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Abstract. We construct a family of almost hyper-complex structures on
the tangent bundle of a Kahlerian manifold by using two anti-commuting
almost complex structures obtained from the natural lifts of the Rieman-
nian metric (see [11], [12], [13], [18]) and the integrable almost com-
plex structure on the base manifold. Next we obtain an almost hyper-
Hermitian metric obtained from the same natural lifts, related to the con-
sidered almost complex structures. We study the integrability conditions
for the almost complex structures, obtaining that the base manifold must
have constant holomorphic sectional curvature, and the conditions under
which the considered almost hyper-Hermitian metric leads to a hyper-
Kahlerian structure on the tangent bundle.
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1 Introduction

Consider an m(= 2n)-dimensional Riemannian manifold (M, g) and denote by 7 :
TM — M its tangent bundle. Several Riemannian and semi-Riemannian metrics
can be used in order to obtain geometric properties of the tangent bundle TM of
(M,g). They are induced from the Riemannian metric g on M by using some lifts
of g. Among these metrics, we may quote the Sasaki metric and the complete lift of
the metric g. On the other hand, the natural lifts of g to T M, induce some other
Riemannian and pseudo-Riemannian geometric structures with many nice geometric
properties (see [8], [7]). By similar methods one can get from g some natural almost
complex structures on T'M. If (M, g) has a structure of Kédhlerian manifold we can
find some other Riemannian metrics and almost complex structures on its tangent
bundle and from them we can get some almost hyper-Hermitian structures (see also
[19], [20]). Similar results are obtained in the case of the cotangent bundle (see e.g.

3))-
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In the present paper we study a class of natural almost hyper-Hermitian structures
(G, J1, J2), on the tangent bundle T'M of a K&hlerian manifold (M, g, J), induced from
the Riemannian metric g and the integrable almost complex structure J. The metric
G and the anti-commuting almost complex structures Ji, Jo are obtained as natural
lifts of diagonal type from g and J.

The manifolds, tensor fields and other geometric objects we consider in this paper
are assumed to be differentiable of class C*° (i.e. smooth). We use the computations
in local coordinates in a fixed local chart but many results may be expressed in
an invariant form by using the vertical and horizontal lifts. Some quite complicate
computations have been made by using the Ricci package under Mathematica for
doing tensor computations. The well known summation convention is used throughout
this paper, the range of the indices h, 1, j, k, [ being always {1,...,m = 2n}.

1. Hyper-complex structures on 7M.

Let (M, g) be a smooth m = (2n)-dimensional Riemannian manifold and denote
its tangent bundle by 7 : T'M — M. Recall that there is a structure of a smooth 2m-
dimensional manifold on TM, induced from the structure of smooth m-dimensional
manifold of M. From every local chart (U, ) = (U,2z',...,2™) on M, it is induced
a local chart (773(U),®) = (+—(U),zt,..., 2™, y,...,y™), on TM, as follows. For
a tangent vector y € 71(U) C TM, the first m local coordinates z!,...,2™ are the
local coordinates z!, ..., 2™ of its base point z = 7(y) in the local chart (U, ¢) (in fact
we made an abuse of notation, identifying #* with 7*2° = 2' o7, i = 1,...,m). The
last m local coordinates ¢!, ...,y™ of y € 7=1(U) are the vector space coordinates of y
with respect to the natural basis ((%)T(y), e (M%)T(y)), defined by the local chart
(U, ¢). Due to this special structure of differentiable manifold for T'M, it is possible
to introduce the concept of M-tensor field on it. An M-tensor field of type (p,q)
on TM is defined by sets of n?*¢ components (functions depending on % and y?),
with p upper indices and ¢ lower indices, assigned to induced local charts (771 (U), ®)
on T'M, such that the local coordinate change rule is that of the local coordinate
components of a tensor field of type (p,q) on the base manifold M, when a change
of local charts on M (and hence on T'M) is performed (see [10] for further details);
e.g., the components y*, i = 1,...,m, corresponding to the last m local coordinates
of a tangent vector y, assigned to the induced local chart (7=1(U), ®) define an M-
tensor field of type (1,0) on TM. A usual tensor field of type (p,q) on M may be
thought of as an M-tensor field of type (p,q) on TM. If the considered tensor field
on M is covariant only, the corresponding M-tensor field on T'M may be identified
with the induced (pullback by 7) tensor field on T'M. Some useful M-tensor fields on
TM may be obtained as follows. Let u : [0,00) — R be a smooth function and let
yl* = gr(y)(y,y) be the square of the norm of the tangent vector y € 7~ 1(U). If (5;
are the Kronecker symbols (in fact, they are the local coordinate components of the
identity tensor field I on M), then the components u(||y[|*)d% define an M-tensor field
of type (1,1) on TM. Similarly, if g;;(«) are the local coordinate components of the
metric tensor field g on M in the local chart (U, ), then the components u(||y||?)gi;
define a symmetric M-tensor field of type (0,2) on TM. The components go; = " gri,
as well as u(||y||?)go; define M-tensor fields of type (0,1) on TM. Of course, all the
components considered above are in the induced local chart (r71(U), ®).
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We shall use the horizontal distribution HT' M, defined by the Levi Civita connec-
tion V of ¢, in order to define some first order natural lifts to TM of the Riemannian
metric g on M. Denote by VI'M = Ker 7. C TT'M the vertical distribution on T M.
Then we have the direct sum decomposition

