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Abstract. In this work we introduce and perform a study on the multi-
time multi-objective fractional variational problem of minimizing a vector
of quotients of path independent curvilinear integral functionals (M F'P)
subject to certain partial differential equations (PDFE) and/or partial dif-
ferential inequations (PDI), using a geometrical language. The paper is
organized as follows: §1 formulates a PDI& PD FE-constrained optimiza-
tion problem. §2 states and proves necessary conditions for the optimality
of the problem (M P) of minimizing a vector of path independent curvi-
linear integral functionals constrained by PDIs and PDFEs. §3 analyzes
necessary efficiency conditions for the problem (MFP), and §4 studies
different types of dualities.

M.S.C. 2000: 49J40, 49K20, 58E17, 65K10, 53C65.
Key words: PDI&PDE constraints, multi-objective fractional variational problem,
Pareto optimality, quasiinvexity, duality.

1 PDI&PDEFE-constrained optimization problem

Let (T, h) and (M, g) be Riemannian manifolds of dimensions p and n, respectively.
The local coordinates on T and M will be written ¢t = (¢*) and z = (x!), respectively.
Let JX(T, M) be the first order jet bundle associated to T and M.

To develop our theory, we recall the following relations between two vectors v =
(v7) and w = (w?), j =1, a:

v=w & v =w, j=1,a;

|
—

v<w<:>vj<wj, j ,a;

v<w & v/ <w!, j=Ta (product order relation).
v<w & v < wand v #w.
Using the product order relation on RP, the hyperparallelepiped Qy, ., C RP, with

the diagonal opposite points to = (t3,...,th) and t; = (t1,...,t]), can be written as
the interval [to, ¢1].
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Now, we introduce the C*°-class Lagrange 1-forms densities

fa=(f): JNT. M) =R, ko= (ki): JH(T,M)—>R", (=Tr, a=Tp.

Suppose that Dgf’ = Dafé, and Dgk!, = Daké, a,f=1,p, a# B3, £ =1,r, where
Dy is the total derivative (closeness conditions, complete integrability conditions) and

/ K (t,x(t), 2 (1)) dt™ > 0,
Tto,t1

where z.(t) (t), v = 1, p, are partial velocities and 7, 1, is a piecewise C'*-class

Oz
ot
curve joining the points o and ¢;. The closed Lagrange 1-forms densities f and k¢,
will be used to define certain quotients of curvilinear integral functionals. Also we

accept that the Lagrange matrix density

g=(g0): JNT,M)—>R™, a=T3s b=Tm, m<n,
of C*°-class defines the partial differential inequations (PDI) (of evolution)
(1.1) g(t,x(t), 25 (1) = 0, ¢ € Dy,

and the Lagrange matrix density

h: (hg): Jl(T’M) _>Rqs7 a = 1757 b: 17q7 q< n7
defines the partial differential equation (PDE) (of evolution)
(1.2) h(t,z(t),z(t)) =0, t€ Q4.

The purpose of this work is to study the multitime multi-objective fractional vari-
ational problem of minimizing a vector of quotients of path independent curvilinear
functionals

/ St 2(t), 2 (1)) di® / F(t (1), 2 (1)) di

to,t1 to,t1
/7

knowing that the function z(¢) satisfies the boundary conditions z(tg) = zo, z(t1) =

z1, or z(t)|sq,,,, = given, the partial differential inequations of evolution (1.1),

and the partial differential equation of evolution (1.2). Such a problem is called

PDI&PDE-constrained optimization problem (see also [2]-[8], [10], [11], [19], [20]).
Introducing the notations

)= |

the above-mentioned extremizing problem can be written

k;(t,x<t),x7(t))dta"“’/ K (1 (t), - (1)) dt

to.t1 to.t1

Falt,x(t), oy (1)) dt*, Kz(m(-))Z/ ket a(t), 24 (1)) dt®,

tost1 tosty
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wn (DEO) )

o) \K'(z()" " K7(x())
subject to
z(to) = xo, x(t1) = z1,
g(t,x(t),z,(t)) £ 0, € Qygu,,
h(t,z(t),x4(t) =0, t€ Q-

Let C°°(Qy,.1,, M) be the space of all functions z: Q4 s, — M of C*-class, with
the norm

(MFP)

p
2] = zlloo + > lzalloo-
a=1

The set

F(Qupt,) = {2 € CF(Quy 1y, M) | 2(t0) = 20, 2(t1) = 21, 9(t,2(t),2,(t)) £ 0,
h(t,z(t),z4(t) =0, t € L1, }

is called the set of all feasible solutions of the problem (M FP).

