Nonholonomic approach
of multitime maximum principle

Constantin Udriste

Abstract. Many science and engineering problems can be formulated as
optimization problems that are governed by contact distributions (multi-
time Pfaff evolution systems) and by cost functionals expressed as multiple
integrals or curvilinear integrals. Our paper discuss the contact distribu-
tion constrained optimization problems, focussing on a nonholonomic ap-
proach of multitime maximum principle. This principle extends the work
of Pontryaguin in the ODEs case to include the case of normal PDEs or,
more general, the distribution case.

In Section 1 a multitime maximum principle for the case of multiple inte-
gral functionals is stated and proved. Section 2 is devoted to the multitime
maximum principle for the case of curvilinear integral functionals. Section
3 deals with a multitime maximum principle approach of variational cal-
culus in the case of nonintegrability.

M.S.C. 2000: 93C20, 93C35, 49K20, 49J20, 53C44.
Key words: multitime maximum principle, multiple or curvilinear integral func-
tional, contact distribution constrained optimization.

1 Contact distribution constrained optimization
problem with multiple integral functional

Because of their size, complexity, and infinite dimensional nature, the PDE constraints
often present significant challenges for optimization principles [1]-[6]. In this context,
the papers [9]-[20] formulated a holonomic multitime maximum principle by a scheme
which mimics those applied to single-time maximum principle [7], [8]. Some topics in
[21]-[23] can be involved in this theory.

Any normal PDE generates a contact distribution. This kind of (holonomic or
nonholonomic) distributions are very important in differential geometry and analytical
mechanics. Extending our point of view in [19], let us analyze a multitime optimal
control problem based on a multiple integral cost functional and a contact distribution
constraint:
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max I(u(:)) = X(t,z(t), u(t))w (1)
u(). o1, Qorg
subject to
dz'(t) = XL (t,z(t),u(t))dt®i=1,..,n;a = 1,...,m, (2)
u(t) €U, YVt € Qoty; 2(0) = o, x(to) = 4, (3)

Ingredients: ¢ = (t*) € RT' is the multi-parameter of evolution or multitime; w =
dt' A...Adt™ is the volume form in R Qo 4, is the parallelepiped fixed by the diagonal
opposite points 0 = (0, ...,0) and to = (£}, ...,t8*) which is equivalent to the closed
interval 0 < ¢ < ¢y via the product order on R7; x : Qo4, — R", x(t) = (2'(t)) isa C*
state vector; u : Qo 4, — U C RF, u(t) = (u(t)), a = 1,...,k is a continuous control
vector; the running cost X (t,z(t),u(t))w is a C' Lagrange m-form; X! (t,z(t),u(t))
are C'! vector fields; the Pfaff equations (2) define a contact distribution.

Introducing a costate variable tensor or Lagrange multiplier tensor p = p$(t) e ®
. 0
dz’, and the (m — 1)-forms wy = @Jw, we build a new Lagrange m-form

L(t,x(t), u(t), p(t)) = X (¢, 2(t), u(t))w + p () [X (¢, 2 (1), u(?))dt™ — da' ()] Awa.

The contact distribution constrained optimization problem (1)-(3) can be changed
into another optimization problem

mwlé L(t, 2(t), u(t), p(t)

(g
subject to
u(t) eU, p(t) € P, ¥t € Qo x(0) = o, x(to) = T,

where the set P will be defined later. The control Hamiltonian m-form
H(t,z(t),u(t),p(t) = X(t,2(t),u(t))w + p () X7 (¢, 2(t), u(t))dt® Awy

= (X (t,2(t),u(t) + pf () X4 (8, (), u(t)))w = Hi(t,z(t), u(t), p(t))w,

i.e.,
H = L+ p}(t)da'(t) Awy (modified Legendrian duality),

permits to rewrite this new problem as

u(’) »Ttg

meL [ (¢, 2(t), u(t), p(t)) — p () () A wy]

subject to
u(t) €U, p(t) € P, Yt € Qoty; x(0) = o, z(to) = x4y -
Suppose that there exists a continuous control 4(t) defined over the parallelepiped
Qo.ty, with @(t) € Intd, which is an optimum point in the previous problem. Now

consider a variation u(t, e) = 4(t) + eh(t), where h is an arbitrary continuous vector
function. Since @(t) € IntY and a continuous function over a compact set gy, is
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bounded, there exists a number €}, > 0 such that u(t,€) = @(t) +eh(t) € IntU, Vel <
€. This € is used in our variational arguments.
Define the contact distribution corresponding to the control variable u(t, €), i.e.,

dz'(t,€) = X (t,x(t,€),u(t,€))dt™,Vt € Qo 4,

and z(0,€) = zo. For |¢| < €}, we define the function

I(e) = X(t,x(t, e),u(t,€))w.

