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Abstract. In the paper, properties of morphisms in the variational se-
quence are investigated. The Euler-Lagrange morphism &; is
well-understood. It is also known that the kernel of the Helmholtz mor-
phism & consists of locally variational dynamical forms, and is character-
ized by Helmholtz conditions. We study the image of & and the kernel
of the next morphism &3, and solve the corresponding local and global
inverse problem when a three-form comes (via a variational map) from
a dynamical form, i.e., corresponds to a system of differential equations.
We find identities, that are a generalization of the Helmholtz conditions to
this situation, and show that the problem is closely related to the question
on existence of a closed three-form. The obtained results extend known
results on Lagrangians and locally variational dynamical forms to gen-
eral dynamical forms, and open a new possibility to study non-variational
equations by means of closed three-forms, as a parallel to extremal prob-
lems (variational equations) that are studied by means of closed two-forms
(Cartan forms, symplectic geometry).
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1 Introduction: Helmholtz conditions and the inverse
problem of the calculus of variations

Consider a system of second order ordinary differential equations
(1.1) Ei(t,z* i* i*) =0, 1<i<m,

for curves ¢ : I — R™, ¢(t) = (z¥(t)), where the functions E;, 1 <1i < m, are defined
on an open subset of R x R3™. The problem to decide when there exists a function
L(t,x* &), such that for all 4,

o aar
Y 9xt dt 93t
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is called the (covariant) inverse problem of the calculus of variations.
Above, d/dt is the total derivative operator defined by

i of Of . Of .,
(13) At~ ot "ot ot

where summation over repeated indices is understood.

Equations (1.1) satisfying (1.2) are called wvariational, and a corresponding func-
tion L is called a Lagrangian. Solutions of variational equations are extremals of a
variational functional defined by the Lagrangian L.

It is well-known that equations (1.1) are variational if and only if the “left-hand-
sides” F; satisfy the following identities, called Helmholtz conditions [4, 15]:

ok 9t To9ik T 9t dt
8Ei 8Ek 1d (aEZ 8E;€)_ 0

OE; OE OE;  0E, d (6Ei 8Ek> —0

— — o+

oxk it

ork  Oxt  2dt

Then, a Lagrangian for equations (1.1) can be constructed by the following formula
!
(1.5) L= :c”/ Ei(t, uz® ui®, ui)du
0

due to Tonti [16] and Vainberg [17] (see [13]).

Within the modern calculus of variations, variational objects and their properties
can be effectively studied by methods of differential and algebraic geometry. In this
paper we shall use the framework of the theory of variational sequences on fibred man-
ifolds, introduced by Krupka [9, 8]. The variational sequence is a quotient sequence of
the De Rham sequence, such that one of the morphisms is the Euler—Lagrange mapping
&1 1 A — E), assigning to a Lagrangian (one-form A\ = Ldt) its Euler-Lagrange form
(two-form Ey = E;(L)dx*A\dt, where E;(L) are the Euler-Lagrange expressions (1.2)).
The next morphism, & : E — Hp, assigns to a two-form E = E;dz* Adt a three-form
Hp, called Helmholtz form. E represents a system of differential equations (1.1) that,
of course, need not be variational. Due to exactness of the sequence, dynamical forms
with identically zero Helmholtz forms are locally variational, i.e. represent variational
equations. Components of a Helmholtz form Hg are “left-hand sides” of Helmholtz
conditions, and nonzero Helmholtz forms correspond to non-variational equations. In
other words, Helmholtz conditions describe the kernel of the morphism &;.