Partial differential inequations/equations mathematically represent a multitude of
natural phenomena, and in turn, applications in science and engineering ubiquitously
give rise to problems formulated as PDI& P D E-constrained optimization. The areas
of research who strongly motivate the PDI1& P D E-constrained optimization include:
shape optimization in fluid mechanics and medicine, material inversion - in geophysics,
data assimilation in regional weather prediction modelling, structural optimization,
and optimal control of processes. PDI1& PD E-constrained optimization problems are
generally infinite dimensional in nature, large and complex. As a result, this class
of optimization problems present significant reasoning and computational challenges,
many of which have been studied in recent years in Germany, USA, Romania, etc.
As computing power grows and optimization techniques become more advanced, one
wonders whether there are enough commonalities among PDI&PD E-constrained
optimization problems from different fields to develop ratiocinations and algorithms
for more than a single application. This question has been the topic of many papers,
conferences and recent scientific grants.

The basic optimization problems of path independent curvilinear integrals with
PDE constraints or with isoperimetric constraints, expressed by the multiple inte-
grals or path independent curvilinear integrals, were stated for the first time in our
works [12]-[18]. The papers [15], [17], [18] focuss on multitime mazimum principle in
multitime optimal control problems.

2 Necessary conditions of optimality

In order to obtain necessary conditions for the optimality of the problem (M FP),
we start with a vector of path independent curvilinear functionals,

Fla) = [ fa(t7w<t)7m7(t))dta=< [ e,

to,ty to,t1

/

f;(t,w(t),xw(t))dt“) = (F (). FT (2 (),

to,t1
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and we formulate a simplified PDI1& P D E-constrained minimum problem
m(igl F(x())
subject to
(MP) x(to) = xo, x(t1) = 21,

g(tvx(t)7x’7(t)) é 0, te Qt07t1’
h(t,z(t),z4(t)) =0, t€ Q-

We are interested in finding necessary conditions for the optimality, respectively
efficiency conditions, for the problem (M P) in the domain F(€y, 4, ).

Definition 2.1. A feasible solution z°(-) € F(4,,1,) is called efficient point for the
program (M P) if and only if for any feasible solution x(-) € F (£, .,), the inequality
F(z(-)) £ F(2°(-)) implies the equality F(z(-)) = F(z°(-)).

To analyze the previous problem, we start with the case of a single functional.
Let s = (8a): JY(Qy.t,, M) — RP be a closed Lagrange 1-form density of C°°-

class which produces the action S(z(-)) = / sp(t,2(t), z(t)) dt’. Consider the
Tto,t1

following PDI& P D E-constrained variational problem
min - $ (z(-))
(SP) subject to

g(t,x(t),xy(t)) é 07 te Qto,tﬂ
h(t,z(t),z4(t) =0, t€ Qyyy-

We define the auxiliary Lagrange density 1-form L = (L,) as

Lo (t,x(t), z (), A, pu(t), V(1) = Asa(t, 2(t), 7(1)+ < pa(t), gt 2(t), 24(t)) >
+ <val(t),h(t,z(t),z4(1) >, a=1,p,

where X is real number and p(t) = (pa(t)) = (u&, (1)), v = (valt)) = (¥%,(t)) are
Lagrange multipliers subject to the condition that the 1-form L = (L,) is closed.
Extending the results in [15], [18], the necessary conditions for the optimality of a
feasible solution z°(-) € F(£,.,,) in the problem (SP) are

8La ° o aLa o o
W(twf (t)“’L‘V(t)) - DWT%(tam (t),l‘y(t))

< 'U’O‘(t)’g(t?mo(t)’x;(t)) >=0,te Qto,tu a=1,p,
pa(t) 20, te€Qye, a=1p.