Qo,tq

On the other hand, the control 4(t) must be optimal. Therefore I(€) < I(0), V]e| < €.
For any continuous tensor function

p= () Qos, — R,
we have

PO [XE(t, x(t,€), ult, €))dt™ — da'(t,e)] Awy = 0.

Qo,t0

Necessarily, we must use the Lagrange m-form which includes the variations
L(t,x(t,€),ult,e),p(t)) = X(t, x(t, €),u(t,€))w
+pr ([ XL (8, 2(t, €), u(t, €)dt® — dz'(t, €)] Awy

and the associated function

I(e) = /Q L(t,2(t, ), ult, ), p(t)).

Suppose that the costate variable p is of class C!. Also we introduce the control
Hamiltonian m-form

H(t, x(t,€),ult,e),p(t)) = X (t,2(t,€),u(t, €))w + p} () X (t, 2(t, €), ult, €))dt® A wy

corresponding to the variation. Then we rewrite
1(e) :/Q [H{(t,z(t,€), ult,€), p(t)) — p (t)da’ (t,€) Awy].
0,tg
To evaluate the multiple integral
/ pr(t)dai (t, €) A w,
Q0,19

we integrate by parts, via the formula
d(p}ziwy) = (xdp} + pida’) Awy,

obtaining
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/ PO () Awy = / d(p ()2 (1, )wn) — / dp (D)7 (£, €) A wy.
Q0.1 Qo,tq Qo,tq

Now we apply the Stokes integral formula

[ com = [ st on’ 0,
Qo,tq

80,1,

where (n”(t)) is the unit normal vector to the boundary 9 ¢,. Substituting, we find

I(e) = /Q (¢, 2(t, ), u(t, €),p(t)) + dp (D)2 (£, ) A ]

- / S (£) (£, nP () dor
9.4,

Differentiating with respect to e, it follows

I'(e) = / o (1, (1 €), ult, €, p(t)) + dp (t) A wala? (8, )

’ /Q Hue 2t €), ult, €, p(E)A(E) = / Sappf ()t e (t)do.

90,1,

Evaluating at € = 0, we find

I'(0) =/Q [Hos (t,2(t), a(t), p(t)) + dpj (1) Awa]al (t,0)

+/Qo,to Hye (8, 2(t), 4(t), p(t)) h* (t) — / Sappl () (t,0)n” (t)do.

80,1,

where z(t) is the state variable corresponding to the optimal control (t).
We need I'(0) = 0 for all h(t) = (h%(t)). On the other hand, the functions x(t,0)
are involved in the Cauchy-Pfaff problem

dz’ (t,0) = X oqs (t, 2(t,0), u(t))2? (t,0)dt™ + Xaue (t, z(t,0), u(t))h(t)dt®,

t€ Qo (0,0) =0

and hence they depend on h(t). To overpass this confusion, we define P as the set of
solutions of the boundary value problem

lepg (t) = _Hlxj (t7 .’If(t), a(t)?p(t))a Vt S Q0,1507 (4)
6agp?(t)nﬁ(t)|aﬂo,to = 0 (orthogonality or tangency).

Therefore
Hyyo(t,x(t),a4(t),p(t) =0, Vt € Qo - (5)

Moreover
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—(t,z(t),a(t), p(t))dt™, Vt € Qo ., x(0) = xo. (6)

Remarks. (i) The algebraic system (5) describes the critical points of the Hamil-
tonian m-form with respect to the control variable. (ii) The PDEs (4), the contact
distribution (6) and the condition (5) are Euler-Lagrange distributions associated to
the new Lagrangian. (iii) Any ODE or PDE, written in the normal form, generates a
contact distribution.

Summarizing the previous reasonings we obtain a multitime maximum principle
similar to the single-time Pontryaguin maximum principle.

