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Abstract. In this paper we establish the Aleksandrov-Fenchel type
inequality for volume differences function of convex bodies and the
Aleksandrov-Fenchel inequality for Quermassintegral differences of mixed
projection bodies, respectively. As applications, we give positive solutions
of two open problems.
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1 Introduction

The well-known classical Aleksandrov-Fenchel inequality can be stated as follows.

The Aleksandrov-Fenchel inequality Let K1,..., K, be compact convex sets
mR" and 0<r <n. Then

V(K17' e 7K7L)T > H V(Kja . 'aKjaKT‘-‘rlv' . aKn) (11)
Jj=1 M

The quantities V(Ky,...,K,) and V(Kj,...,K;, K,41,...,K,) are mixed vol-
—_——

umes. Proofs of inequality (1.1), established by A. D. Aleksandrov in 1937, can be
found in [14]. The equality conditions are unknown even today. An analog of the
Aleksandrov-Fenchel inequality for mixed discriminants (see [14]) was used by G. P.
Egorychev in 1981 to solve the van der Waerden conjecture concerning the perma-
nent of a doubly stochastic matrix. See [16, Chaper 6] for a wealth of information
and references.

In 1975, Lutwak established the dual Aleksandrov-Fenchel inequality as follows
(see [10]).
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The dual Aleksandrov-Fenchel inequality. If Ky,..., K, are star bodies
and 0 <r <n. Then

V(K. K" < [[ VG, K K, Ko, (1.2)
j=1 ———

T

with equality if and only if K1,..., K, are dilates of each other.

The quantities V(K,...,K,) and V(Kj,...,K;, K, 41,...,K,) are dual mixed
——
volumes.
In 1993, Lutwak established the Aleksandrov-Fenchel inequality for mixed projec-
tion bodies as follows (see [11]).

The Aleksandrov-Fenchel inequality for mixed projection bodies.
If Ky,...,K,_1 are convez bodies, then for0 <r <n—1

VK., Koo)" 2 [[VOUE;, . K K, Knsr)), (1.3)
j=1 N——

T

with equality if and only if Ky, ..., K,_1 are homothetic.
The quantities V(H(Kl, ey Kn—l)) and V(H(KJ, ey Kj, KT+17 [N ,Kn_l)) de-
—_————
note volumes of mixed projection bodies. '
In 2004, Leng and Zhao et al established the polar form of Aleksandrov-Fenchel
inequality (1.3) as follows (see [9]).

The Aleksandrov-Fenchel inequality for polars mixed projection
bodies. If Ki,...,K,_1 € K", then for 0<r<n-—1

VA (Ky, .. Koo)' < [[ VK, K K, Knr)). (1.4)
=1 %7,_/

The equality condition in (1.4) are, in general, unknown.
The quantities V(II* (K74, ..., K,—1)) and V(II*(K, ..., K;, K41, ..., Kp—1)) de-
———

note volumes of polars mixed projection bodies.
On the other hand, in 2004, Leng [8] established Minkowski inequality and Brunn-
Minkowski inequality for the volume differences, respectively as follows

Theorem 1.1. Suppose that K and D are compact domains, L is a convex
body, and D C K,D' C L,D’ is a homothetic copy of D. Then

(Vi(K,L) = Vi(D,D"))" = Dv(K, D)"~'Dv(L, D), (1.5)
with equality if and only if K and L are homothetic and (V(K),V (D)) = u(V(L),V(D")),

where p is a constant. Moreover, Dv(K, D) denotes the volume difference function of
compact domains K and D (see [8]).
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Theorem 1.2. If K,L, and D be conver bodies in R, D C K, D' is a
homothetic copy of D. Then

Dw;(K + L,D + DY~ > Dw, (K, D)"/"=9 4 Dw,(L, D"/ (=9 (1.6)

with equality for 0 < i < n—1 if and only if K and L are homothetic
and (W;(K),W;(D)) = p(W;(L),W;(D")), where p is a constant. Moreover,
Duw;(K,D) denotes the i-Quermassintegral difference function of convex bodies K
and D (see section 2).

According to the classical theory in convex bodies geometry, on getting (1.5) and
(1.6), a natural conjecture is whether The Aleksandrov-Fenchel inequality for the
volume differences exists? More precisely, an open problem was posed as follows (see
[20], also see [18]).