0, «=1,p (Euler-Lagrange PDE)

Definition 2.2. If A # 0, the optimal feasible solution z°(-) of the problem (SP) is
called normal.

Without loss of generality, if 2°(-) is an optimal normal solution of the problem
(SP), we can assume that A = 1.

The following Theorem describes the previous necessary optimality conditions in
the language of [4], [15], [18], [19].
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Theorem 2.3. Let s = (sq) be a closed 1-form of C*-class. If z°(-) € F(Qiy1,) 15 a
normal optimal solution of the problem (SP), then there exist the multipliers A, p(t),
v(t) satisfying the following conditions:

ﬁsa

AT (1, 00(0) 25 () < pa(8), 52 (02 (0) (1) >

Ox
oh, o
+< va(t%%(t,w (0.050) > =D, (3G 1070 23(0)
o ah o o
(VC) § + < halt) 20" (O,5(0) > + < val0), -(t,2°(0).43(0) > ) =
Ty 2l
teQyr,, a=1,p (Euler-Lagrange PDEs)
< pa(t), g(t, 2°(t), (t)) >=0, teyys, a=1p,
M&()ioa tthotU a:]-vpa
1].

(A=

Now we turn back to the vector problem (M P). To develop further our theory, we
need the result in the following Lemma (for the single-time case, see [3]).

Lemma 2.4. The function z°(-) € F(Quy.t,) s an efficient solution of the problem
(MP) if and only if x°(-) is an optimal solution of each scalar problem Pp(z°(-)),
¢ =1,r, where

: ¢
win Fo(x(4))
subject to
e x(to) = xo, x(t1) = a1,
POEON T gtnte.a o) £ 0. 1€y
h(taz(t)ax’y( )) - te Qto,tu
Fi(a() < Fi(a ( ). =T L

Proof. In order to prove the direct implication, we suppose that the func-
tion x°(-) € F(Qu,1,) is an efficient solution of the problem (MP) and there is
ke {l,...,r} such that z°(-) € F(Q,,+,) is not an optimal solution of the scalar
problem Py (z°(+)). Then there exists a function y(-) € F(Q, ¢ ) such that

Fi(y(-)) S FI@°(), j=Tr, j#k F*y() < F*@°().

These relations contradict the efficiency of the function z°(-) € F(, ) for the
problem (M P). Consequently, the point 2°(-) € F(€4,.1,) is an optimal solution for
each program P, (z°(-)), £ =1,7.

Conversely, let us consider that the function z°(-) € F(4,.+,) is an optimal so-
lution of all problems P (z°(-)), £ = 1,r. Suppose that 2°(-) € F(Q4,,) is not an
efficient solution of the problem (M P). Then there exists a function y(-) € F(Qy.¢,)
such that FJ(y(-)) < Fi(z°(+)), 5 = 1,r, and there is k € {1,...,r} such that
F¥(y(-)) < F¥(x°(:)). This is a contradiction to the assumption that the function
2°(-) € F(Qu,,+,) minimizes the functional F*(z(-)) on the set of all feasible solutions
of problem Py (z°(-)). Therefore, the function z°(-) € F (£, ) is an efficient solution
of the problem (MP) m
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Lemma 2.5. Let ¢ be fized between 1 and r. If the function x°(-) € F(Qy4,) is a
[normal] optimal solution of the scalar problem Py(x°(-)), then there exist the real vec-
tors (Nje), j = 1,7, and the matriz functions p, ve, such that the following conditions
are satisfied

0 2 1,00 0), 250+ < o), 220,200,050 >

+ < va(t), %(Lx"(t),xf’y(t)) > —D, ()\ 85 (t,z°(t), z5(1))

ol

< nalt). 5107 (00300 > + < ), o (5(0.35(0) > ) =0,
te Yy, a=1p (Euler Lagrange PDEs)
< puea(t), g8, 2°(8), 25(8)) > t €y, a=1Lp,
tea(t) 2 07 ey, a=1p,

Aje>0 [)\u = 1].
For a proof, see [9].

Definition 2.6. The function z°(-) € F(Qy,+,) is called normal efficient solution of

the problem (MP) if it is normal optimal solution for at least one of the problems
Py(z°(-), =17,

It follows the main result of this section.