Theorem 1. (Multitime maximum principle; necessary conditions) Sup-
pose that the problem of maximizing the functional (1) subject to the contact distribu-
tion constraint (2) and to the conditions (3), with X, X!, of class C*, has an interior
solution u(t) € U which determines the contact distribution (2). Then there exists a
C* costate p(t) = (p2(t)) defined over Qg 4, such that the relations (4), (5), (6) hold.

Theorem 2. (Sufficient conditions) Consider the problem of mazimizing the
functional (1) subject to the contact distribution constraint (2) and to the conditions
(3), with X, X! of class C'. Suppose that an interior solution @(t) € U and the
corresponding contact distribution (2) satisfy the relations (4), (5), (6). If for the
resulting costate variable p(t) = (p$(t)) the control Hamiltonian H (t,x,u,p) is jointly
concave in (z,u) for allt € Qg 4, , then 4(t) and the corresponding contact distribution
achieve the unique global mazimum of (1).

Proof. Let us have in mind that we must maximize the functional (1) subject to
the evolution system (2) and the conditions (3). We fix a pair (£, %), where 4 is a
candidate optimal control and Z is a candidate optimal state. Calling I the values of
the functional for (Z, ), let us prove that

f—I:/ (X = X)w>0,
Qo,tq

where the strict inequality holds under strict concavity. Denoting H=H (Z,p,0) and
H = H(x,p,u), we find

I-1= / ((1?1 — prdit Awy) — (H — prda /\w;)) .
QO,tO
Integrating by parts, we obtain

f—I:/ (I:I+a?idﬁf/\m)—(H+xidﬁ?AwA))
Q0,1

+ / (BapBf ()2 ()0 (1) — 6o ()2 (t)0 (1)) do.
9901,

Taking into account that any admissible sheet has the same initial and terminal
conditions as the optimal sheet, we derive

i-I:/ (I:]—H)—i—(fci—a:i)dﬁ?/\w,\).
Qo,tq



106 Constantin Udriste

The definition of concavity implies

/Q ((H — H) + (& — 2¥)dp) A w)\)

. OH  0pe OH
> XA ) i 1 ~a_Q —
- /S;Ovto ((l‘ x )(axz + ata LU) + (u u )aua> O

daabhl

This last equality follows from that all ”"” variables satisfy the conditions of the
multitime maximum principle. In this way, I — I > 0.

Theorem 3. (Sufficient conditions) Consider the problem of mazimizing the
functional (1) subject to the contact distribution constraint (2) and to the conditions
(3), with X, X! of class C1. Suppose that an interior solution @(t) € U and the cor-
responding contact distribution satisfy the relations (4), (5), (6). Giving the resulting
costate variable p(t) = (p¥(t)), we define M (t,z,p) = H(t,z,u(t),p). If M(t,x,p) is
concave in x for all t € Qq4,, then 4(t) and the corresponding contact distribution
achieve the unique global mazimum of (1).

Remark. The Theorems 2 and 3 can be extended immediately to incave func-
tionals.

Examples. 1) We consider the problem

’U.(), T1

max I(u(-)) = _/Q (z(t) + uy (1) + ua(t)?)dt* A dt?

subject to
dz(t) = ue(t)dt*, a =1,2, 2(0,0) =0, z(1,1) = 1 = free.
This problem means to find an optimal control u = (u1,us) to bring the (PDE)
dynamical system from the origin (0,0) = 0 at two-time t! = 0,#? = 0 to a terminal

point x(1,1) = w1, which is unspecified, at two-time ¢! = 1,#* = 1, such as to
maximize the objective functional. The control Hamiltonian 2-form is

H(z(t),u(t),p(t)) = —(x(t) + u1 (t)? + ua(t)?)dtt A dt® + p (t)(ua (t)dt®) A w)

= —(z(t) + ur () + ua(t)?)dt* A dt? + p® (t)ua (t)dt* A dt?
= Hy(x(t),u(t),p(t))dt" A dt?.