Open Problem 1. Let K;(i=1,2,...,n), 0<r<n,and D;(i=1,2,...,n)
be convex bodies in R™, D; C K; and D;(i =1,2,...,n) be homothetic copies of each
other, respectively. Does the following inequality hold 7

D,(Ky,...,Kpn),(D1,...,Dyp))"

> HDU((Kja"'aKjaK’F-‘rl;'"aKn)7(Dja"'7DjaDT+1;'"aDTL))'
io1 —_——— —_———

T T

Where, V(K1,...,K,)=V(D1,...,D,) is written as D,((K1,...,Ky), (D1,...,Dy)),
denoting the volume difference function of mized bodies (K1, ..., Ky) and (D1,...,Dy).

Recently, Zhao and Cheung [20] extended (1.5) and (1.6) from general volume
difference to p-Quermassintegral difference and established the Minkowski inequality
and Brunn-Minkowski inequality for p-Quermassintegral difference function. In par-
ticular, in [20], they also extended (1.5) and (1.6) from general convex bodies to mixed
projection bodies and get the Minkowski inequality and Brunn-Minkowski inequality
for Quermassintegral difference function of mixed projection bodies as follows.

Theorem 1.3. ([20]) Let K, L, and D be convex bodies in R™, D C K, D’ be a
homothetic copy of D, then for 0 < j <n—2,

Dw;(I;(K + L), T;(D + D'))Y/(n=n=3=1)

> Dw;(I; K, T1; D)Y ("=9(=3=1) 4 Doy, (11, L, T1; D)L/ (=8 (n=i=1), (1.7)

with equality for 0 < i < n—1 if and only if K and L are homothetic and
(Wi(K),W;(D)) = w(W;(L), W;(D")), where p is a constant.

Theorem 1.4. ([20]) Let K, L, and D be convex bodies in R™, D C K, D' be a
homothetic copy of D, and 0 < j <n—1, then

Dw;(I;(K, L), T1;(D, D))"~! > Dw;(TIK,TID)" 7~ Dw;(TIL, TID’)?, (1.8)

with equality for 0 <i <mn —1 if and only if K and L are homothetic.

Similarly, with inequalities (1.7) and (1.8), another natural conjecture is whether
the Aleksandrov-Fenchel inequality for volume differences of mixed projection bodies
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exists? More precisely, another open problem was posed as follows (see [20], see also
[18]).

Open Problem 2. Let K (i=1,....n—1), 0<r <n-—1, and D;(i =
1,...,n—1) be convex bodies inR"™, D, C K; and D;(i = 1,2,...,n—1) are homothetic
copies of each other, respectively. Does the following inequality hold 7

Dy(I(Ky,..., Kn_1),1I(Dy,...,Dy_y))"

—_——

T T

> HDU(H(Kj7"'7Kj7KT+17"'7Kn—1)7H(Dj7"'aDjaDT-‘rl,'"aDn—l))a

where, V(II(K1, ..., Kn-1)) = V(I(D1,...,Dn_1)) is written as
D,(II(Ky,...,K,-1),I(D1,...,Dpn_1)), denoting the volume difference function of
mized prosection bodies II(K1, ..., K,_1) and II(Dy,...,Dy_1).

In this paper, we shall get positive solutions of these two open problems. As
applications we prove some interrelated results.

Please see the next section for above interrelated notations, definitions and back-
ground materials.

2 Definitions and preliminaries

The setting for this paper is n-dimensional Euclidean space R™(n > 2). Let K™ denote
the set of convex bodies (compact, convex subsets with non-empty interiors) in R".
We reserve the letter u for unit vectors, and the letter B for the unit ball centered at
the origin. The surface of B is S~ !. For u € S*~!, let E, denote the hyperplane,
through the origin, that is orthogonal to u. We will use K* to denote the image of
K under an orthogonal projection onto the hyperplane F,,.

Let h(K,-) : S*! — R, denote the support function of K € K"; i.e. h(K,u) =
Maz{u -z : z € K} ,u € S"1, where u - denotes the usual inner product of
u and z in R™. Let § denote the Hausdorff metric on K", ie., for K,L € K",
0(K,L) = |hx — hi|co, Where | - |, denotes the sup-norm on the space of continuous
functions, C(S™1).