While the Euler-Lagrange mapping & is well-understood, yet almost nothing is
known about the next variational morphisms &, and especially £5. In the present
paper we study the image of £ and the kernel of the next mapping £3. This means to
study the question when a three-form comes (via a variational map) from a dynamical
form, i.e., corresponds to a system of differential equations. We show that the problem
is closely related to the question on existence of a closed counterpart of a three-form
(closed Lepage equivalent). We solve both the local and global version of the problem
(Theorem 3.2, Theorem 3.3), and for the second order case compute identities that,
in this sense, generalize the Helmholtz conditions (Theorem 3.4). We show that a
Helmholtz form can be completed to a closed form in a unique way, and find the
corresponding closed three-form explicitly (Theorem 3.5).
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Our results extend known results on Lagrangians and locally variational dynamical
forms to general dynamical forms, and open a new possibility to study non-variational
equations by means of closed three-forms, as a parallel to extremal problems (vari-
ational equations) that are studied by means of closed two-forms (Cartan forms,
symplectic and pre-symplectic geometry).

2 The variational sequence in fibred manifolds

Let 7 : Y — X be a smooth fibred manifold, dimX = 1, dimY = m + 1, and
m : J"Y — X, r > 1, its jet prolongations. Denote by 7, s : J"Y — J°Y, r > 5 >0,
canonical jet projections. A differential g-form (¢ > 1) n on J"Y is called contact if
J"y*n = 0 for every section «y of m, horizontal or 0-contact if i¢n = 0 for every vertical
vector field € on J"Y, and k-contact, 1 < k < ¢, if for every vertical vector field &,
i¢n is (k — 1)-contact. If lifted to J"T'Y, every g-form n on J"Y can be canonically
decomposed into a sum of k-contact components, 7, where k =0,1,...,q, We write
Nk = pgn, and pg = h, then

(2.1) M1 =hn+pin+-- =+ pgn.

A contact g-form is called strongly contact if 71 .n = pyn.

In what follows, we denote ) the sheaf of g-forms on J"Y, Qf . = {0}, Q . the
sheaf of strongly contact g-forms on J"Y, d€dy_; . the image sheaf of j_; . by the
exterior derivative d, and we put

(2.2) or =, +do

g—1l,c

The De Rham sequence

(2.3) 0-R—-Q;—Qf - QF - Qf — -

(where morphisms are the exterior derivatives d) has a subsequence
(2.4) 0—-0]—-0;—-05—.-.

which is an exact sequence of soft sheaves. The quotient sequence

(2.5) 0— R — Q) — Q7/0] — /0 — 05/05 — /6] — -

is also exact, and is called the variational sequence of order r. As proved in [9], the
variational sequence is an acyclic resolution of the constant sheaf R over Y. Hence,
due to the abstract De Rham theorem, the cohomology groups of the cochain com-
plex of global sections of the variational sequence are identified with the De Rham
cohomology groups HTY of the manifold Y .

By construction, morphisms in the variational sequence are quotients of the exte-
rior derivative operator d. In turns out that

(2.6) & /0T 05/0)

is the well-known FEuler—Lagrange mapping of the calculus of variations. The next
morphism

(2.7) & Q505 — 0L/0]
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is called Helmholtz mapping. It should be stressed that this mapping, discovered
within the variational sequence theory, has not been known earlier in the calculus of
variations.

Objects in the variational sequence are elements of the quotient sheaves (2 / Oy, q>
1, i.e., they are equivalence classes of local rth-order differential q-forms. We denote
by [p] € /0y the class of p € Q. By definition, the kernel of the Euler-Lagrange
mapping & consists of null Lagrangians, and the image are locally variational forms
(Euler-Lagrange forms of locally defined Lagrangians). Due to the exactness of the
variational sequence, if [a] € Q5/0% is such that

(2.8) &([a]) = [da] =0

then there exists [p] € Q]/O7 such that [o] = [dp] = E1([p]), i-e. [a] is the image by
the Euler-Lagrange mapping of a class [p]. In other words, the class [a] is locally
variational—comes from a class [p] that has the meaning of a local Lagrangian. If
moreover H?Y = {0} then a global Lagrangian exists. Condition (2.8) for “local
variationality” then provides Helmholtz conditions (of order r).