Since 5 52 52
H, H, H,
= —2u, +p%, — =-2<0, =0
Olg ta P ou2 Ouadug

op® 0H

the critical point p® = 2u, is a maximum point. Then the PDE % = —8—1 reduces

x
opt  op?
to 87]1531 + 8—]; = 1. Under the transversality condition

p (0! (1) + P ()2 (t)]og,, =0,

this PDE has an infinity of solutions.
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0
Consequently the optimal control u(t) = (u1(t),ua(t)) is solution of PDE % +
0
61;22 = 1 satisfying the boundary conditions wu;(0,t?) = uy(1,t2) = 0, ua(t*,0) =
ug(tt, 1) = 0.

Case 1. If the Pfaff equation dx(t) = wus(t)dt* is completely integrable, i.e.,
(9u1 8u2 . . .
2 = then the components of the optimal control are harmonic functions.
Also the dynamical system dx = uy(t)dt* + us(t)dt?, equivalent to the PDE system
0
aTa;(t) = uq(t), gives z(t) — z(0) = / uy (s)ds' + uz(s)ds?.

0,t

Case 2. If the Pfaff equation dx(t) = u,(t)dt* is not completely integrable, then
x(t) — x(0) = / uy(s)ds' + uz(s)ds® depends on the path To; : s* = 5%(7), i.e.,
To,t

%(t(ﬂ) — ua(t(7)) = pa(7), MQ(T)‘ZL:(T) —0

2) We consider the problem
1 1
max I(u()) = —~a(1,1)2 - f/ (un (1) + s (£)2)dt: A df?
’IJ,(<),CD1 2 QO,I
subject to
dx(t) = —ue(t)dt®, a=1,2, 2(0,0) = 1.

This problem means to find an optimal control u = (u1,us) to bring the (PDE)
dynamical system from the point 2(0,0) = 1 at two-time ¢! = 0,2 = 0 to a terminal
point z(1,1) = z1, at two-time t* = 1,#> = 1, such as to maximize the objective
functional. The control Hamiltonian 2-form is defined by

1

Hi((t),u(t), p(t) = =5 (i (8)* + uz(t)*) = p*()ua(t).
Sinee OH 0’H 0’H
1 1 1
= —uy — p°, =-1<0, =0
O, Yo =P ou2 OunOug
op“ OH
the critical point p* = —u,, is a maximum point. Then the PDE ;ﬁ = "o = 0
z
reduces to a—pl + 87;02 = 0. The transversality condition implies
ot oz Y P
PO (E) + POl , = O-
Consequently the optimal control u(t) = (uq(t),u2(t)) is solution of PDE % +
0
% = 0 satisfying the boundary conditions u1(0,t?) = uy(1,t%) = 0, uz(t',0) =
U2 (tl, 1) =0.
Case 1. If the Pfaff equation dz(t) = —u,(t)dt* is completely integrable, i.e.,
8’&1 6’&2

2 = o then the components of the optimal control are harmonic functions.
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Also the dynamical system dox = —uy (t)dt* — ua(t)dt?, equivalent to the PDE system

gTa;(t) = —uq(t), gives z(t) — z(0) = — /FM u(s)ds" + ua(s)ds®.

Case 2. If the Pfaff equation dz(t) = —u(¢)dt® is not completely integrable, then
x(t) — x(0) = 7/ u1(s)ds" + uz(s)ds® depends on the path t& = t*(7), i.e.,
0,t

07 (1) + ualt(r) = ia(7), o) T (7) =0

2 Contact distribution constrained optimization
problem with curvilinear integral cost functional

The cost functionals of mechanical work type are very important for applications
[10]-[20]. Extending our point of view in [19], let us analyze a multi-time optimal con-
trol problem formulated using as cost functional a curvilinear integral and a contact
distribution constraint:

e J(u(-)) = - Xa(t,o(t), u(t))dt™ (7)
subject to

de'(t) = XL (t,z(t),u(t))dt®, i=1,..,n; a=1,..,m, (8)

u(t) e U,Vt € Qo o5 (0) = o, z(to) = 4,- (9)

Ingredients: ¢ = (t%) € R} is the multi-parameter of evolution or multitime; T'g 4,
is a C! curve joining the diagonal opposite points 0 = (0, ...,0) and ¢ty = (£}, ..., t7")
in Qos; 20 Qogy — R, 2(t) = (28(t) is a C? state vector; u : Qoyy — U C
R u(t) = (u*(t)), a = 1,...,k is a continuous control vector; the running cost
n = Xt z(t),u(t))dt® is a nonautonomous Lagrangian 1-form; the vector fields
X (t,x(t),u(t)) are of class C'; the Pfaff equations (8) define a contact distribution.

