Connections on the generalized tangent bundle
of a Riemannian manifold

Adara M. Blaga

Abstract. Properties of covariant connections defined on the generalized
tangent bundle of a Riemannian manifold are established and their invari-
ance with respect to generalized complex structures induced by a B-field
transformation is discussed. The Kahler case is detailed. An extension of
the notion of statistical structure to generalized geometry will be defined
and a particular example will be given.
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1 Introduction

Generalized complex geometry represents a larger framework, containing both sym-
plectic and complex geometry. Generalized complex structures were defined by N.
Hitchin [4] and M. Gualtieri who developed Hitchin’s ideas in his Ph.D. thesis [3].
The idea is to pass from the tangent and cotangent bundles of a smooth manifold M
to the generalized tangent bundle TM @ T* M. M. Gualtieri proved that a symplectic
or a complex structure on M induces a generalized complex structure, but not any
generalized complex structure can be derived from a symplectic or a complex one.
Precisely, if w (respectively, J) is a symplectic (respectively, a complex) structure on
M, then
J 0

-1
T, = (g —cg ) [respectively, Jj = (0 _J*>}

is a generalized complex structure, called of symplectic (respectively, of complex) type.
Examples of generalized complex structures which don’t derive from a symplectic or
a complex one can be found in [3].

In what follows, we shall define two operators having properties of covariant con-
nections (and shall call them also covariant connections) on the generalized tangent
bundle and prove invariance properties of these connections depending on the addi-
tional structure of the manifold.
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The Courant bracket defined on smooth sections of TM ©&T™* M generalizes the Lie
bracket on vector fields. A specific property of the Courant bracket is that it admits
other symmetries besides the diffeomorphisms, namely, the B-field transformations.
In the present paper, we shall use a different bracket [5] on smooth sections of the
generalized tangent bundle and find conditions on the 2-form B such that B-field
transformations to constitute symmetries for it (see Proposition 3.1).

For the case when the generalized complex structure is of complex type, J;, using

the B-field transformation e? := ( é (1)> [where B is viewed as a map from I'(T'M) to

['(T*M)], we shall prove that, under certain assumptions, the connections defined are
invariant with respect to the new generalized complex structure (J;)p := eBJ e B
obtained from [J;. The same for the case when the generalized complex structure is
of symplectic type.

2 Invariant connections on T'M @ T*M

The notion of dual connections often appears in the context of statistical mathematics,
giving rise to dual statistical manifolds.

Let V and V' be dual connections on the Riemannian manifold (M, g) [that is,
XY, 2) =9(VxY,Z)+g(Y,V'xZ), for any X, Y, Z € I'(T'M)] and consider their
extensions:

V :D(TM) x D(T*M) — T(T*M), (Vxa)(Y):=X(a(Y)) —a(VxY)
and
V:T(T*M) x D(T*M) — T(T*M), V°3:= V.3,

where § is the inverse of the isomorphism b(X) :=ixg, X € I'(T'M).
Define now V* and V* two connectionson § := {X+a e T(TM &T*M) :ixg =
a}, respectively, by the relations

ViciaY + 8= VxY + V3, Vi,V + 8= VY + V3.

An invariance property of these connections with respect to the generalized com-
plex structures of symplectic and respectively, of complex type, is given by the fol-
lowing theorem:

Theorem 2.1. 1. If J is a complex structure on the Riemannian manifold (M, g)

such that J;(8) C S and V and V' are J-invariant, then IV = V*T; and
J;V* = V*T;, where Jy = <g _?]*> is the generalized complex structure
induced by J;

2. If w is a symplectic form on the Riemannian manifold (M, g) such that J.,(S) C
S and w is V- and V'-parallel, then J,V* = V*J, and J,V* = V*7,, where

-1
T 1= (0 ag > is the generalized complex structure induced by w.

Proof. Let X +a,Y +3€S. Then
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Ti(VixioY +8) = Ji(VxY +Vp)
= J(VxY) = J(V'“P)
= VxJY -V°J*B
= Viiads(Y + ).

Similarly for V*;

To(ViiaY +8) = Ju(VxY +V°B)
= —w H(V'B8) +w(VxY),

VipadolV +68) = Vigal-w 1(8) + (V)
= Vi(—w L (3) + Vow(Y).

Let w=1(V/“B) =: Z. Then V'“3 = w(Z) and for any W € T'(TM), (V'“B)(W) =
w(Z, W) equivalent X (B(W))—B(V5xW) = w(Z,W). But w(Vx (w™1(B)), W) :=
~(Vo)(X,w ™ (B), W) + Xww™(B),W)) — ww (B),VxW) =
(V') (X, w1 (B), W) + X(B(W)) — B(VsxW). For V'w = 0 follows Z =
Vi@ 1(3).