Classes in the variational sequence can be represented by differential forms. We
shall explore the representation by so-called source forms, (q — 1)-contact g-forms
belonging to the ideal generated by contact forms w® = da® — &'dt, 1 < i < m.
A canonical source forms representation is obtained by means of the interior Euler
operator, T, introduced to the variational bicomplex theory by Anderson [1, 2], and
adapted to the finite order situation of the variational sequence theory in [6, 10].
This operator reflects in an intrinsic way the procedure of getting a distinguished
representative of a class [p] € /O] by applying to p the operator p, ; and the
factorization by ©y. 7 is an R- hnear mapping €2 — Q2T+1 such that

(1) Zp belongs to the same class as 73, ,.p,

(2) Z% = T (up to a canonical projection),
.Or 2r+1 r

(3) the kernel of Z: Qy — Q2! is ©F.

Source forms for classes [p] € Q} /O] are horizontal forms A = Ldt, called Lagrangians.
Source forms for classes [a] € Q5/0% are two-forms E = E;w' A dt, called dynamical
forms (corresponding to differential equations). Note that in this representation, if
[p] is represented by A then [dp] = &1 ([p]) is represented by the dynamical form FE},
the Euler-Lagrange form of A. If [a] € Q5 /0O is represented by a dynamical form E
then [da] = &2([a]) is represented by a source three-form Hp, the Helmholtz-form of
E. According to [10], for a general class [p] € Q5/0%, where

-

(2.9) D2p = Z Hklwk A wl A dt,
k,1=0

we get the canonical source form

(2.10) Z Z < ) ; S(HJE = Hif)wl AW’ Adt.

klOpO
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Above,
(2.11) wj =dzl —xh,dt, 1<i<m, 0<k<r-—1

are basic contact forms of order r, wj = w*.

3 The image of the Helmholtz mapping: generalization of
Helmholtz conditions to 3-forms

The aim of this paper is to study the image of the Helmholtz mapping
(3.1) & 1 /05 — Q3/05,

and the kernel of the next variational morphism

(3.2) £ : Q5/05 — Q3/6).

First, we note that Im &, = Ker &. Indeed, if [5] € Ker &, i.e., [3] € Q5/0O5 is such
that &([8]) = [dB] = 0 then due to exactness of the variational sequence there exists
[a] € Q5/07% such that [3] = [da] = &([a]), i.e. [F] is the image by the Helmholtz
mapping of a class [a] (that has the meaning of a differential equation, and can be
represented by a local dynamical form). Conversely, if [3] € Im &, i.e. [B] = E([a])
for a class [a] € Q5/0% then [§] = [da], hence E([F]) = E3([da]) = [dda] = 0 (the
zero class in ) /07%), so that [§] € Ker &s.

In the representation by source forms, classes [da] € Q5/©% are represented by
3-forms which arise from local dynamical forms as their Helmholtz forms.

Let us introduce the following definitions:

Definition 3.1. We shall call source forms representing elements in Q% /©% Helmholtz-
like forms.

Let U C J°Y be an open set. We say that a Helmholtz-like form H is Helmholtz
over U if there exists a dynamical form E on U such that H|y = Hg. If there is an
open covering {W,} of J°Y such that H is Helmholtz over W, for every ¢, we say that
H is locally Helmholtz. We call H globally Helmholtz if there exists a dynamical form
E on J°Y such that H = Hg.

Note that relation between locally and globally Helmholtz forms is similar to that
between locally and globally variational dynamical forms. A three-form H which
is globally Helmholtz is a Helmholtz form of a (globally defined) dynamical form E.
A form H which is locally Helmholtz comes from a family of local dynamical forms
whose Helmholtz forms glue together to a global differential form; in this case a global
dynamical form E such that H = Hg need not exist.

Theorem 3.2. Let H be a Helmholtz-like form. H is locally Helmholtz if and only if
there exists a (possibly local) three-form (8 such that pof = H, and dB = 0.