2.1.  Mized volumes. If K; € K™"(i =1,2,...,7) and \;(i = 1,2,...,r)are non-
negative real numbers, then of fundamental importance is the fact that the volume of
M K1+ -+ K, is a homogeneous polynomial in \; given by V(A K1+ -+ A\ K,.) =
D iin Nin o Ai Viy i, where the sum is taken over all n-tuples (i1, ..., 4,) of pos-
itive integers not exceeding r. The coefficient V;,  ; depends only on the bodies
K;,,...,K;, , and is uniquely determined by above identity. It is called the mixed
volume of K;,,...,K; , and is written as V(K;,,...,K; ). I Ky =...=K,_; =K
and K,_j+1 = ... = K, = L, then the mixed volume V(Kj,...,K,) is usually
written as V;(K,L). If L = B, then V;(K, B) is the ith projection measure (Quer-
massintegral) of K and is written as W;(K).
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2.2.  Dual mized volumes. Now we introduce a vector addition on R™, which
we call radial addition, as follows. If xy,...,2, € R?, then x;+...Fz, is defined to
be the usual vector sum of zi,...,z,, provided x1,...,x, all lie in a 1-dimensional
subspace of R™, and as the zero vector otherwise.

If Ki,..., K, € " and Aq,..., A\, € R, then the radial Minkowski linear combi-
nation, A K1+ --- ¥\ K,, is defined by MK+ --- F\ K, = {Alxl—f— T ATy T €
K;}. For Kq,..., K, € " and \y,..., A\, > 0, the volume of the radial Minkowski lin-
ear combination A, K1+ ...+, K, is a homogeneous nth-degree polynomial in the \;,
VMK T TNKS) = Vi i My -+ Aiy,, where the sum is taken over all n-tuples
(i1, ...,1,) whose entries are positive integers not exceeding r. If we require the coef-
ficients of the polynomial in above identity to be symmetric in their arguments, then
they are uniquely determined. The coefficient ‘71‘1,..4,1',; is nonnegative and depends
only on the bodies K;,, ..., K;, . It is written as V(K;,, ..., K; ) and is called the dual
mixed volume of K;,,... . K; I Ky =--- =K, =K, K11 =--- =K, =1L,
the dual mixed volume is written as V;(K, L). The dual mixed volume V;(K, B) is
written as W;(K).

2.8. Mizxed projection bodies and its polars. If K is a convex body that contains
the origin in its interior, we define the polar body K* of K, by K* := {z € R"|z -y <
1,y € K}. If K is a convex body that contains the origin in its interior, then we also
associate with K its radial function p(K,-) defined on S"~! by p(K,u) = Maz{\ >
0:u€ K},u € R™ We easily get that p(K,u)~! = h(K*, u).

If K;(t = 1,2,...,n —1) € K", then the mixed projection body of K;(i =
1,2,...,n—1) is denoted by II(Kjy,..., K,_1), and whose support function is given,
for u e S by W(II(Ky,..., Ky 1),u) =v(K{, ..., K ).

We use IT*(K71, ..., K,_1) to denote the polar body of II(K7, ..., K,_1), and call
it polar of mixed projection body of K;(i =1,2,...,n—1). f K; =--- =K, 1 ;=K
and K,,_; = -+ = K,,_1 = L, then II(K4, ..., K,_1) will be written as II;(K, L). If
L = B, then II;(K, B) is called the ith projection body of K and is denoted by IL; K.
We write IIp K as IIK. We will simply write ITf K and IT* K rather than (II; K)* and
(TILK)*, respectively.

2.4. Quermassintegral difference function. In 2004, i- Quermassintegral difference
function of convex bodies was defined by Leng [8] as

Dw(K,D) = Wi(K) - W;(D), (K,DeK" DcCKand 0<i<n-—1).

In [8], Leng established a Minkowski inequality for volume difference and a Brunn-
Minkowski inequality for i-Quermassintegral difference function.

