vanishing conditions for the components of the difference
between the Ricci tensor of (T*M, G, J) and pG, where p is a constant.

After some quite long computations with the RICCI package from the program
Mathematica, we obtain two cases in which a general natural Kéahlerian manifold
(T*M, G, J) is Einstein. In the first case, (T*M, G, J) is a Kihler-Einstein manifold if
the proportionality factor A, involved in the condition for the manifold to be Kahlerian,
is expressed as a rational function of the first two essential parameters, the value of
the constant sectional curvature of the base manifold (M, g), the constant p, from
the condition for the manifold to be Einstein, and the energy density. In this case
the expression of A leads to the condition obtained in [5] for (T*M,G,J) to have
constant holomorphic sectional curvature. In the second case, (G,J) is a Kéhler-
Einstein structure on the the bundle of nonzero cotangent vectors to M, TgM, if
and only if X' is expressed as a certain function of A, the other two parameters, their
derivatives, the constant sectional curvature of the base manifold, and the energy
density. The similar problem on tangent bundle 7'M of a Riemannian manifold (M, g)
was treated by Oproiu and Papaghiuc in the paper [19].

In 2001, Chaki introduced in [3] the notion of generalized quasi-Eistein manifolds
(the most recent generalization for the Einstein manifolds), presented in the last years
in papers like [22].

The present work could be extended at the study of the generalized quasi-Einstein
Kahler manifolds of general natural lifted type on the tangent and cotangent bundles
of a Riemannian manifold.

The manifolds, tensor fields and other geometric objects considered in the present
paper are assumed to be differentiable of class C*° (i.e. smooth). The Einstein summa-
tion convention is used throughout this paper, the range of the indices h, i, j, k, [, m,
r being always {1,...,n}.

2 Preliminary results

The cotangent bundle of a smooth n-dimensional Riemannian manifold may be en-
dowed with a structure of a 2n-dimensional smooth manifold, induced from the struc-
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ture of the base manifold. If (M, g) is a smooth Riemannian manifold of the dimension
n, we denote its cotangent bundle by 7 : T*M — M. From every local chart (U, ¢) =
(U,z',...,2™) on M, it is induced a local chart (7=1(U),®) = (x=*(U),q',...,q",
P1s--->Pn), on T*M, as follows. For a cotangent vector p € 7= 1(U) C T*M, the first

n local coordinates ¢',...,¢" are the local coordinates of its base point x = 7(p) in
the local chart (U, ) (in fact we have ¢* = 7*z* = z* o, i = 1,...n). The last n
local coordinates py,...,p, of p € 7~ 1(U) are the vector space coordinates of p with

respect to the natural basis (dx}r(p), ey
P = pidl.

We recall the splitting of the tangent bundle to 7" M into the vertical distribution
VT*M = Ker 7, and the horizontal one determined by the Levi Civita connection V
of g:

dz? ), defined by the local chart (U, ¢), i.e.

(2.1) TT*M = VT*M & HT* M.
If (m=1(U), ®) = (" (U),q",...,q",p1,- .., pp) is alocal chart on T* M, induced from
the local chart (U, @) = (U, z!,...,2"), the local vector fields 6%1’ e Bgn on 7~ Y(U)
define a local frame for VT*M over 7—1(U) and the local vector fields %, ey #
define a local frame for HT*M over 7~ 1(U), where
1) 0 0
—=——+10 —, I9 =pTI?
5qt aq +Lin aph’ ih = Pkl
and T'% (7(p)) are the Christoffel symbols of g.
The set of vector fields {ai’ ceey %, %, ceey 6%} defines a local frame on T M,
P1 pn 5q q

adapted to the direct sum decomposition (2.1).
We consider

_ Lo 1 _ Lo -1
t=5llpll" = 5970 (p:p) = 59" (@)pipk, p e (U)

the energy density defined by g in the cotangent vector p. We have t € [0, 00) for all
peT*M.

The computations will be done in local coordinates, using a local chart (U, ) on
M and the induced local chart (7 =}(U), ®) on T*M.