(1.1) TTM = VTM & HTM.
If (r=Y(U),®) = (r—1(U), 2, ...,2™,y',...y™) is a local chart on TM, induced from
the local chart (U, ) = (U,z!,...,2™), the local vector fields 8%1, cel, 81}% define a
local frame for VT'M over 7=}(U) and the local vector fields %, Cey % define a
local frame for HT M over 7~ (U), where
1) 0 0
— =~ _rh_ = Th — gk
St At 07 ayh ) 01 Y Lk
and T}, (z) are the Christoffel symbols of g.
The set of vector fields (a%l, el ayiwu %7 e %) defines a local frame on T'M,

adapted to the direct sum decomposition (1.1). Remark that
i — (i)V i — (i)H
oyt oxt’ 7 sxt \Oxt

Y

where XV and X denote the vertical and horizontal lifts of the vector field X on
M.

Now assume that (M, g,J) is a Kéhlerian manifold. The Riemannian metric g
and the integrable almost complex structure J are related by

g(JX,JY) =g(X,Y), VJ=0,

where V is the Levi Civita connection of g. Recall that we have too the following
relations
N =0, d¢=0,

where N is the Nijehuis tensor field of J and ¢ is the associated 2-form, defined by
P(X,Y) = g(X, JY).

Denote by g5, J;f the components of g, .J in the local chart (U, ¢) = (U, zt,...,2™).
Introduce the components J;; = gthj}-‘, obtained from the components of J by low-
ering the contravariance index on the first place (in fact, J;; are the components of
the fundamental 2-form ¢ defined by the Kéhlerian structure (g,.J). Consider the
following M-tensor fields on 7= 1(U), defined by the components

gio = giny", Jio = Jiny" = —Joi.

Lemma 1. If m > 1 and uy,us, us, uyg, us, ug are smooth functions on TM such
that

u1gij + u29i0950 + usJioJjo + uagioJjo + usJiogjo + ueJi; = 0, y € 7 H(U)
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on the domain of any induced local chart on TM, then uy = us = ugz = ug = us =
U = 0.

The proof is obtained easily by transvecting the given relation with g%, J% =
Jighi, J) = Jly" and ¢/ (Recall that the functions g (x) are the components of the
inverse of the matrix (g;;(z)), associated to g in the local chart (U, ¢) on M; moreover,
the components g*/(z) define a tensor field of type (2,0) on M).

Remark. From a relation of the type
u15; + ’U,Qyigjo + U3J8Jj0 + U4yiJj0 + U5Jégj0 + u6J; =0, y€ Tﬁl(U)

it is obtained, in a similar way, u; = ug = uz = uq = us = ug = 0.
Since we work in a fixed local chart (U, ¢) on M and in the corresponding induced
local chart (771(U), ®) on TM, we shall use the following simpler notations

0 1)
oy’ x’
Denote by
Lo 1 1 i k 1
(1.2) t=5lyl" = 597 (v:9) = Sonl2)y’y", y e (U)

the energy density defined by ¢ in the tangent vector y. We have ¢t € [0,00) for

all y € TM. Let C = 3/ 3(; = 3V be the Liouville vector field on TM and con-

sider the corresponding horizontal vector field C = yt 527., = yH on TM, obtained
in a similar way. Consider the real valued smooth functions a1, as,as, a4, as, ag, b1,
bQ, b3, b4, b5, bﬁ, C1,C2,C3,C4,C5,Cg, dl, dg, d3, d4, d5, d6 defined on [0, OO) C R and de-
fine two diagonal natural almost complex structures Jy,Jo on T'M, by using these
coefficients, the Riemannian metric g and the integrable almost complex structure J

NI X) = ar1(t)X) + aa(t)gr(y) (v, X)Cy + az(t) g7y (Jy, X)(Jy)y +
+as(t)(JX)y + a5(t)gr ) (X, 9)(Jy)y + a6(t)gr(y) (Jy, X)Cy,

(1.3)
NXY = —(bi®)XE + ba(t)gry) (: X)Cy + bs()gr () (Jy, X) (Jy) T+
04 (1) (JX) T+ b5 () g7() (X, 9) (Ty) i + b (t)gr () (S, X)éy)v
Jo X = e1(6) Xy + ca(t)gr(y) (4, X)Cy + c3(t)gry) (Jy, X)(Jy)y +
+C4(t)(JX);/ +cs5 (t)gr(y) (X7 y)(']y)"y/ + C6(t)g7'(y) (‘]y’ X)Cya