3 Lemmas

Lemma 3.1. ([11]) If K1,...,K,—1 are convex bodies, then for 0 < i < n — 1,
0<r<n-—1,

Wi(I(Ky, ..., Kn_1))" > HWi(H(Kj,...,Kj,KTH,...,Kn,l)), (3.1)
j:1 ﬁ,—/

with equality if and only if Ky, ..., K,_1 are homothetic.
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Lemma 3.2. ([7])) Ifa1,b1,...,l1 > 0,a2,be,...,l1a >0 anda+p+---+ A =1,
then
afbl -1 a1 < (ar + ag)¥(by 4 b2)% - (I + 1),
with equality if and only if a1/az = by /ba = -+ =11 /ls.

Obviously, a special case of the Lemma 3.2 is the following result.
For a; > 0,b; > 0(i = 1,2,...,n), we have

n 1/n n 1/n n 1/n
(H(ai+bi)> 2<Hai> +<Hbi> , (3.2)

i=1
with equality if and only if a3 /by = as/bs = -+ = a,/bn.
Further, Taking ¢; = a; + b; in (3.2), we obtain that for ¢; > 0,b; > 0 and ¢; > b;,
then
n 1/n n 1/n n 1/n
i=1 i=1 i=1
with equality if and only if ¢ /by = ¢c2/bs = -+ = ¢, /.

Lemma 3.3. ([22]) IfK1,...,K,_1 are convez bodies, 0 <i<n—1,0< j <n-—1
and 0 <r <n-—1, then

Wi(II* (K, K1) < [[We@ (K, .o Ky Ky, Knsa)). (3.4)
i=1 N———

(s

4 Positive solutions of two open problems

In this section, the following Aleksandrov-Fenchel inequality for volume differences
of mixed projection bodies (the open problem 2) stated in the introduction will be
established.

Let K;(i=1,...,n—1)and D;(i = 1,...,n—1) be convex bodies in R", D; C K;
and D;(i = 1,...,n — 1) be homothetic copies of each other, respectively. Then for
0<r<n-—1,

Dy(II(Ky, ..., Kn_1),TI(D1,...,Dyy))"

~—_——

.
> HD’U(H(K]a . '?Kj7K’I‘+1) .. aKn)vl_[(D]a e 'aDj7DT+17' . 7DTL))
]:1 v h\r,._/
This is just the special case i = 0 of the following

Theorem 1. Let K,,(m=1,...,n—1) and D;,(m =1,...,n — 1) be convex
bodies in R™, D,, C K., and D,,(m = 1,...,n — 1) be homothetic copies of each
other, respectively. Then for 0 <r <n—1,0<1i<n,

Dy, (IN(Ky, ..., Kp_1),I(Dy,...,Dp_1))"
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———

T T

> [ Duw, (UK, ... K, Krgay o K1), I(D;, ..., Dj, Dy, Do), (41)
j=1 ————

with equality if and only if K,,(m =1,2,...,n — 1) are homothetic to each other.

Proof. From Lemma 3.1, for K1,..., K, 1 being convex bodies and 0 < r < n,
we have
Wi(I(Ky, ..., K1) > HWi(H(Kj,...,Kj,KTH,...,Kn,l)), (4.2)
ol ~———

r

with equality if and only if K,,(m =1,2,...,n — 1) are homothetic to each other.
On the other hand, in view of D,,(m = 1,...,n—1) are homothetic copies of each
other, we obtain that

Wi(II(Dy,...,Dp_y))" = H Wi(I(D;,...,Dj, Dyi1, ..., D).
J=1 ————

T

Hence
Wi(H(Klﬂ"'aanl))7Wi(H<D1a"'aDn71))
1/r
> | [IWe(U(K;, ... K, Ko, Kn) —| [IW:((D;,..., Dj, Dyya, ..., Dnv))
=T = T

By using the inequality (3.3) in right side of above inequality, we obtain

Dy, (I(Ky, ..., Kp_1),I(Dy,...,Dp_1))

> | [Iwi(u(E;, ... K Ky, .o, Kne)) = Wi(IU(D;, ..., Dj, Dy, ..., Dy_y)))
j=1 — ——

=[] Dw, (K, ..., K, Krj1,.. ., K1), IU(D;, ..., Dj, Drgy,. .., Dyy)V/7
j=1 N—— ————
(s T
(4.3)
In view of the equality conditions of inequality (4.2) and inequality (4.3), it follows
that the equality holds if and only if K,,(m = 1,2,...,n — 1) are homothetic of each
other. This completes the proof of Theorem 1. O
Remark 4.1. (i) Let D,,(m = 1,2,...,n — 1) be single points in (4.1), then
(4.1) changes to

———

T

Wi(II(Ky, ..., Kn1))" = [[ Wi, .o Ky K, Kno1)), (4.4)
j=1

with equality if and only if K,,,(m = 1,2,...,n—1) are homothetic of each other. This
is just the well-known Aleksandrov-Fenchel inequality for mixed projection bodies
which was given by Lutwak [11].