We shall use the following lemma, which may be proved easily.

Lemma 2.1. If n > 1 and u,v are smooth functions on T*M such that

ug;; +vp;pj = 0, ug? +vg"g% =0, or uéé + ngipj =0, Vi,j =1,n,

on the domain of any induced local chart on T*M, then u =0, v =0.

In the paper [4], the present author considered the real valued smooth functions
ai, az, ag, aq, by, ba, by, by on [0,00) C R and studied a general natural tensor of
type (1,1) on T*M, defined by the relations

JXE = a1(t)(gx)y + bi(6)p(X)py + aa(t) X + ba(t)p(X) (),
(2.2)
TOY = as(t)0) + bs(1)g, (. (0, 0)py — as(t)(0F)E = ba(t)g L (0, 0) (7)),
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in every point p of the induced local card (7= (U),®) on T*M,V¥ X € X(M),V 0 €
AY(M), where gx is the 1-form on M defined by gx(Y) = ¢g(X,Y), VY € X(M),
9% = g, ! is a vector field on M defined by g(¢*,Y) =60(Y), VY € X (M), the vector
p* is tangent to M in 7(p), p" is the Liouville vector field on T*M , and (p*) is the
similar horizontal vector field on T* M.

The definition of the general natural lift given by (2.2), is based on the Janyska’s
classification of the natural vector fields on the tangent bundle, but the construction
is different, being specific for the cotangent bundle.

Theorem 2.1. ([4]) A natural tensor field J of type (1,1) on T*M, given by (2.2),
defines an almost complex structure on T*M, if and only if ay = —a3, by = —b3 and
the coefficients aq, as, as, b1, by and bz are related by

ajay = 1+ CL% y (a1 -+ thl)(ag —+ 2tb2) =1+ (CLg + 2tb3)2.

Studying the vanishing conditions for the Nijenhuis tensor field N;, we may state:

Theorem 2.2. ([4]) Let (M, g) be an n(> 2)-dimensional connected Riemannian
manifold. The almost complex structure J defined by (2.2) on T*M s integrable if
and only if (M, g) has constant sectional curvature ¢ and the coefficients by, ba, bs
are given by:

_2¢%ta3 + 2ctayab + a1} — ¢+ 3ca3

a1 — 2tal — 2ctag — 4ct?al

2ta§)2 _ 2ta’1a’2 + ca% + QCtaza/Q + alaIQ

b
! ay — 2ta) — 2ctag — 4ct?al

7b2:

)

aya + 2casas + 4ctabas — 2ctasal

b: =
s ay — 2ta) — 2ctag — 4ct?al

Remark 2.3. The integrability conditions for the almost complex structure J on
T* M, may be expressed in the equivalent form

a) = m(albl + ¢ — 3ca3 — 4ctazbs),
(23) a’2 = m(2a3b3 — agb; — ca%),
CLg = m(albg — 20@2@3 — 20ta2b3).

In the paper [4], the author defined a Riemannian metric G of general natural lift
type, given by the relations

Gp(XT, Y ) = e1()gr(p) (X, Y) + da(t)p(X)p(Y),
(2.4) Gp(ovawv) = CQ(t)g;(lp)(07 w) + dz(t)g;(lp) (ps 0)9;(11,) (p,w),
G (X7,07) = G0V, X) = es(1)0(X) + ds (Dp(X) g2 (5,0,

VX, YEXM),V0weA(M),VpecT M.
The conditions for G to be positive definite are assured if

c1 +2tdy >0, co+ 2tdy > 0, (61 + Qtdl)(CQ + 2td2) — (63 + 2td3)2 > 0.

The author proved the following result:



34 Simona-Luiza Druta

Theorem 2.3. ([4]) The family of Riemannian metrics G of general natural lifted
type on T*M such that (T*M,G,J) is an almost Hermitian manifold, is given by
(2.4), provided that the coefficients c1, ca, cs, di, do, and ds are related to the coef-
ficients a1, as, as, by, ba, and by by the following proportionality relations

C1 Co C3 c1 + thl Cco + 2td2 c3 + 2td3
=== ===, = = =\ + 2tu,

a1 as as ay + 2tby as + 2tby as + 2tbs
where the proportionality coefficients A > 0 and A 4 2ty > 0 are functions depending
on t.