Theorem 2.7. Ifz°(-) € F(Quy 1, ) i a normal efficient solution of the problem (MP),
then there exist a vector A° € R" and the smooth matriz functions p°(t) = (ud,(t)),
vo(t) = (vo(t)), which satisfy the following conditions

o 99
O 1,0(0),250) > + < 30, 22
O fa

ah [e] o o]
+ < v2(t), —ax(t,:c (t),z5(t)) > D’y( <A B
.

t,x°(t), 22 (t)) >

7y

(t,z°(t), 25(t)) >
o ag o o o oh o o _

(MV) + < p2(¢), a—%(t,x (), 25(t) >+ < vo(t), oe, (t,z°(t), 25 (t)) >> =0,

t € Qut,, «a=1,p (Euler-Lagrange PDEs)
<pg (1), g(t,a°(t),25(t)) >=0, t €y, a=1p,
/‘l’gz(t) z 07 te Qto,tlv o =
A° >0,
<e, N >=1, e=(1,...,1) e R".

—

» D,

Proof. If the function 2°(-) € F(4,¢,) is a [normal] efficient solution of the prob-
lem (MP), according to Lemma 2.4, the point z°(-) € F(,.,,) is a normal efficient
solution of each scalar problem Py(z°(-)), £ = 1,7. According to Lemma 2.5, there
exist the matrix \js, j,¢ = 1,7, and the functions pia, Vi, satisfying the following
conditions




PDI&PDE-constrained optimization problems 81

0o 22 1,000, 0300)+ < mealt), 22 (0,0°(0), 50)) >

of}

oh
+ <), 30,20, 550) >~y (e
Ly

= (t,2°(8),5(1)

(FV)S 4 < talt), 2 (0,5(0) > + < i - (0,0°(0,25(0) > ) =0,

t € Qyt,, «a=1,p (Euler-Lagrange PDEs)
< pua(t), g(t, 2°(t), 25 (1) >=0, t€Qyys,, a=1,p,
fea(t) 20, teyy,, a= 1p,
Aje >0 [Aee = 1].

Making the sum of all relations (F'V), from £ = 1 to ¢ = r and denoting
Aj:Z)\jéa Ma(t)zzufa(t)z Na(t) :nya(ﬁ)a
=1 =1 =1

the following relations are obtained

%
7 Ox

(t,2°(t), 25,(1))+ < Ma(2), g—i(t,xo(t), x5 (t)) >

(e @.050) > =D, (4, 522 t.a"(0).23(0)

A

29 (1,0°(8),22()) > + < Nalt), g:(t,xou),x;(t)) > ) =0,

t€Qt,, «a=1,p (Euler-Lagrange PDEs)

Mo (t), g(t, 2°(t), 25(t) >=0, t€Qyy,, a=1Lp,

< Y
Moz(t Z Oa te th,tu @ = 17pa

We divide the relations (FV) by S = Z A; > 1 and we denote
j=1
A M, (¢)
A ==L, M(t) = — Na(t) =
s= s =2 N

Thus we obtain the relations from the statement m

Na(t)
5

3 Necessary efficiency conditions
for the problem (MFP)

Consider z°(-) € F(£,,,) being a feasible solution of the problem (MFP) and
for each index j between 1 and r, let us introduce the real number

Fi(z°())

Rg(xo(')) = W
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For a fixed index ¢, we consider the following pair of extremizing problems

o Pa()
o) Kfz())
subject to
(FPR)@ (to) = X, :C(tl) =1
g( (t)v (t)) é 0’ te Qto tis
h(t, @%w%ﬂ)=07 tE€ Dyt
Fi(x(-)) = Ro(x° () K (x() £0, j=1r, j#L
min F(x() = R(a®() K (z(-))
subject to
(SPR), z(to) = wo, (1) =
gt z(t),x @DéQ t€ Qg
h(t, o(t), z4(t) =0, € Q4
Fi(z() = R (2°(-)) K7 (x(-)) £0, j=T7r, j#L,

With the statements of Jagannathan [3], we have

Lemma 3.1. The function z°(-) € F(Qu, 1, ) s optimal in (FPR), if and only if it
is optimal in (SPR)¢, £ =1,r.