1/r

1/r
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(ii) In (4.1), taking r = n — 1, we obtain
n—1
Dy, ((Ky, ..., K1), TX(Dy, ..., Dp1))" ' > [[ Du, (LK, IID;). (4.5)
j=1

Let Dy, D,,..., D, be single points and take K; = --- = K,,_;_1 = K, K,,_; =
-+ =K,,_1 =L in (4.5), then (4.5) changes to

Wi (I (K, L)1 > Wi(TIK)" 7 Wi (L) (4.6)

with equality if and only if K and L are homothetic. This is just the well-known
Minkowski inequality for mixed projection bodies which was given by Lutwak [11].

(iii) Takingi =0, K3 = - = K90 = KK, 1 = L,Dy = -+ = Dy, =
D, D,y = D’ in (4.5), it becomes

(VI (K, L)) - V(I (D, D))"~ > D, (11K, 1ID))"~2 D, (I1L, TLD')).

This is just a mixed projection form of the following result which was given by
Leng [8]
(Vi(K,L) — Vi(D,D"))" > D,(K,D)""'D,(L,D’). (4.7)

Theorem 2. Let K;(i=1,2,...,n) and D;(i = 1,2,...,n) be convez bodies in
R™ D; C K; and D;(i =1,2,...,n) be homothetic copies of each other, respectively.
Then for 0 <r <n,

D,(Ky,...,K,),(D1,...,Dn))"

2 HDU((KJ'7~'-;Kijr+17'-~,Kn)a(Dja~'-aDj7Dr+17'--aDn))' (48)
j=1 N———— ————

Proof. From the classical Aleksandrov-Fenchel inequality, for K, ..., K, being
convex bodies and 0 < r < n, we have

V(K. K)" > [[VEKS, - Ky K, Ko, (4.9)
j=1 %;—/

In fact, the sufficient and necessary conditions of the equality in the Aleksandrov-
Fenchel inequality (4.9) are, in general, unknown. But the equality holds if K7, ..., K,

are homothetic. Hence, in view of D;(i = 1,...,n) are homothetic copies of each other,
we obtain .
V(Dy,....D,)" = [[V(Dj,....,D;j,Dys1,...,Dy). (4.10)
j=1 M

From (4.9) and (4.10), we have

V(Ki,...,K,)—V(D1,...,Dy)

1/r 1/r

> HV(Kja'"7Kj;KT‘+17"'aKn) - HV(Djv"'7Dj7DT+1a"'7Dn)
—_— j=1 N

Jj=1 M
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In view of inequality (3.3), we obtain

D,(K1,...,K,),(D1,...,Dy))

1/r
> (V(Kja 7K75K7‘+17 "aKn)_V<Dja"'7DjaDT+17"'aDn))
i1 v ET/_/
T
= D’U((Kj7"'?Kj7K’!+1) aKn)v(D]a D]aD’r'-‘rly aD’ﬂ))l/T'
ST :
This completes the proof of Theorem 2. rBozx
Remark 4.2. In (4.8), taking r = n, we obtain
Dy((K1,..., Kn), (D1,..., D))" > [ [ Du(K;, D;). (4.11)
j=1
Taking K1 =---=K, 1=K, K,=L,Dy=---=D,_1=D,D, =D in (4.11), it

becomes
(Vi(K, L) —Vi(D, D))" > Dv(K,D)" ' Duv(L,D’).

This is just the inequality (4.7).

On the other hand, let D and D’ be single points in (4.11), then (4.11) becomes the
classical Brunn-Minkowski inequality. For interrelated research about these classical
inequalities, one is directed to [1, 2, 3, 4, 5, 6, 12, 13, 15, 17, 19, 21] et al.