Introducing a costate 1-form or Lagrange multiplier 1-form p = p;(t)dx?, we obtain
a new Lagrange 1-form

L(t,x(t), ult), p(t)) = Xa(t, a(t), w(t))dt™ + p;()[ X4 (¢, x(t), u(t))dt™ — da' (t)].

The contact distribution constrained optimization problem (7)-(9) can be replaced by
another optimization problem

max [ L(ta(t),u(0).p(0)
“(')7$t0 FO’tO

subject to
U(t) S Z/[7 p(t) S 7), Vt S QO,to; (E(O) = Xy, x(t()) = Ty,

where the set P will be defined later. If we use the control Hamiltonian 1-form

H(t, (), u(t), p(t) = Xa(t, a(t), u(t))dt™ + pi() X4 (¢, x(t), u(t))dt?,
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H = L + pidz’ (modified Legendrian duality),

we can rewrite

max [ H((0),0(0),5(0)) — (01 (0]
u(ary Jrg
subject to
u(t) eU, p(t) € P, Yt € Qo x(0) = o, x(to) = T¢,.

Suppose that there exists a continuous control 4(t) defined over Qg ¢, with 4(t) €
Int U which is optimum in the previous problem. Now consider a variation wu(t,e) =
@(t) + eh(t), where h is an arbitrary continuous vector function. Since @(t) € IntU
and a continuous function over a compact set €y ;, is bounded, there exists a number
en, > 0 such that u(t,e) = a(t) + eh(t) € IntU, V|e| < €. This € is used in the next
variational arguments.

Let us consider an arbitrary vector function h(t) and define the contact distribution
corresponding to the control variable u(t, €), i.e.,

dri(t,e) = X2 (t,z(t, €),u(t, e)dt*, Vvt € Qo 4, (0,€) = 0.

For || < ey, we define the function

J(e) = XO(t, 2(t, €),u(t, €))dt®.

To,tq

On the other hand, the control @(t) is supposed to be optimal. Therefore J(e) <
J(0), Vel < €p.
For any continuous 1-form p = (p;) : Qo+, — R™, we have

/F piO[XE (4 2(t, €), ult, ))dt™ — da (¢, €)] = 0.

The variations determine the Lagrange 1-form
L(t,z(t,€),u(t, ), p(t)) = X0 (t, x(t, €), u(t, €))dt™

+p;(t) [Xé(t, x(t,€),u(t, e))dt™ — dxi(t, €)]
and the function

J(e)z/F L(t,2(t, €), ult, €), p(t)).

Suppose that the costate p is of class C1. Also we introduce the control Hamilto-
nian 1-form

H(t,x(t, ), ult,e),p(t) = XO(t,x(t, €),u(t, e))dt™ + p;(t) XL (t, x(t, €), u(t, €))dt™.

Then we rewrite

J(e) = /F (H(t, o(t, €), ult, €), p(t)) — pi (E)dar (£, €)].
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To evaluate the curvilinear integral
[ pindseo,
To,¢q

we integrate by parts, via _ _ _
d(piz') = 2"dp; + pida’,

obtaining

/ pﬂmﬂ@d=@MW%¢D?—/ 2(t, ¢)dpi(t).
To,¢q

Lo, ¢

Substituting, we get the function
J(e) = / [H (t, 2(t, €), ult, €), p(t)) + dp; (t)a” (¢, €)] — (pi(t)a" (£, €))]¢’-
Lot

It follows
J'(e) = /F [Hyi (t,z(t, €),u(t,€),p(t)) + dpj(t)}xz(t, €)

+/1“ Hya(t,x(t,€),ult, €), p(t))h*(t) — pi(to)z’ (to, €) + p;(0)2%(0, €).