Using Lemma 2.4 and Lemma 3.1, we can formulate

Theorem 3.2. The function x°(-) € F(Qu, 1,) is an efficient solution for the problem
(MFP) if and only if it is an optimal solution for each problem (SPR)y, £ =1,r.

Proof. We shall prove this statement using the double implication.

THE NECESSITY. Let us suppose that the function z°(-) € F(£,,) is efficient
for the problem (M FP). Then it is optimal for problem (FPR)y, £ = 1,r, according
to Lemma 2.4. Also, for any ¢ = 1,r, if the function z°(-) € F(Q4,+,) is optimal
for problem (F'PR)g, then it is optimal for problem (SPR), ¢ = 1,7 (according to
Lemma 3.1).

THE SUFFICIENCY. Let us suppose that the function z°(-) € F(Q,+,) is effi-
cient for the problem (SPR), for all £ = 1,r. Then it is optimal for problem (FPR),,
¢ =1,r, according to Lemma 3.1. Also, for any ¢ = 1, r, the function z°(-) € F(Q4,.1,)
is optimal for problem (F'PR),, therefore it is optimal for problem (M PF') (according
to Lemma 2.4) m

Remark. The function z°(-) € F(Q4,+,) is a normal efficient solution of the
problem (MFP) if it is a normal optimal solution for at least one of the scalar
problems (FPR)y, £ =1,r.

Consider A = (A1,...,A,) € R" and the matrix functions p: Q¢ — R™P,
v: Q1 — RTF such that the auxiliary Lagrange 1-form L = (L),

La(t,2(t), 24 (8), X, u(t), v(t)) = Nj (fA(t, (), 24 (1)) — RL(x® ()KL (L, z(t), 24(1)))

+ < pia(t), g(t, 2(t), 24 (1)
+ <walt), h(t, x(t), z(t)

—~

VoV

)
)

, Q= ]-apa
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be closed. Having in mind the background introduced above, we can state the main
results of this section. First of all, we shall introduce our necessary efficiency condi-
tions.

Theorem 3.3 (Necessary efficiency conditions). Let the function z°(-) €
F(Qy.1,) be a normal efficient solution of problem (M FP). Then there exist A1°, A*° €
R" and the smooth functions M°: Q. — R™P, N°: Q4 4, — R, such that we
have

A;O%(t,ﬁ(t) 22 (t)) — A2° %—(t x®(t),25(t))

Oz L

%(t,xo(t),xz(t)) >+ < No(t), %(t,azo(t),xf/(t)) >

{Aloaf (t,x°(t), a5 (1)) — AP —=

+ < M2(t),

ok L X
13) 7 O,
dg

(MFV) S + < M2(t,z°(t), z2(t)), e

a5 (t,2°(t), 23(1)) >

Ly
oh
< N2(0), o (1,2°(0),25,6)) > } o,
’Y JR—
te€ Yys,, a=1,p (Euler-Lagrange PDEs)

< MS(t),g(t,2°(t),25(t) >=0, t€ Qyyy, a= 1,p,
Mi()io ttho,tU a—lp,
Al >0, <e, A >=1, e=(1,...,1)eR".

Proof. There are )\ﬂ,, )‘?zv j = 1,7, and the functions i (t), Ve (t), such that

O 120 0,050) — 33 G 0,000,250
< eald), %(t’ 2° (), 25(1)) > + < vpa(t), %(t,xo(t),z?y(t)) >
afl ki
=Dy N (07 (0,55(0) = X2 (0:0°(0),03,(0)
(FV)e { 896?9 ‘o gl ;
+ < pea(t), afi(t,xO(t),xg(t)) >+ < vgal(t), a;:(t,x"(t),x;(t)) >}207

t € Qyt, «=1,p (Euler-Lagrange PDEs)
< ufa(t)vg( (t) O(t)) >=0, te Qto,tw = ﬁ’
Wa()io tthOtl7 a=1,p,
Aje =0 A =1].

