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Abstract. Let A3 6 _1 be the real Lie algebra of type (VI), the real param-
eter being equal to —1, in the Bianchi classification of the 3-dimensional
real Lie algebras, and A3 4 _; the dual of the real vector space Az 6 —1. The
dynamics associated to a quadratic and homogeneous Hamilton-Poisson
system on A3 ; is considered. The spectral and nonlinear stability of
its equilibrium states and the existence of its periodic orbits are analyzed.
The numerical integration of this dynamical system via Kahan’s integrator
is also discussed. Similar problems have been studied in [2] and [3]. An
open problem is the extension of such problems to Poisson-Lie algebroids
(see [9]).
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1 The geometrical picture of the problem

Let (e1, e2,e3) be the canonical basis for R3, i.e.

1 0 0
e1r=101], e=|11], es=1]0
0 0 1

Definition 1.1. Let A3 _1 be the Lie algebra R3 with the bracket operation given
by:

[.]] er|ea| es
el 0 0 el
€9 0 0 —€9

€3 —e1 €9 0
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This is a real Lie algebra of type (VI), the real parameter being equal to —1, in
the Bianchi classification of the 3-dimensional real Lie algebras (see for details [5]).
Then the minus Lie-Poisson structure on A% s | = R is generated by the matrix:

O O —T1
H_(a:1,x2,x3) = 0 0 xTo
Tr1 —X2 0

~

Definition 1.2. A quadratic and homogeneous Hamilton-Poisson system on A3 4
R3? is the triple
(R®*1I_,H),

where
1 2 2 2
H(xl,xg,xg) = i(bﬂl + b2$2 —+ b31’3)

+di x93 + dawr123 + d3T172,
bi, b, b3, d1,do,ds € R, b7 + b3 + b5 +di +d5 +d3 #0.
Its dynamics is described by the following set of differential equations:
1
o | =1I_-VH,
3
or equivalently:
1 = —x1 (bszs + dize + doxq)
(11) To = Xo (631‘3 + dixe + d21‘1) s
Ifg =1 (b1$1 + dgl’g) — X2 (bg.’EQ + dlilfg) .

Using Bermejo-Fairén technique (see [4]) we are immediately lead to:

Proposition 1.1. There exists only one functionally independent Casimir of our
Poisson configuration (R?’,H_) given by

C (21,9, 23) := T122.
The phase curves of the dynamics (1.1) are intersections of
H (x1,x2,x3) = constant
and
C (x1, z2,x3) = constant.
2 Spectral stability
It is easy to see that the dynamics (1.1) has the following equilibrium states:

et :=(0,0,M),M € R.
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If
b1bs — d% > 0,
bobs — d2 > 0,
by € R,

then we have other two families of equilibrium states, namely

bobs—d2

s dy + VR4
o — MMM_HF— Vblbs_d%zM MeR
/—blbg—d% ) ) b3 ) )

and
babs—d2
_dy 4 Yy
— 12 1 — o U2
Mo | _Vbebs—dy, Vo= h | M eR.

Sl ey —a2 bs

Proposition 2.1. The equilibrium states e{\/[7 M € R*, are unstable.

Proof. Tt is easy to see that the characteristic polynomial of the matrix corre-
sponding to the linear part of our system (1.1) at the equilibrium state e}!, where
M € R*, has the following roots: A; = 0,A23 = £b3M, and then our assertion
immediately follows. O

Proposition 2.2. The equilibrium states ed', M € R, are spectrally stable.

Proof. Using MATHEMATICA 7 we obtain that the characteristic polynomial of
the matrix corresponding to the linear part of our system (1.1) at the equilibrium
state e)!, where M € R, has the following roots: A; = 0,Aa3 = +=Miy/babs — d2,
and then our assertion follows. (]

Proposition 2.3. The equilibrium states e}!, M € R, are spectrally stable.

Proof. Using MATHEMATICA 7 we obtain that the characteristic polynomial of
the matrix corresponding to the linear part of our system (1.1) at the equilibrium
state e}, where M € R, has the following roots: \; = 0,\23 = £Miy/bobs — d3,
and then our assertion follows. O

3 Nonlinear stability

We shall discuss now the nonlinear stability of the equilibrium states e} and e}?, M €
R*.

Proposition 3.1. If by > 0,by > 0,b3 > 0,d1da > 0,b1b3 — d3 > 0, then the equili-
brium states ed!, M € R*, are nonlinearly stable.

Proof. We shall prove the claim using Arnold’s method [1] (see also [6]). Let
F\ € C*(R3,R) be the smooth real function given by

1
F)\(l‘l, Tg, 1‘3) = 5([)133% =+ ngg + b3.’L‘§) + dixoxs
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+dow1 w3 + d3x 179 + AT1T2,

where A is a real parameter. Then we successively have:
(i) VEx(e}) = 0 if and only if

N _ —d1da/babs—d3+babs/b1bs—d3—d3\/b1bs—d3+bsds/babs—d3 — o
bsy/b2bs—d3 ’

_ babs—d3 0

(ii) W := ker dC(ed!) = span @ ’
0

= O

(iii) V2F), (ed!)|wxw induces a positive definite quadratic form on W.