Considering the two-form € defined by the almost Hermitian structure (G, J) on
T*M, given by Q(X,Y) = G(X,JY), for any vector fields X,Y on T*M, we may
formulate the main results from [4]:

Theorem 2.4. ([4]) The almost Hermitian structure (T*M, G, J) is almost Kdhle-
rian if and only if

pw=N\.

Theorem 2.5. A general natural lifted almost Hermitian structure (G, J) on T*M
is Kahlerian if and only if the almost complex structure J is integrable (see Theorem
2.2) and p=N.

Examples of such structures may be found in [21], [24].

3 General natural Kahler-Einstein structures on
cotangent bundles

The Levi-Civita connection V of the Riemannian manifold (T*M, G) is obtained from
the Koszul formula, and it is characterized by the conditions

VG=0,T=0,

where T is the torsion tensor of V.

In the case of the cotangent bundle T*M we may obtain the explicit expression
of V.

The symmetric 2n X 2n matrix associated to the metric G in the adapted frame,
has the inverse H with the entries

HE) = erg® + f19%¢", H = esgra + fopep,  H3F = e30f + f39% .
Here g*! are the components of the inverse of the matrix (g;;), g°* = p;g’*, and
e1, f1, €2, fa, es3, f3:]0,00) — R, some real smooth functions. In the paper [5],
by using Lemma 2.1, we got ej, e, esg as functions of ¢y, co, c3 and f1, fo, f3 as
functions of ¢y, co, c3, di, do, ds3, €1, ea, ez, and next we obtained the expression of
the Levi Civita connection of the Riemannian metric G on T* M.

Theorem 3.1. ([5]) The Levi-Civita connection V of G has the following expres-
sion in the local adapted frame {5%1., %}m’ﬂ,mm
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) G0 xin 0 0 Y -
=QY -+ Q" — =(-T),+P7 )~ +P"—
Vagi agp] Q hadph + Q %qh’ v% %pj ( ih + i I(;) 8ph + 18 5qha
~ = P'/L‘hi ﬁi I — h— = F}.L ~_.h — i.
vagi oq? I ogh 1 " opn’ vaii 8q7 (T35 + 54 )5ph + S]hﬁph’

where F?j are the Christoffel symbols of the Levi-Civita connection N of g, and the
coefficients which appear in the right hand side are the M -tensor fields on T*M , whose
explicit expressions may be obtained from the Koszul formula for V.

The curvature tensor field K of the connection V is defined by

K(X,Y)Z =VxVyZ —VyVxZ -Vixy|Z, X,Y,ZeT(TM).

..........

tained in [5] the horizontal and vertical components of the curvature tensor field, for
example:

K(8;,6;)0r = QQQQ4;1"0n + QQQP;;1,0",
K(6:,6;)0F = QQPQi;*"5), + QQPP,; %, 0",

where the coefficients are the M-tensor fields denoted by sequences of @ and P, to
indicate horizontal or vertical argument on a certain position. Their expressions have
been given in [5], and they depend on the components of the Levi-Civita connection,
their first order partial derivatives with respect to the cotangential coordinates p;,
and the curvature of the base manifold.

In the following, we shall obtain the conditions under which the general natural
Kéhlerian manifold (T*M, G, J) is an Einstein manifold. The components of the Ricci
tensor Ric(Y,Z) = trace(X — K(X,Y)Z) of the Kélerian manifold (T*M, G, J) are
given by the formulas:

RicQQ;1 = Ric(3;,01) = QRQQ;1" + PQQP n,
RicPP’* = Ric(8;,0,) = PPPP"*, — PQPQ’, ",
RicQP;" = Ric(d;,0") = RicPQ"; = Ric(0*,8;) = PQPP" ", + QQPQ,;"".