(1.4)

B XY = —(di(t) X + da(t)gr ) (. X)Cy + d3(t)gr () (Jy, X) (Jy) H+
+da()(TX) ]+ d5(8)gr ) (X, 9) (Ty) ]+ do(8)gr(y) (Ty, X)Cy ).
The expressions of Jq, J5 in adapted local frames are
J16; = JLH! O, J10; = 1V 6y,

Job; = JoHIOp,  J20; = JoVioy,
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where the M-tensor fields Jy H?, J;V*, JoH! JoV* are given by
JLH] = a16" + azgioy™ + asJio I + as ] + asgioJ§ + asJioy",
TV = —(016F + bagioy” + bsJio JE + baJl + bsgio JE + be Jioy"),
JoHI = 10 + cagioy” + csJio ) + cadl + cs5gio i + ce Jioy™,
Jo VI = —(d16! + dagioy™ + d3Jio Il + daJl + dsgioJE + deJioy™).

The matrices associated to Ji, Jo have a diagonal form

g 0 JiH! g 0  JLH!
Y\ avk oo L N 7% VN '

Remark that, one can consider the case of the general natural tensor fields Jp, Jo on
TM, when Jy0;, J10;, J20;, JoO; are expressed as combinations of 0y, dy. In this case
we should have 48 coefficients and the computations would become really complicate.
However, the results obtained in the general case do not differ too much from that
obtained in the diagonal case.

We use the following notation:
a = (a1 + 2ast)(a1 + 2ast) + (as + 2ast)(as — 2agt).

Proposition 2. The operator Jy defines an almost complex structure on TM if and
only if the coefficients by, b, b3, by, bs, bg are expressed as

b= %, b= rly,
17Ty 17T
b2 = i[bl(—alag — 2a2a3t + 2a5a6t) + b4(a1a5 — aijag — a3a4)],
(15) by = é[bl(falag — 2aqa3t + 2a5a6t) + b4(a1a5 — a1ag — 0,20,4)],
bs = Lbi(—aras + azas + azas) + ba(asas — 2azast + 2asagt)],
b6 = é[bl(falaf; — a4 — a3a4) + b4(CL4CL5 + 2a2a3t — 2&50,615)}.

Proof. The relations are obtained by some quite straightforward but long computa-
tions, from the property JZ = —I of J; and Lemma 1.

Remark. Using the first two relations (1.5) we may find the expressions of
ba, b3, b5, bg as functions of aq,as,as,aq,as,a¢ only. Remark that the parameters
a1, aq cannot vanish simultaneously and that o £ 0. A similar result is obtained from
the condition for Jy to be an almost complex structure on T'M. In this case we can
express the coefficients dy, ds, d3, d4, ds, dg as functions of ¢1, o, c3, C4, c5, cg. We shall
use the following notation:

8 = (c1 4 2¢at)(c1 + 2¢3t) + (ca + 2¢5t)(ca — 2¢4t).

Then we get
dy = Cfc+162’ dy = ﬁ,
dy = %[d1(*C1CQ — 2¢qcst + 2¢5¢6t) + da(cre5 — c1c6 — c3c4)],
(1.6) d3z = %[d1(76103 — 2¢ac3t + 2c5¢6t) + dy(cies — c1c6 — c2c4)],
ds = %[dl(*cws + cacq + czcq) + dy(cace — 2cacst + 2e506t)],
ds = %[d1(—0106 — CaCy — C3C4) + da(cacs + 2cac3t — 2c5¢6t)].
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Now we shall study the conditions under which the almost complex structures Jy, Jo
satisfy the relation JiJo 4+ JoJ; = 0, leading to the almost hyper-complex structure
on TM.

Theorem 3. The almost complex structures Ji, Jo define an almost hyper-complex
structure on T M if

(1.7) €1 = G4, C4= —ay,
c3 = (G%CL5 + aiag, — a%ag — aiaﬁ — a%cz — aﬁcz + 2asazast — 2a1a0a6t—
—2aiasagt — dagasagt + 2a4a%t — 2a1ascot + 2a4acat — 2a0a4c6t — 2a3a4cet+
+dajascet — 2aicacet + 2a4cit — 4asazagt? + dazait® — dazcacet® + dascit?)/
((a1 + 2aat) (a1 + 2¢6t) + (aq + 2cat)(aq — 2agt)),
Cc5 = al%;%‘t(alag + ajas + asa5 — aga — A4C2 — A4C3 — A1C+
+2aqa3t — 2asagt — 2cqcst).