We make the sum of all relations (FV), after £ = 1,7 and denoting

Z Ay, Z N Ma(t) = pea(t), Na(t) = veal(t)
=1 (=1

we obtain
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O 2 OK), o
NGt (1), 25(8) = AJ =& (1, 2° (1), 25 (1)

- 99 . Oh o\ o
+ < Ma(t), 5 (8, 2°(8), 25(t) > + < Na(t), 7p (b2 (1), 25(1) >

A 8 gz o 8k o o
D, A 25 0 (0),0(8) — A2 (1,00 (1), 2 (1)

ox Oz
(FV) 5
h

< a0, 2 (107 (0, 03(0) >+ < Na(0) (07 (0),25(0) > | =0
t €My, a=1p ZEuler-Lagrange PDEs)
< Mo(t),g(t,2°(t),25(t) >=0, t€ Qi a=1,p,
Ma(t z 07 te Qto,tlv a = ]-7p7
Aj

7j=1
Alo _ E A2o _ E MO() () No(t) o Na(t)
J S’ Jj S’ S ’ « - S )

the relations (F'V') take the form (MFV) m

4 A dual program theory

Let p be a real number and b : C°(Qy, ¢, M) x C*°(Qyy1,, M) — [0,00) a func-
tional. Let a = (as) be a closed Lagrange 1-form. We associate the path indepen-

dent curvilinear functional A(z(-)) = / aq(t, z(t), 2 (t)) dt*. The definition of
g

to,t1
the quasiinvexity (see also [2], [7], [10], [11], [20]) helps us to state the results included
in this section.

Definition 4.1. The functional A is called [strictly/ (p,b)-quasiinvex at the point
z°(-) if there is a vector function n: J*(Qy, ¢, M) x J' (4,4, M) — R", vanish-
ing at the point (t,2°(t),z5(t),x°(t), z5(t)), and the functional §: C°(Q, 4, , M) X
C*®(Qy.t,, M) — R", such that for any z(-) [z(-) # z°(-)], the following implication
holds

(A(z() = A2°())) — (b(w(%w"('))/ {<nt, w(t), 2y (8), 2°(), 25(1)) ,

to,ty

Oag
ox

Oay

Oz,

- (62°(8), 25(1)) > + < Doyt x(t), - (8), 2° (), 25(1)),

o, 2°(t), 25(1)) >}dt*[<] = pb(?ﬂ('),w°(~))|l9(fﬂ(~),x°(’))ll2> :

We associate a multi-objective variational dual problem to the problem (M FP),
preserving the same set of feasible solutions:
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max
y(-)

(Fl(y(-)) F’"(y(-))>
Kl'(y()) K (y())
subject to

y(to) = zo, y(t1) =1

‘ l
AL (00,01 6) = A3 2 (6, (0), 01 (0)

< palt), g—ju,y@),%(t)) > 4 < valt), %Z(t,ya),yv(t)) >

oft Okt
—DW{A%J8;’;3<t,y(t>,yv<t>>—A%°6yj(t7y<t>, 0r (1))

(MFD)

< pald), jy’;u,y(t),yy(t)) >+ < valt), gy’;u,ymu» > } —o,

t e Qto,tlﬂ o = 1,p

< pa(t), g(t, y(t),yy (1) >+ < valt), h(t, y(t),y,(t)) > =0,
o = 1»107 te Qto,tl
A >0, <e A >=1,e=(1,...,1) eR".

To formulate our original results, we use the minimizing functional vector m(z(+))
of the problem (M FD) at the point 2(-) € F(4,,,) and the maximizing functional
vector

Sy () yy (), AT A% (), v ()
of the dual problem (MFD) at

(y(')vy’y(')7A107A207H’(')7 V()) € A7
where A is the domain of the problem (M FD).