The conditions for the general natural Kéahlerian manifold (T*M, G, J) to be Ein-
stein, are
RicQQjx — pG;}g =0,
RicPP* — pGily =0,
RicQP;* — pG3k =0,
where p is a constant.
After a straightforward computation, using the RICCI package from Mathematica,
the three differences which we have to study, become of the next forms:

RicQQjx — PGﬁ) = (A4 2N)2 AN+ 2N ) a1 gk + Bipipe),
RicPPI* — pGly = A\ + 2V )2[(A + 2N ) azg?™ + 2X\B29% g%,
RicQP;* — pG35 = (A + 2X1)2[A(\ + 2N )8k + B3p;9%%),
where oy, ag, az, (1, B2, O3 are rational functions depending on ai, as, A, their

derivatives of the first two orders, and p. We do not present here the explicit expres-
sions of the functions, since they are quite long.
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Using lemma 2.1, and taking into account that A # 0, A + 2\t # 0, we obtain
that oy, as, agz, (1, B2, B3 must vanish.

Solving the equations a; = 0, as = 0, a3 = 0 with respect to p we get the same
value of p, which is quite long and we shall not write here.

Next, from #; = 0, B2 = 0, and (B3 = 0, we obtain another three values for p,
which we denote respectively by pi1, p2, and ps. This values must coincide with p.

When we impose the conditions ps — p =0, p3 — p = 0, we obtain two equations:

(3.1) (a} + afa3 — 4a1ait — daraladt + datazalt + 4a?t? + daPadt®—
’ —8a1aiazaht® + 4ataft?)(An + B)/N1 =0
(3.2) (a?ag — 2a3dlast + 2a3akt + 2a1asct + 2a1a5ct — 4alasct? — daladct®—

—4araet® + daraiaset®)(An 4+ B) /N2 =0

where the expressions of A, B, N;, Ny are quite long, depending on a1, a3, A, and
their derivatives.
Let us study the first parenthesis from (3.1) and (3.2), namely

2 2 2 2 2
E = ai + aja3 — 4a1ait — da1adi a3t + 4aiasast+

2,2 2 2,2 ’ r,2 2 12,2
+4a1"t” 4+ 4ai"aszt” — 8aiajasazt” + 4ajaszt”,

3 2 3 7 3

F = ajas — 2ajaiast + 2ajast + 2aiasct + 2a1a3ct—
/ 2 /3,2 ) 2 7 2
—4ajasct” — 4ajazct” — 4dajasct” + 4aijazasct”,

The sign of E may be studied thinking it as a second degree function of the variable
ajy. The associated equation has the discriminant A = —(a2t?(a; —2a}t)?) < 0,Vt > 0
and the coefficient of a/?, 4a3t?> > 0,Vt > 0. Thus, E > 0 for every t > 0. If t = 0, the
expression becomes a?(1 + a2) > 0. Hence we obtained that E is always positive.

Taking into account of the values of a4 and af from (2.3) and then multiplying by

ut2hit () F =0 becomes an equation of the second order with respect to a?
az+2bst )

(3.3) (a1)® —4ai(1 — a3)ct + 4Pt°(1 4+ a3)* = 0,

with the discriminant A = —64a3c*t? < 0, V¢t > 0. Thus F > 0,Vt > 0 and if t = 0,
F=a}>0.

Since E and F are always positive, the relations (3.1) and (3.2) are fulfilled if and
only if An + B = 0. The obtained equations does not depend on the dimension n of
the base manifold, so we get that both A and B must vanish.

From the conditions A = 0 and B = 0 we get two quite long expression of A" and
A" respectively.

By doing some computations with RICCI, we prove that the differences p; — p,
p2 — p and p3 — p vanish when we replace the obtained values for X and \”’. Hence
all the expressions obtained for the constant p coincide.

Next we have to find the conditions under which the derivative of \” is equal to

",
AT ()\//)/ _\N =o.