Proof. Let H be locally Helmholtz. Then (locally) H = Hg for a dynamical form
E. E is a source form for a class [a] € Q5/0% such that H is a source form for the
class [da] € 5/0%. By assumption, there is a representative @ of the class [a] such
that pya = E. Putting 8 = da we get a (possibly local) closed three-form such that
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pof3 = pada ~ Hp. This means that Hp = pada + padn where 7 is 2-contact. Putting
ap = a+n and 8 = dag we get a two-form equivalent with @ such that piay = F,
and a 3-form such that d3 = 0 and p28 = HE, as desired.

Conversely, let H be a source form such that H = pyf3 for a closed three-form j3.
Put o = AB where A is the contact homotopy operator [7]. Indeed, by definition of
A, B =dAB+ AdB = dAB = da. Moreover, A is adapted to the decomposition to
contact components (meaning that if 7 is k-contact then An is (k—1)-contact). Then

(3.3) E =pia =piAB = pi(Ap2fB) = prAH = AH

is a (local) 1-contact two-form, representing the class []. We shall show that E is
equivalent with a dynamical form F (that is, with a source form for the class [a]).
In fibred coordinates,

T T s
E = ZEfw; Adt = Eiw' A dt — ZEfdwé_l ~ Eiw' Adt+ ZdEf Awh_y
=0

j=1 j=1

N<~z_dE~Zl>wl/\dt_§d£zjwz A dt

- dE! d*E? d&E}N ~d°E!
El _ 7 T ? ) 7 /\ dt _ 7 Z /\ dt AU -
i " ar  ae ) 2 g s

dt J-1
- dE! dE? . ~dE!
= (Ei — W)w Adt + 7 dw" + 2. i dw;_o
Jj=3
_ dE}!  &PE2N "\ /dE? :
~ (B — —1 l) CAdE— d( ’)A i
( a " ae )Y ZB at )i
(3.4) 1 2 712 J_2 3 T 327
- dE} d*F?\ d’E? E]
~ (Ezfﬂ dt2 )(.0 /\dt+ dt2 w /\dt+;wu}j_2/\dt
- dE! dPE?\ PE} . KEE
= (Bi= T+ T ) it = e = 3 Tt

- dEfN
~ (B Y0 )w A dt.
k=1

O

Theorem 3.3. If H is locally Helmholtz and the cohomology group H3Y is trivial
then H is equivalent with a globally Helmholtz form.

Proof. We have seen above that if H is locally Helmholtz then H is a source form
for a class [da]. If, moreover, the group H?Y = {0} then the class [a] has a global
representative a. Putting £ = Za where 7 is the interior Euler operator, we get a
global dynamical form. The global form Hp = Zda is then the Helmholtz form of F,
and, by construction, it is equivalent with H. O
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With help of Theorem 3.2 we can compute explicit conditions for a three-form be a
locally Helmholtz form (a generalization of Helmholtz conditions to three-forms), and
obtain a corresponding dynamical form F, and a closed three-form (closed counterpart
of Hg), which, as we shall show, is unique. In what follows, we shall be interested in
second-order Helmholtz-like forms; a generalization to the 3rd order can be found in
[14].

Theorem 3.4. A second-order source three-form (Helmholtz-like form) H is locally
Helmholtz if and only if components of H, given by

(35) H=H)w Aw Ndt+Hjw Ned Ndt+ HEw' AT Adt, H) = —HY,

satisfy the following identities:

2 1 , L :

(55) =0 (G~ )y =0 (G~ G0y =0
OHY OHY 2

( Lo ( : 8Hk))(ij),[jk] =0,

oxk 2dt\ 0k oI
<3H?j C10H} oHZ 1d <3H3j B akaD
oxk 2 Oik Oxd  4dt\ 9ik OxI /) lijk]
<8H?j B OH}, B i(@H?j B aka)) _
ozk Oxd  dt\ Ok oxI /) ij], (k)
(aH?j 1d (aH?j aH}k> 1d? (aH?j aka)) o
k]

(3.6) o,

orkF  3dt

oik oxI

3 dt?

ok oxJ

where [ | and () denotes skew-symmetrization and symmetrization in the indicated
indices, respectively.