Proof. From the relation Jth{CJQHih + JthleHih =0 we get

(=bicy + bycy — ardy + agds)SE — (byey + bicy + agdy + ardy) JF—
—(bsc1 + byca + bseq + bics + asdy + agds + asdy + ar1ds+
+2b5cat + 2bzest + 2asdst + 2a2dst)gio JE+

(=bsc1 — bics + bscy — bycg — asdy — ards + agdy + agds—
—2bzeat — 2bscgt — 2asdst — 2apdst) Jio JE+

—baci — bica — bgeg + bacs — axdy — ayda + asdy — asde—

—2bacot — 2bgest — 2agdat — 2asdst)gioy* —

(bec1 — bacs — bacy + bicg + agdy — agds — azdy + ardg+

+2bgcst + 2bacet + 2apdat + 2azdst) JioyF.

Replacing by,dy; a = 1,...,6 and using Lemma 1 we get the following relations
(from the vanishing of the first two coefficients)

(arc1 + ageq)(ad +af + 3 +¢§) =0,
(ascr — ares)(a? +af — cf — cf) = 0.
Since a? + a2 # 0, ¢ + ¢2 # 0, we obtain the relations
cp = *ay, c4 = Fay.

From now on we shall consider only the case ¢; = a4,c4 = —ay. The expressions
of c3,c5 are obtained from the vanishing of the next 4 coefficients. Then the other
relations obtained from JyJ; + JoJ; = 0 are identically fulfilled.

Remark that the final expression of c5 is obtained after replacing the obtained
expression of c3.
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Hence an almost hyper-complex structure on T'M, of the considered type depends
on 8 essential parameters a1, as, as, a4, as, ag, ¢z, ¢ (real valued smooth functions de-
pending on the density energy ¢ € [0,00). Remark that the functions a; « =1,...,6,
must fulfill some supplementary conditions which assure the existence of the expres-
sions obtained above.

Now we shall study the integrability problem for the obtained almost hyper-
complex structure. The integrability conditions for such a structure are expressed with
the help of various Nijenhuis tensor fields obtained from the tensor fields Jy, Jo, J3 =
J1Js. For a tensor field K of type (1,1) on a given manifold, we can consider its
Nijenhuis tensor field Ng defined by

Nk(X,Y) = [KX,KY] - K[X,KY] - K[KX,Y] + K2[X,Y],

where X, Y are vector fields on the given manifold. For two tensor fields K, L of type
(1,1) on the given manifold, we can consider the corresponding Nijenhuis tensor field
Nk, 1, defined by

Niro(X,Y)=[KX,LY] + [LX,KY] - K([X,LY] + [LX,Y])—

—L(KX,Y]+[X,KY]) + (KL + LK)[X,Y].

The almost hyper-complex structure defined by Jp,Jo is integrable iff N; =
0, N = 0, where N1, Ny are the Nijenhuis tensor fields of Jy,Js. Equivalently,
the structure is integrable iff Ny + Ny + N3 = 0, or iff N15 = 0, where N3 is the
Nijenhuis tensor field of J3 = JyJ2 and Nia = Ny, j, is the Nijenhuis tensor field of
J1, Ja.

In the case of the almost hyper-complex structure defined on T'M by the tensor
fields Jp,J2 the most convenient way to study its integrability is the using of the
Nijenhuis tensor fields N7, No.

Proposition 4. If the almost hyper-complex structure defined by (J1, J2) on TM
is integrable then the Kdihlerian manifold (M, g, J) has constant holomorphic sectional
curvature.

Proof. Recall the following formulas, useful in computing the expressions of Ny, Ny
[0:,0;] = 0, [0:,0;] = =Tk, [0i,0;] = —RG;;0k,
Siy" = =Tl 6igin = Tlhgnk +Thgin, digjo = gonl)y,
§;Jf = =Tk Jh +ThJk 6;J% = -8 Jb, 6;J50 = F?tho.
We have used the notations
ngij = thZijvrfo = thﬁh,gjo = gjhyh’ J(IJC = J;fyh’ Jjo = thyh-
Then we get
N1(6:,0;) = (JiHF O JLH! — JyHFOLJLH] + RY;)0h.

Remark that all the terms containing the Christoffel symbols cancel. Doing the nec-
essary replacements, we get a relation of the following type

al(‘]jlgjo - thg10) + 042(901'5? - 90]‘5,{1) + 2013Jijyh + Oé4(J7;0J]}-L — Jjojzh) + 20[5(]1']'(](’;4*
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+ag(8] Jjo — 07 Jio) + Riy; + ar(gioTjo — gjodio)y" + as(giodjo — gjotio)J§ =0,

where the coefficients a1, as, as, a4, as, ag, az, ag, are functions of ¢, expressed with
the help of the coefficients aq, as, as, aq, as, ag and their derivatives.
Differentiating this relation with respect to y*, then taking y = 0, one gets

a1(0) (S gjn — J7' gir) + 22(0) (griS) — grj0)) + 20e3(0)J3508 + aa(0)(Jix ) — Jind ] )+

+205(0)J 354 + a6 (0) (87 Jjn — 67 Jir) + Rpty; = 0.