5 Conclusions

In the present paper we present the Aleksandrov-Fenchel type inequalities for volume
differences and Quermassintegral differences. These new results will be applied in the
area of convex geometry.

Acknowledgements. Research is supported by National Natural Sciences Foun-
dation of China (10971205).

References

[1] C. Borell, Capacitary inequality of the Brunn-Minkowski inequality type, Math.
Ann., 263 (1983), 179-184.

[2] C. Borell, The Brunn-Minkowski inequality in Gauss space, Invent. Math., 30
(1975), 207-216.

[3] Y. D. Burago and V. A. Zalgaller, Geometric Inequalities, Springer-Verlag, New
york, 1988.

[4] L. A. Caffarelli, D. Jerison and E. Lieb, On the case of equality in the Brunn-
Minkowski inequality for capacity, Adv. Math., 117 (1996), 193-207.

[5] R.J. Gardner, Geometric Tomography, Cambridge Univ. Press, New York, 1996.

[6] R. J. Gardner, The Brunn-Minkowski inequality, Bull. Amer. Math. Soc., 39
(2002), 355-405.



172 Chang-jian Zhao and Mihaly Bencze

[7] G. H. Hardy, J. E. Littlewood, Pdlya G., Inequalities, Cambridge Univ. Press,
1934.
[8] G. S. Leng, The Brunn-Minkowski inequality for volume differences, Adv. Appl.
Math., 32 (2004), 615-624.
[9] G.S.Leng, C.J. Zhao and et al, Inequalities for polars of mized projection bodies,
Sci. China, Ser. A, 47 (2004), 175-186.
[10] E. Lutwak, Dual mized volumes, Pacific J. Math., 58 (1975), 531-538.
[11] E. Lutwak, Inequalities for mized projection bodies, Trans. Amer. Math. Soc, 339
(1993), 901-916.
[12] E. Lutwak, Mized projection Inequalities, Trans. Amer. Math. Soc, 287 (1985),
91-106.
[13] E. Lutwak, The Brunn-Minkowski-Firey theory I: Mized wvolumes and the
Minkowski problem, J. Differential Geom., 38 (1993), 131-150.
[14] R. Schneider, Convex Bodies: The Brunn-Minkowski Theory, Cambridge Univ.
Press, 1993.
[15] R. Schneider and W. Weil, Zonoids and related topics, In: (Eds: P. M. Gruber
and J. M. Will), ”Convexity and its applications”, Birkhduser, Basel, 1983.
[16] J. E. Taylor, Crystalline variational problems, Bull Amer. Math. Soc., 84 (1978),
568-588.
[17] C. Udriste and T. Oprea, H-convex Riemannian submanifolds, Balkan J. Geom.
Appl., 12, 2 (2008), 112-119.
(18] C. J. Zhao, Extremal Problems in Convex Bodies Geometry, Dissertation for the
Doctoral Degree, Shanghai, Shanghai Univ. Press, 2004.
[19] C. J. Zhao and M. Bencze, L,-Minkowski and Aleksandrov-Fenchel type inequal-
ities, Balkan J. Geom. Appl., 14, 2 (2009), 128-137.
[20] C. J. Zhao, S. W. Cheung, On p-quermassintegral differeces function, Proc. In-
dian Acad. Sci. (Math. Sci.), 116 (2) (2006), 126-137.
[21] C. J. Zhao, G. S. Leng, Inequalities for dual quermassintegrals of mized intersec-
tion bodies, Proc. Indian Acad. Sci. (Math. Sci.), 115 (1) (2006), 79-91.
[22] C. J. Zhao, G. S. Leng, On polars of mized projection bodies, J. Math. Anal.
Appl., 316 (2006), 664-678.

Authors’ addresses:

Chang-jian Zhao

Department of Information and Mathematics Sciences,

College of Science, China Jiliang University, Hangzhou 310018, P.R.China.
E-mail: chjzhao315Q@yahoo.com.cn, chjzhao@163.com

Mihaly Bencze
Str. Harmanului 6, 505600 Sacele, Jud. Brasov, Romania.
E-mail: benczemihaly@yahoo.com, benczemihaly@gmail.com