Theorem 4.2 (Weak duality). Let x°(-) be a feasible solution of the problem
(MFP) and y(-) be a normal efficient solution of the dual problem (MFD). Assume
that the following conditions are fulfilled:

a) AL° >0, A2 >0, £= 7, AIPFU(y() — AFK!(y()) = 0;

b) for any ¢ = 1,7, the functional F*(x(-)) is (p’*,b)-quasiinvex at the point y(-)
and —K*(z(-)) is (p"*, b)-quasiinvex at the point y(-) with respect to n and 6;

¢) the functional

[ 1< alt) gt a(e). 2, (0)) > + < valt). b a(0), 2, (6) >Jds°
Tto,t1
is (p"",b) - quasiinvex at y(-) with respect to n and 6;

d) one of the functionals of b), c) is strictly (p'*,b)-quasiinver;
e) pIZA%O —|—p”£A%O _|_p/// z 0.
Then, the inequality w(x°(-)) < 6(y(-), y (), A¥, A% u(-), v () is false.

The proof will be given in a further paper (see also, [9]).

Theorem 4.3 (Direct duality). Let 2°(-) € F(,.¢,) be a normal efficient solution
of (M FP) and suppose that the hypotheses of Theorem 4.2 are satisfied. Then there are
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the vectors A'°,A?° € R" and the smooth functions pu°: Qu 1, — R™P, v°: Qup 1, —
R™P such that (x°(-),25(-), A', A%, u°(-),v°(-)) is an efficient solution of the dual
(MFD) and m(2°(-)) = 6(z°(-), 25(-), A, A%, p° (), v°()).

Proof. We take into account that the point z°(+) is a normal efficient solution of the
problem (M F P). Therefore, according to Theorem 3.3, there are A'°,A%° € R" and
the smooth functions p°: Q4 — R™7P, v°: Q1, — RYP satisfying the relations
(MFV)c. Also, < vg(t),h(t,z°(t),x3(t))>=0, «=1,p. Hence

(@0, 25 (), AT A%, 1°(),v°()) € A, m(2()) = 8(2° (), 25(-), AT, A%, 1 (), v° (1))
Therefore, the statements are proved. =

Theorem 4.4 (Converse duality). Let (z°(-),z5(-), A', A%°, u°(-),v°(:)) be an ef-
ficient solution of the dual problem (MFD). Suppose the following conditions are
fulfilled:

a) Z(-) is a normal efficient solution of the primal problem (M FP);

b) for any ¢ = L7, F(2°()) > 0, K'(2°()) > 0, Al F(2°() ~ A K*(2°()) =

c) for any £ = 1,7, F¢(x(-)) is (o', b)-quasiinvez at the point x°(-) and —K*(x(-
is (0", b)-quasiinvez at the point z°(-), with respect to n and 0;

d) the functional

0;
)

[ (<ualg(t.0).,(0) > +<va(0) A ()., (1) >] e

to,t1

is (p"",b)-quasiinvex at the point x° with respect to n and 6;

e) one of the functionals of c), d) is strictly (p'*,b), (p"*,b) or (p""*,b)-quasiinvex
with respect to n and 0, respectively;

f) p’eA%O +,0HZA%O +p/// 2 0.

Then Z(-) = z°(-) and moreover, m(x°(-)) = 8(z°(-), x5(-), A*, A%, (), v°(-)).

Proof. Let us suppose that z(-) # x°(-). According to Theorem 3.3, there are
the vectors A'°,A%° € R" and the functions fi: Q4 ;, — R™P, v: Oy 4, — R,
satisfying the conditions (M FV)¢. It follows

< ﬂa(t)7g(tvf(')’f7(')) >+ < Da(t)’h(taj(')aj’v(')) >= 0,04 = Lp

and therefore (z, Z., A1°, A%, i,7) € A. Moreover m(Z) = §(z, 2, AY°, A%° i, D). Ac-
cording to Theorem 4.2, we have m(Z(-)) £ 8(z°(-),25(-), A*, A*°, u°(-),v°(-)). Conse-

quently, 6(Z(-), T (- ) A1, 8%, (), () £ 8(a°(). 2 5(), AT A%, e (-),v°()). Then
the maximal efficiency of the point (2°(-), z5(-), A', A2° 1° (), v°(+)) is contradicted.

Hence, z(-) = 2°(-) and m(2°()) = 6(z°(), =5 (- )AL A2, o), 7 () m
Remark 4.5. To make a computer aided study of PDI& P D E-constrained optimiza-

tion problems we can perform symbolic computations via MAPLE software package
(see also [1], [16]).
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