Computing the above difference, we obtain that its numerator decomposes into
three factors, the vanishing condition for third one, reducing to the expression (3.3),
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after replacing the values of @} and af given by (2.3) and multiplying by the denom-
inator (a; + 2b1t) > 0.

Since we have proved that the obtained expression is always positive, we have to
study only the next two cases, obtained from the vanishing conditions for the other
two factors of the numerator of the difference (\)" — \":

I) a%a’l)\ + 2a1ch + 2a1a§c/\ + ai’/\' — 2alet — 2a’1a§c>\t + darasazcht+

+2a1eN't + 2a1a§c)\/t =0,

1) a%t(cfl1 —4dict + 4adaict + APt + 8a3ct + 4a§c2t2))\'2 +a? (a‘l1 — 4adct+

+dalaict + 42t + 8a3lft + 4a§czt2))\/)\ + (aSa) + 2aiaic — a‘lla'ft —4dddct—

2 2
—4a‘;’a'1 agct + 4a111a3a'30t + 4a%a'1 ct® + 4a§a’1 a§ct2 — Sa:fa/lagalgcf—i—
+4a1a/102t2 + 8a1a'1a§c2t2 + 4a1a/1a§c2t2 — 8a%a3a'3c2t2 — 8a%a§a§c2t2f
2 o 2 : 2 :
—4a A3 — 8a} agczt3 — 4a a§62t3 + 16a1a/1a3a§(:2t3 + 16a1a/1a§a§(:2t3—
2 2 /2 2 2
—16a3a3as )N = 0.

In the case I, we may obtain the following expression of \’

ai(a1ay 4 2¢(1 + a3)) — 2ct(a) + 2a} a3 — 4arazal)
ai[a? + 2ct(1 + a2)]

A= -\

Replacing this expression of )\’ in the first value obtained for p, we get

2a1¢(n + 1)
pla? + 2ct(1 + a2)]’

(3.4) A=

Now we may state:

Theorem 3.2. Let (M,g) be a smooth n-dimensional Riemannian manifold. If
(G, J) is a general natural Kdhlerian structure on the cotangent bundle T*M and the
parameter \ is expressed by (3.4), where p is a nonzero real constant, then (T*M, G, J)
is a Kdhler-FEinstein manifold, i.e. Ric = pG.

Remark 3.1. Taking into account of a theorem from [5], the expression (3.4) of
A implies that (T*M, G, J) is a K&hlerian manifold of constant holomorphic sectional
2p

curvature k = R

Example 3.1. The Kéhler-Einstein structure on T*M, from the paper [21] by
Oproiu and Porosniuc, may be obtained from the theorem 3.2, as a particular case.
If in the expression (3.4) we impose the condition ag = 0, we get the same expression
of X obtained in [21], in the case of the natural structure of diagonal lifted type on
the cotangent bundle T* M of a Riemannian manifold (M, g).

In the case II, we obtain a homogeneous equation of second order in A and X
which may be solved with respect to )‘7/ Then we obtain two expressions for \’

V= )\(:I:i n a3 — 2a3a)t — 2a1ct — 2a1a3ct + 4a)ct® 4+ daiaict® — SalagaéctQ)
2t 2a1t\/a} — dact + 4aja3ct + 42t + 8a3ct? + dajc?t?

When we replace this expression of A\’ and its derivative A” in the first value of
p, we obtain that in this case A is defined on the set ToM C T'M of the nonzero
cotangent vectors to M, and it is given by
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(35 A= n(ai + 2ct + 2a3ct + /at — 4adct + 4alaZct + Ac2t? + 8aZc?t? + dajc?t?)
’ a 4a;pt '

Now we may formulate the next theorem:

Theorem 3.3. Let (G, J) be a general natural Kdhlerian structure on the cotan-
gent bundle T*M of a smooth n-dimensional Riemannian manifold. If the param-
eter X is expressed by (3.5), where p is a nonzero real constant, then (G,J) is a
Kdhler-Einstein structure on the bundle T5M, of nonzero cotangent vectors to M,
i.e. Ric = pG.
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