Then, using the well known (skew) symmetries of the components of R, as well as the
(first) Bianchi identity and the invariance properties of R with respect to J, one finds

(1.8) Rpy; = c(gind) — gind} + Il grdj — T} g i + 27 gaJ}),

i.e. the Kahlerian manifold (M, g, J) has constant holomorphic sectional curvature
4c.

Replacing the obtained expression of R}, ; in the relation Ny (0i,65) = 0, and using
Lemma 1, one obtains some further relations

C — Q405 a2a4
(1.9) ag = ——=, ag=——t.
1 1

Then, replacing these expressions of a3, ag in the remaining terms one gets

a1 (a0} + aga) — ) " —agay + aral + 2azajt
5 f— .
a? + a% — 2a1ait — 2a4ajt’ ay

(1.10) ay =

Next, computing the expressions N1(0;, 9;), N1(d;, 0;), we get that they are identically
Z€ero.

Similar results are obtained from the integrability conditions for J3, but we should
prefer to present some other expressions (we shall assume that ¢4 # 0)

c—Ci1C3

02:_Cé267 Cs = 1
(1.11)

cicet+chca—2c)cot _ ca(c—cicy—cach)
ca » 6 — c?+c§72clc’1t7204cflt'

C3 —

Finally, by using the relations obtained in Theorem 3, one gets the expressions of
ca, C3, C5, Cg as functions a1, as an their derivatives

’ ’ 2
a4(c—aray)+ay(ay—2ct)
a?+a3—2aiajt—2aqalt ’
’ ’
ai(ajaj+aqal—c)
2 2 ’ /
aj+ai—2aiajt—2aqayt

as(ara+agal—c)
cy = 1 4 c3 =

2 2 ’ 719
ajtai—2aiajt—2a4ajt
(112) a1 (asal,—c)—ah (a?—2ct)
a%+ai72a1a/1t72a4aﬁlt ’

Cg —

Cy —

Remark that the values of c3,c5 obtained in (1.12) do coincide with the values of
c3, ¢s5 obtained in Theorem 3 after replacing co, ¢g obtained in (1.12) and ag, as, as, ag
obtained in (1.9) and (1.10).
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2 Hyper-Kahler structures on T'M

Consider a natural Riemannian metric G on T'M of diagonal type induced from g and
J and given by

Gy(XH, YH) =m (t)gT(y) (X,Y)+ pz(t)gT(y)(y, X)gT(y) (y,Y)+
+03(1) 97 () (T X, 9) 9r () (JY, y) + pa(t) (9r () (T X, 1) Gr () (Y )+
+g"’(y)(JY7 y)g'r(y) (X7 y))a

(2'1) Gy (XV7 YV) =q1 (t)gr(y) (X7 Y) + g2 (t)gT(y) (ya X)g‘r(y) (yv Y)+
+9r(y) (T, 9) g7 () (X, ),

Gy (X YY) =G, (YV,X") = G, (X, V") = G, (Y, XV) =0,

where p1, P2, P3, D4, q1, G2, q3, g4 are smooth real valued functions defined on [0, c0).
Remark that we have to find the conditions under which G is real Riemannian metric.

The expression of G in local adapted frames is defined by the following M -tensor
fields

Gij = G(6i,05) = p1gij + P290i90; + P3JioJj0 + pa(gioJjo + gjodio)s

Hi; = G(03,05) = q19ij + q290i90; + a3JioJj0 + aa(gioJj0 + gjoJio)

and the associated 2m x 2m-matrix with respect to the adapted local frame

o 0 0 9
Szl Sam T gyl ym

has two m x m-blocks on the first diagonal

_( Gy O
G_< g H)

We shall be interested in the conditions under which the metric G is almost Hermi-
tian with respect to the almost complex structures Ji, Js, considered in the previous
section, i.e.

G(LX, 1Y) =G(X,Y), G(LX,hY)=G(X,Y),

for all vector fields X,Y on T M.
From the relation

G(Jlfsiv J15j) = G(éia(sj)v
we get

(2.2) Hu 1 HY J H = Gy,
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from which we obtain the following expressions for p1, ps, p3, pa

b1 = (a% + ai)(h?

p2 = (2a1a2 + 2a4a5 + 2a3t + 2a2t)q+

(a1 + 2aat)?qa + (a4 + 2as5t)*q3 + 2(ay + 2aat)(as + 2a5t)qa,

p3 = (2a1a3 — 2a4a6 + 2a3t + 2a3t)q1+

(a4 — 2a6t)%q2 + (a1 + 2ast)?qs — 2(ay + 2ast)(ay — 2a6t)qa,

pa = (—aga4 + azas + aras + ar1a¢ + 2azast + 2asa6t)q1+

—|—(—a1a4 — 2asa4t + 2a71a6t + 2a1a6t)q2 + (a1 + 2(lgt) ((L4 + 2a5t)q3—|—
—|—(a% — ai + 2aqa9t + 2aqa3t — 2a4a5t + 2a4a6t + dasast® + 4a5a6t2)Q4.