Proof. By Theorem 3.2 we have to search for a 3-contact three-form

2
(3.7) G= Z GPIrwh A w! A w)

ijk='p
p<q<r=0

of order 2 such that d(H + G) = 0. We may assume that the components of G are
skew-symmetric in the upper indices whenever at least two of the indices take the same
value. Denote 5 = H + GG. Condition d3 = 0 means that pod3 = 0 and psdf = 0.
Computing the former we get that podf = 0 if and only if (3.6) are satisfied, proving
that (3.6) are necessary for H be locally Helmholtz. However, (3.6) are also sufficient,
since, by a straightforward computation, p3d = 0 is a consequence of pod3 =0. [

Theorem 3.5. Let H be a second-order source three-form (Helmholtz-like form)

(3.5).
(1) Assume that there exists a second-order 3-contact form G such that 3 = H+G
is closed. Then H is locally Helmholtz, G is unique and takes the coordinate form

? 9 dt
2
(aHz'j B 8Hik>

Y i J k
TE ) ) N A

, , 1,0HL. 9H?
i 7 -k - vy ik
WA Aw +2(8ik i

1 (aH?j oH)  d (aH?j OHZ,

ok oxI

)wi/\aﬂ' Ak
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A corresponding dynamical form E for H is given by the formula
(3.9) E=T7AH.
In coordinates, E = E;w® A dt where

dE}  d?*E?

1 E; = E; - —
(3.10) dt dt?

1
—2333/ HY,(t, ua®, uiP ump)udu—xj/ Hj(t, ua? ui? , ui?)u du
0

/ H2 t,ux?, uz?  ui?)u du,
(3.11)
E} :xj/ Hjli(t,uxp,uz'p,ui’p)udu,

—xj/ H2 t, ux?, ui?, uiP yu du.
(2) Conversely, if H is locally Helmholtz then there exists a unique (global) 3-

contact form G on J?Y such that 3 = H + G is closed. G is given by formula (3.8).

Proof. (1) Denote H as above, then G should take the form (3.8), where G957 is
completely skew-symmetric in 5k, ngokl = G??kl, G?jlkl = Gg,i]l, etc. From podfB =0
we get the following identities:

oty dauy OHY omy dGNL Ly
( oxk dt )[1]k] o ( oxk B oI dt B ij) il o

O0HY.  9H? OHL  dGoL

ij ik 001 ij ijk 001
— = — G =0 — 2G5 =
(3.12) ( dik  Oad ”k)[z RS ( oxk  dt ZJ’“)W ’

OH} aHiQ OH?

it~ 20 =0 (), =0 Gl

Gijw =G = Gijii = Giﬁ? Giji =Gijil =

From (3.12) we get formulas for the components of G and conditions (3.6), hence H
is locally Helmholtz. Since d = 0 we have locally § = da, where a = AS, and a
corresponding local dynamical form E for H is a source form for «, i.e., F = Za =
Ipia =TAH.

(2) By Theorem 3.2, if H is locally Helmholtz then G exists locally. However, G
is unique, hence global (defined on J?Y). |

Note that we have proved also the following result which can be viewed as a
geometric version of the “generalized Helmholtz conditions” (3.6) above, and is an
extension to three-forms of a well-known result in the calculus of variations on mani-
folds (see [3, 5, 11, 12]).

Corollary 3.6. Let 3 be a three-form on J2Y such that po3 = H is a source form
on J2Y . The following conditions are equivalent:



88

(1

Olga Krupkova and Radka Malikova

) H is locally Helmholtz (comes from a possibly local dynamical form as its Helmholtz

form).

(2) p2dB =0.

(3) dB = 0.
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