Evaluating at € = 0, we find

f@:A [Hs (¢, 2(t), a(t), p(t)) + dp; (D) (£, 0)

[ Huela (0,000 0080 10} 10,0),
To,¢q

where z(t) is the state variable corresponding to the optimal control 4(t). We need
J'(0) = 0 for all h(t) = (h%(t)). Therefore we are forced to define P via the contact
distribution terminal value problem

OH .
dp;(t) = —@(t,x(t),u(t),p(t)), Vt € Loty pj(to) = 0. (10)
Consequently
Hyao(t,x(t),a(t),p(t)) =0, ¥t € Toy,- (11)
Moreover SH
da? (t) = g(t,m(t)ﬁ(t),p(t)), Vit € Toy; 2(0) = xp. (12)
J

Remarks. (i) The algebraic system (11) describes the common critical points of
the functions H, with respect to the control variable. (ii) The contact distributions
(10), (12) and the relation (11) are Euler-Lagrange distributions associated to the
new Lagrangian 1-form.

Summarizing, we obtain a new variant of multitime maximum principle.
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Theorem 4. (Simplified multitime maximum principle; necessary con-
ditions) Suppose that the problem of mazimizing the functional (7) subject to the
contact distribution constraint (8) and to the conditions (9), with X%, X! of class C!,
has an interior solution 4(t) € U which determines the contact distribution (8). Then
there exists a C1 costate p(t) = (pi(t)) defined over T'g 4, such that the relations (10),
(11), (12) hold.

Theorem 5. (Sufficient conditions) Consider the problem of mazimizing the
functional (7) subject to the contact distribution constraint (8) and to the conditions
(9), with X2, X! of class C*. Suppose that an interior solution (t) € U and the
corresponding contact distribution satisfy the relations (10), (11), (12). If for the
resulting costate variable p(t) = (p;(t)) the control Hamiltonian 1-form H(t,x,u,p)
is jointly concave in (x,u) for allt € Toy,, then 4(t) and the corresponding contact
distribution achieve the unique global mazimum of (7).

Theorem 6. (Sufficient conditions) Consider the problem of mazimizing the
functional (7) subject to the contact distribution constraint (8) and to the conditions
(9), with X2, X?, of class C*. Suppose that an interior solution 4(t) € U and the corre-
sponding contact distribution satisfy the relations (10), (11), (12). Giving the resulting
costate variable p(t) = (pi(t)), we define the I-form M(t,x,p) = H(t,z,4(t),p). If
the 1-form M (t,x,p) is concave in x for allt € Ty 4, , then 4(t) and the corresponding
contact distribution achieve the unique global maxzimum of (7).

Remark. The Theorems 5 and 6 can be extended immediately to incave func-
tionals.

Example. Let t = (t!,¢) € Qg,1, where 0 = (0,0),1 = (1, 1) are diagonal opposite
points in €y1. Denote by I'g 1 a piecewise C' curve joining the points 0 and 1. We
consider the problem

max J(u() =~ [ (o) + ua(®)it”
u()7 T1 To1
subject to
dx(t) = ue(t)dt*, a =1,2, 2(0,0) =0, x(1,1) = 21 = free.
This problem means to find an optimal control v = (u, uz) to bring the Pfaff dynam-
ical system from the origin z(0,0) = 0 at two-time t* = 0,#> = 0 to a terminal point
x(1,1) = 1, which is unspecified, at two-time ¢! = 1,2 = 1, such as to maximize the

objective functional.
The control Hamiltonian 1-form is

H(w(t),u(t), p(t)) = (= (2(t) + us(t)®) + p(t)us(t))dt”.

We accept that it is enough to work with the components

Hg(x(t), ult), p(t)) = —(x(t) + ug(t)?) + p(t)us(?).

Since ,
0Hg 0°Hpg
—F=_9 — PP =-92<0
dug U+ P, au% ’
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the critical point u; = ug = g is a maximum point. Then the Pfaff equation dp(t) =

oOH
o is a completely integrable equation dp(t) = dt* + dt?. Also, since the point

z

x(1,1) = x is unspecified, the transversality condition implies p(1) = 0. It follows
1

the costate p(t) = t! + t? — 2, the optimal control i (t) = @a(t) = 5(751 +t* —2) and

the corresponding evolution

(t1)2 + (t2)2 t1t2

z(t) = 1 +— - (' +1?).

Remark. In our example, the complete integrability conditions

ox Ous ox Oou; Oup  Ous
— 42
o+

U T gz TR g T o

are satisfied. Consequently, the curve I'y ; is arbitrary.