Remark that from the conditions G(J10;,J10;) = G(0;,0;), G(J16;,J10;) =
G(9;,0;), we do not obtain new essential relations fulfilled by p’s and ¢'s.
Now we deal with the condition

G(J20i, J20;) = G(6;,65),

(2.3)

from which we get
(2.4) HiJoHY JoHY = Gy

We find the coefficients p1, ps, p3, p4 expressed in function of the coefficients ¢, q2, g3, g4
by formulas similar to (2.3), where the parameters a1, as, a4, as, ag are replaced by
c1,Co, €3, C4, C5, Co Tespectively. Next, we may write the system fulfilled by ¢, g2, ¢3, g4,
obtained by equalizing the obtained values for p1, p2, p3, ps. Remark that, due to the
formula (1.7), the first equation, corresponding to py, is trivial. So, we get a homo-
geneous system consisting of 3 equations

q1(—2ajas — 2a4as + 2a4c2 — 2a;1c5 — 2a%t — 2a§t + 2031& + 2c§t)+
+q2(—a? + a3 — dayagt + dascat — 4a3t? + 4c3t?)+
+q3(a? — a2 — dagast — 4ajcst — 4a2t? + 4c3?)+
+q4(—4a1a4 — dagast — dajast — dajcat + dagest — S8agast® + 8cacst?) = 0,

q1(—aza4 + azaq + a1a5 + ajag — a1¢a + a163 — agcy — agce + 2azast + 2aza6t — 2c3c5t—
—2cac6t) + q2(—2a1a4 — 2a2a4t + 2a1agt — 2aicot — 2a4cet + 4asagt? — deacet?)+
+q3(2a1a4 + 2azast + 2ayast + 2a;cst — 2a4cst + 4azast? — desest?) + qa(2a3 — 2a3+
+2aqast + 2a1ast — 2a4a5t + 2a4a6t — 2a4cot — 2a4c5t — 2a;1c5t + 2a;1c6t + dasast®+
+asagt? — degcst? — descgt?) = 0,

q1(2a1a3 — 2a4a6 — 2a4c3 — 2a1¢6 + 2a3t + 2a2t — 2cit — 2ckt)+
+q2(—a?} + a3 — dagapt — 4ajcet + dadt? — 4ct?)+
+q¢3(a? — a2 + 4ajast — dagest + 4a3t? — 4c3t?)+
+q4(—4ajay — dazast + dajagt — 4aycat — 4ascet + S8azagt? — 8czcgt?) = 0.

The matrix of this system has the rank 2 and we may obtain its general solution
depending on two parameters

(2.5) a=X\ q=pu
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qs = ((asag — aras + a1ce — agce + 2ascat — 2ascet) A+
+(2azast — 2a1ast + 2a1cat — 2a4c6t + 4azcat?® — dascet®) i)/
(a2 + a2 + 2a1ast — 2a4a6t + 2a4cat + 2a1ct — dageat? + dascgt?),

Q1+ 2tge =
= ((a] + 2a2a3 + a} + 4a3ast + 4al3ast + 4ajaza3t + 4ajaza3t + 4alazast+
+dajast — datagaet — dajaet + data3t® + 16a3azast® + 4a3a3t® + 8azazait®+
+4a§ait2 + 8ajasaqast® + 4a%a§t2 + 4aia§t2 — 8ajasaqsapt? — 8ajazasagt®—
—8alasagt® — 16a3asast® + 4a3adt® + 8ajazascat® — 8alascat® + 4aicit? —
—8a3a306t2 + 8ajaqascgt® — 8ajagcacet? + 4aic§t2 + 16a1a§a3t3 + 16a1a2a§t3+
+16asasasast® — 16asasasast® — 16a1asasa6t® — 16aiasasagt® — 16a4a§a6t3—|—
+16a4a5a§t3 + 16a§a462t3 — 16a;azascat® + 16ajazcat® — 16azasascet+
+16a1a§cﬁt3 — 16agascacet’® — 16a1a5cacet® + 16a4a5c§t3 + 16a%a§t4—
—32azazasa6t? + 16a2adt* + 16a3c5t* — 32azascacet® + 16a2cit) (N + 2tu))/
(a2 + a2 + 2a1ast — 2a4a6t + 2a4cat + 2a1cet — dageat? + dagcgt?)?.