Therefore, via Arnold’s method, the equilibrium states e}/, M € R, are nonlinearly
stable. ]

Proposition 3.2. If by > 0,by > 0,b3 > 0,b1b3 — d3 > 0,babs — d3 > 0, then the
equilibrium states e}!, M € R*, are nonlinearly stable.

Proof. Let Fy € C*°(R?,R) be the smooth real function given by
1 2 2 2
F,\(l‘l, Ta, 3;‘3) = §(b1$1 + bgl‘g + b3.133) + dixoxs

+dox1x3 + d3T1T9 + AT122.

Then we successively have:
(i) VEx(e}) = 0 if and only if

do| — L,V 2228
Ao _tbbaed 2( Jorbs 42

\/m b3
_ Wb & 0
i) W = ker dC(eM) = span Vbiba—d3 ol 1.
3 14 1 , :
0

(#4i) VQF,\;; (ed!)|w «xw induces a positive definite quadratic form on W.
Therefore, via Arnold’s method, the equilibrium states eg/f ,M € R*, are non-
linearly stable. O

4 Periodic orbits
Let us assume that
bi,ba,bs >0, didy >0, bbs—dz>0, bybs—ds>0.

Then we can prove the following two results:
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Proposition 4.1. Near to

N
dy + Y =2—="1Ld
M ._ Vb2b3_d%MM_—l Vbiba—d3 2M , M e R,

e = ) )
? Vbibs — &2 bs

the reduced dynamics has, for each sufficiently small value of the reduced energy, at
27

M/bybs — d2

least 1-periodic solution whose period is close to

Proof. Indeed, we have:

(¢) The matrix of the linear part of the reduced dynamics has purely imaginary roots.
More precisely, Ao 3 = £Miy/bobs — d3.

(ii) span(VCO(ed!)) = Vp, where Vj := ker(A(ed!)), and A(ed?) is the linear operator

corresponding to the matrix of the linear part of the dynamics (1.1) at the equilibrium
M

ey,

(ii7) The reduced Hamiltonian has a local minimum at the equilibrium state ! (see
the proof of Proposition 3.1).

Then our assertion follows via the Moser-Weinstein theorem with zero eigenvalue
(see for details [7]). O

Proposition 4.2. Near to

babs—d2
—dy + Vbd
_ ]2 1 — 22
Mo | _Vbebs —di VAL B VN N VAR -3

(& = s s
¥ Vbibs — &2 b

the reduced dynamics has, for each sufficiently small value of the reduced energy, at
27

M/bybs — d2

least 1-periodic solution whose period is close to

Proof. Indeed, we have:

(7) The matrix of the linear part of the reduced dynamics has purely imaginary roots.
More precisely, Ao 3 = £Miy/bobs — d3.

(ii) span(VC(ed?)) = Vo, where V := ker(A(e}))).

(ii7) The reduced Hamiltonian has a local minimum at the equilibrium state ! (see
the proof of Proposition 3.2).

Then our assertion follows via the Moser-Weinstein theorem with zero eigenvalue
(see for details [7]). O
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5 Numerical integration of the dynamics (1.1)

via Kahan’s integrator

It is well-known that Kahan’s integrator (see [8]) for the dynamics (1.1) can be written

in the following form:

gt g = —g B (bgﬂ?g'+1 + dyxitt + dg:l:{”'l) +
it (bsaf + dyah + doal)]
aptt —gn = % [z (b3$g+1 +dyaitt dg.’E;H_l) +
(5.1) +ap T (bsal + dyal + dyat)]
oyt —af = § [of ()™ + dpay ) -
—a8 (bt ™ + diay ™) + 27 (b1al + dox)
—ait (boah + di2h)]

3|

Using MATHEMATICA 7, it follows that:

Proposition 5.1. Kahan’s integrator (5.1) is Poisson (resp. energy, resp. Casimir)

preserving if and only if one of the following conditions hold:
2 2

(i) by = $2,by = {1, dy,da, d3 € R, b3 € R*;

(ZZ) dy =0,dy =0,b3 = O,dg,bl,bg € R.

If we make a comparison with the 4th Runge-Kutta integrator, we obtain almost
the same results, see Figures 5.1, 5.2 and 5.3, respectively, Figure 5.4. However

Kahan’s integrator has the advantage to be easier implemented.

Integrators for case (i). Fig. 5.2: Kahan; Fig. 5.3: 4th order Runge-Kutta.
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Fig. 5.4 The phase curves of the dynamics (1.1) for case (i)

In this case Kahan’s integrator does not provide any relevant results.
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