3 Multitime maximum principle approach of
variational calculus

It is well known that the single-time Pontryaguin’s maximum principle is a general-
ization of the Lagrange problem in the single-time variational calculus and that these
problems are equivalent when the control domain is open [7]. Does this property sur-
vive for multitime maximum principle? This problem has a positive answer in the case
of complete integrability conditions [10]-[20], i.e., the multitime mazimum principle
motivates the multitime FEuler-Lagrange or Hamilton PDEs.

The aim of this Section is to discuss this problem in case of the nonintegrability
of the running cost 1-form and of constraint distribution. For that, suppose that the
evolution system is reduced to a contact distribution system

dr'(t) = ul, (t)dt*, z(0) = xo, t € Qo4 C RT, (CDS)

and the functional is a path dependent curvilinear integral
J(u(-)) = g XG(a(t), u(t))dt’, (/)
0,tg

where g, is a piecewise C'! curve joining the points 0 and to, the running cost
n = XJ(z(t), u(t))dt’ is a C* 1-form and u = (u).

The associated basic control problem leads necessarily to the multi-time maximum
principle. Therefore, to solve it we need the control Hamiltonian 1-form

H(z,po,p,u) = (X§(z,u) + pyujs)dt’
and the adjoint distribution

0
9§
ozt

dp;(t) = (z(t), u(t))dt’. (AD.J)
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Suppose the multitime maximum principle is applicable:

0x9 0x9
O p = 85 g0 + pidt? =0 or pidt? = ——LdtP. (13)
oul, oul, oul,

Suppose the functions Xg are dependent on z (a strong condition!). Then the Pfaff
equations from (ADJ) show that

p(0=p0 - [ %5

i
o ox

(x(s), u(s))ds”, (14)
where T'g ; is a piecewise C' curve included in the curve Lot

3.1 Euler-Lagrange exterior system

Let n = Xg(an(t)m(t))dtﬁ be a C? 1-form. From the relation (13), we find

) Y o— (‘3X8 B
dp; Ndt7 = —d 3 A dtP.

i
Uy

Now, using the Pfaff equations (ADJ), we obtain the Euler-Lagrange exterior equa-

tions o

Now we change our point of view. From the relations (13) and (14), it follows an
integro-Pfaff equation

0
X

T o
8x7

((s), u(s))ds™.

0
(x(t), u(t)dt’ = p;(0)dt" — dﬂ/ 9XX
To.c oxt

* = 5%(7), we rewrite

Giving the parametrization I'g ¢, : s
0
0Xj

sy
81‘7

(z(t(7)), u(t(7)))

T 0 S)\
=53 (1m0~ [ 2R alotr), uls(rI) B ) ) + )

where 5
Ky () =0
Also 4 , ,
g (7)) = 26 (H(T)) + v (7),
with

S (1) =0

Suppose that Xg are functions of class C2. Then we can apply the operator —,

transforming the previous equality into an Euler-Lagrange like ODE system.

Remark. The curve I'g;, can be included in the control. For related theory, see

[5].
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3.2 Conversion to multi-time Hamilton-Pfaff equations
(canonical variables)

Let u(-) be an optimal control, z(-) the optimal evolution, and p(-) be the solution
of (ADJ) which corresponds to u(-) and z(-). The control Hamiltonian 1-form H =
ngtﬁ + pjuédtﬁ must satisfy

H 0X?9
OH _ pidt” + —Lqt? = 0.
3ul7 8%

This relation defines the costate p as a moment along the curve I'g,. Suppose
that the critical point condition admits a unique solution that satisfies u: (t)dt? =
ul (z(t),p(t))dt” = dz'(t). Then, using a path dependent curvilinear integral, we can
write

o) =2 )+ [l a(s),p(s)ds
To,t
where I'g; is a piecewise C! curve included in the curve I'g4,. On the other hand

OH an ou? . o’ .
= PP whdt’ + p L dt? = uhdt”
opi  oul  Opi Tupt TP Ipi e

or

da'(t) = 57 (a(0) pl0) ().

Now, the relation

0X9 oud
at? + 228 gy
uJ7 oxt

oxt b

7 Ot

OH 3Xg
S oxi

o’
) —p; B qth

and (ADJ) shows

Api(1) = ~ 9% (2(0) (), ).

In this way we find the canonical variables x, p and the multitime Hamilton-Pfaff
equations

_ OH OH

' (1) = 5 (a(0) (). dpi(t) = — 55 (2 (0).p(0).

along the curve Ty ;.
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