The explicit expression of g is obtained from the expression of g; + 2t¢2 and is more
complicate. Next, the expressions of pi, pa, p3, p4 are obtained from (2.3).

p1 = (af + af)A,
p1 + 2tpe = (a2 + a2 + 2a1aat + 2a1a3t + 2a4ast — 2a4a6t + dazast® — dasagt?)?
(a? + a2 + dajast + dagcat + 4a3t? + 4c3t2) (N + 2tu) /(a3 + a2 + 2a1ast — 2a4a6t+
+2a4cot + 2aicet — dageat? + dagcgt?)?,
p1 + 2tps = (a2 + a2 + 2a1a0t + 2a1a3t + 2a4ast — 2a4a6t + dazast® — 4asagt?)?
(a? + a2 — dagapt + dajcet + 4a2t? + 4c2t2)(\ + 2tu) /(a2 + a3 + 2a1ast — 2a4a6t+
+2a4cot + 2aicet — dageat? + dascet?)?,
ps = (—azaq + ajag + aica + asce + 2aza6t + 2cac6t)(a? + a3 + 2ajast + 2a1a3t+
+2agast — 2aga6t + dasazt® — dasaet®)? (N + 2tu))/(a? + a3 + 2aiast — 2a4a6t+
+2aycat + 2a;1ct — dageat® + dascgt?)?.

If we assume that the almost hyper-complex structure defined by Ji, J is integrable,
the expressions of the coefficients in G are simpler.

For the almost hyper-Hermitian manifold (T'M, G, Ji, Jz) the fundamental 2-forms
@1, P2 are defined by

1 (X,Y) = G(X, 1Y), ¢2(X,Y) =G(X, J,Y),

where X, Y are vector fields on TM.
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Since we have a third almost complex structure J3 = JiJs which is almost Her-
mitian with respect to G, we can consider a third 2-form ¢3 defined by ¢3(X,Y) =
G(X, J3Y), next we have the fundamental 4 form ), defined by

Q=01 NP1+ 2 A2+ d3 A 3.

The almost hyper-Hermitian manifold (T'M, G, J1, J2) is hyper-Kéhlerian if the al-
most complex structures Ji, Jo are parallel with respect to the Levi Civita connection
V defined by G, i.e. VJ; = 0,VJy = 0. Equivalently, (TM,G, Jy, J3) is hyper-
Kéhlerian if and only if the almost hyper-complex structure (Ji, Jo) is integrable and
the 4-form € is closed, i.e. Ny = 0, Ny = 0,d€2 = 0. The condition for € to be
closed is equivalent to the conditions for ¢1, ¢ (and hence for ¢3 too) to be closed i.e.
dpy = 0, dopo = 0. In our case, it is more convenient to study the conditions under
which the 2-forms ¢1, ¢2 are closed.

The expressions of ¢1, ¢5 in adapted local frames are

61 = ¢1 6Dy ANda®, po = bo 1Dy’ Ada”,

where ' } o
Dyl = dy? 4+ T'}yda’,

¢15k = G(95, J16) = Hyp JLH = =T, V' Gy,
G2.jk = G(05, J201) = HypJoH}' = —Jo V' Gy

Replacing the expressions of Hjj, and J1 H}', JoH}', we find the following expressions
1,5k = a1q195k + aaq1 ik + (a2q1 + a1g2 + aaqa + 2a2¢2t + 2a5¢4t)gjogro+

+(a6q1 — aaqz + a1qs + 2asq2t + 2a3q4t)gjoJro+
+(asq1 + aaqs + a1qs + 2asqgst + 2a2q4t) Jjogko+
+(—azq1 — a1q3 + aaqs — 2a3qst — 2asqat)Jj0Jko,
G2,k = aaq1gik — a1q1 Sk + (C2q1 + caqe — a14qs + 2c2gat + 2¢5q4t) gjogk0+
+(ceq1 + a1g2 + asaqa + 2c6got + 2c3qat)gj0 ko +
+(csq1 — a1g3 + aaqa + 2c5g3t + 2c2q4t) Jjo9K0+
+(—c3q1 — a4q3 — a1qs — 2c3q3t — 2c6q4t) Jj0 k0-

The final expressions of ¢1, ¢o are obtained by replacing the values of ¢1,q2,¢3,q4
obtained from (2.5), then the values of cs,c5, obtained in Theorem 3. We get for
®1,;% an expression of the type

@15k = a1 Gk + oo Jji + azJjr + asdojgor + asgojJor + e Joj Jok,

where ay, as, as, ay, as, ag are functions of ¢, expressed with the help of the coeffi-
cients a1, az, as, a4, as, as, c2, cs. A similar expression is obtained for ¢s ;.
Now we shall compute the expression of d¢; by using the following formulas

daT‘ = a;QOiDyia r= 1a 27 3747 57 6a dg]k = (F?jghk + F?kgjh)dajlv
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dgo; = dgjo = gDy’ + gon T’ dJje = (T} Jur, + Tl Jjn)da’,
. . . . 1 . .
dJjo = —dJo; = Jpolyda’ + J;;:Dy',  dDy" =T};Dy’ Ada’ + §Rgijdmz Adad.

We get the cancellation of all terms containing da* A Dy’ A dz* in the expression
of d¢;. Next the terms containing dz’ A dz? A dz® are

1 ) )
6(¢1,hkR§ij + ¢1,hiR(})ij + (2517th61]%-)de Adz? A da®.

From the vanishing of this term and under the assumption that the base manifold
(M, g, J) has constant holomorphic sectional curvature 4c¢, we get that the factors A, p
are related by

2 2
(2.6) A= — <a1+a4 4 2t> .
C

Finally, assuming that this relation as, well as the integrability conditions for the
almost hyper-complex structure defined by J1, J> are fulfilled, we get that as = ag = 0
and the expression of d¢; becomes

dor = (& goigsn + hgoiTjk + azgo;gri + cugo; Jir) Dy’ A Dyl A da,
where the coefficients ay, as, ag, ay are given by
a1 = a:lA, Qg = Cl4>\,

A—a2ay + aha? — 2aya4al, + 2a1c — 2d)ct)
a? + a2 — 2ct

a3 = )

A—2a1a}aq + a2a), — aya? + 2a4c — 2dct)
a? +a? — 2ct

Qg4 =

Doing the necessary alternation in the relation d¢; = 0, we get the equations
o) = a3, oy =ay.

Then, after some simple computations, we obtain that the coefficients A, u are given
by
k —ck

Ne =
a? +a? — 2ct’ K (a? + a2)? — 4c2t2’

where k is a constant.

Under the same assumptions that the relation (2.6) is true and that the integrabil-
ity conditions for the almost hyper-complex structure defined by Ji, Jo are fulfilled,
we get the following expression expression for the 2-form ¢o

bo = (g — a1k + aagojgor — asgojJor) Dy’ A da*.

If dp1 = 0 we have that dg2 = 0 too, so that the structure (G, J1, J2) on TM becomes

Kahlerian. We write down the explicit expressions of the coefficients involved in the

expressions of (G, Jy, J2). First of all, from the integrability condition N; = 0, we get
a1(ara} + asaly — c) aja? — ajagaly + aje — 2a)ct

2.8 as = , a3 =
(28) T @2+ a2 = 2ayd)t — 2a4adt’ °

2 2 / 1y
ai +aj — 2a1ait — 2asayt
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" —ayalay + alaly + age — 2d)jct " —ayg(aal + agaly — c)
5= 6=
a? +a? — 2ayait — 2a4alt "’

a? + a? — 2aiait — 2a4alt’

The values of ¢, cs, ¢s5, cg are given by (1.12). Next we have

k(a2 + a?) ck
2.9 - AN T8 = T 5 =0
( ) D1 a%+a2—2ct’ D2 P3 a%—l—ai—?ct’ P4 )
G= A= k G5 = 1= —ck G = k(ajas — aral)
a? +a? — 2ct’ (a? + a2)? — 4c2t2’ (a? + a2)? — 4c2t2”

The expression of g is quite complicate and can be obtained from (2.5). Hence we
may state

Theorem 5. Consider the almost hyper-Hermitian structure (G, Ji, J2) defined
as above on the tangent bundle TM of the Kdahlerian manifold M. This structure
is hyper-Kdhlerian if and only if the almost complex structures Ji, Jo are integrable
(hence the Proposition 4 and the relations (1.9), (1.10), (1.11), (1.12) are fulfilled)
and and the relations (2.6), (2.7), (2.8), (2.9) are fulfilled by the hyper-Hermitian
metric G.

The case where a4 =0

We shall study a special case when a4 = 0. In this case we shall obtain some much
more simple formulas and results and many of them are related to those obtained in
[19], [20]. However, our parametrization is quite different.

Since the integrability conditions for the almost complex structure .J; we get that
the condition a4 = 0 implies the conditions a5 = 0, ag = 0. We are interested in
the integrable case, so that we shall assume from the beginning a4 = a5 = ag = 0.
According to the result obtained in Proposition 2, the tensor field J; defines almost
complex structure on T'M if and only if

_ 1 _ a _ a
(2.10) b = ap’ by = 7a1(a1-ﬁ2a2t)’ by = 7a1(a1-ﬁ2ast)’
by =0, b5 =0, bg=0.
he integrability condition for J; gives
ayay —c c
2.11 =1 —
(2.11) R 2a)t’ ST

Next, from (1.5), (1.6), the Theorem 3 and the integrability conditions for Jo, we get

’
—C aya;—c
, Ce = “oa’ 1’
ai a1 —2ait

d1:O7 d2:0? d3:07 d4:i7d5:%7 d6:

(212) 01207 02:07 C3:O7 C4 = —0Q1,C5 =

ay (a%cht).
Finally, in the case where (T'M, G, Jy, J3) is hyper-Kéhler, we have

ka} ck ck
pl:afféct’pz:a%72ct7p3:a%72ct’p4:0’
o k k(a1 —2dit)?*(a3+2ct) _ —ck _
q1 = a%72ct’ Q1+ QQQt - (a%172ct)é y 43 = a%,402t27 g4 = 0.

(2.13)
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Hence we may state

Theorem 6. In the case where as = 0, the almost hyper-Hermitian structure

(G, Jy, J2) defined on the tangent bundle TM becomes hyper-Kahlerian if the condi-
tions (2.10)-(2.13) are fulfilled.
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