Also notice that for any W € I'(T M),

(W(VxY))(W) = w(VxY,W)
— (VW)(X, Y, W) + X (@(Y, W) — w(Y, VW)
—(Vw)(X,Y, W) + X((w(Y))(W)) = w(Y)(VxW)
= —(Vw)(X,Y, W)+ (Vew(Y))(W)

For Vw = 0 follows w(VxY) = Vow(Y).
Similarly for the other relation.

3 Invariance under a B-field transformation

Let B be a 2-form and V a flat connection on M. Consider the bracket [X + a,Y +

Blv == [X,Y] 4+ VxB3 — Vya [5] and the B-field transformation e? := (é (1)>
Besides the diffeomorphisms, the bracket [-,-]v has these B-field transformations as
symmetries, if we require for B to satisfy a certain property, stated in the following

proposition:

Proposition 3.1. A necessary and sufficient condition for the B-field transformation
to be a symmetry of [-, v is to satisfy

forany X, Y, Z e T(TM).
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Proof. Let X,Y e I'(TM) and o, § € T(T*M). Then

(X +aY+[v) = B(X,Y]+Vxf—Vya)
: [X’Y]+B([X7Y])+?Xﬁ_@)/a
and
[eB(X—l—a),eB(Y—i—ﬂ)]v = [X—i—B(X)—i—a,Y—i—B(Y):i—B]v

[X,Y]+ Vx(B(Y)+ 8) — Vy(B(X) + a)
[X,Y]+ Vx(B(Y)) = Vy(B(X)) + VxB - Vya.

But for any Z € I'(TM)
(Vx(BO))(Z) — (Vy(B(X)
= X(B(Y,2)
(VB)
VB)
B)

)(Z)
B(Y,VxZ)—Y(B(X,Z)) + B(X,Vy2)
(X,Y,Z) + B(VxY, Z)
(Y, X,Z) - B(Vy X, Z)
(X,Y,Z) — (VB)(Y, X, Z)
v(X,Y),Z) + B([X,Y],Z)

)
) -

= (
+ B(T:
and therefore (VB)(X,Y,Z) — (VB)(Y,X,Z)+ B(Iv(X,Y),Z) =0, for any X, Y,
ZeT(TM). O
Theorem 3.2. If J is a complex structure on the Riemannian manifold (M, g) such
that (J;)g(S) C S, V and V' are J-invariant and B satisfies (V'B)(X,JY,Z) =
—(V'B)(X,Y,JZ), for any X, Y, Z € T'(TM) [respectively, (VB)(X JY,Z) =
—(VB)(X,Y,JZ), for any X, Y, Z € T(TM)], then (J5)gV* = V*(J; [respec
tively, (J7)gV* = V*(T;)B/, where (Tj)p = eBT7e B, for J; = ( ) he
generalized complex structure induced by J.
Proof. We have (7)) = ( " 0
roof. We have (J1)e =\ p;, «p _j):
Let X +a,Y + 3 €S. Then

(TNB(ViiaY +8) = (J1)B(VxY +Vp)
J(VxY) + [B(J(VY)) + J(B(VxY)) = J*(V'°5)]
= VxJY + [B(VJY)+ J(B(VxY)) - V' J* 0]

and respectively,

VitaTDNB(Y +8) = Viio(JY +B(JY)+ T (B(Y)) - J*0)
VxJY + V¥ [B(JY) + J*(B(Y)) — J*3)].

But for any Z € I'(TM)

B(V JY, Z) + (J*(B(V'yY)))(Z) := B(V JY, Z) + B(VyY, JZ)
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and
(VYBIY)+ J(BY))(Z) = X(B(JY,Z)+B(Y,JZ))
- B(JY,VxZ) - B(Y,J(VxZ))
= (V'B)(X,JY,Z)+ B(V'\JY, Z)
+ (V'B)(X,Y,JZ)+ B(VyY,JZ)
from where we get the required relation. |

The next theorem gives the condition which should be satisfied by the connection
V (if we take V' = V) and by the 2-form B such that the connection Vi, Y + 3 :=
VxY + V93 to be (J,)p-invariant, where (7,)p := e? e 5.

Theorem 3.3. If w is a symplectic form on the Riemannian manifold (M, g) such
that (J,)B(S) C S and w and B are V-parallel, then (J,)gV* = V*(J,)B, where

-1
(Jo)B :=eBT,e B, for I, = (g u(;) > the generalized complex structure induced

by w.

—1B _,,—1
Proof. We have (J,)B = (w +wa_1B _;w_l)

Let X :=X+4+a,Y =Y +3€S. Then
(Jo)B(VEY) = (J)B(VxY + V)
= w ' (B((VxY))—V*B) +w(VxY)+ Bw (B(VxY)—V*3))

and respectively,

Vi(To)BY = Vi@ '(B(Y)=8)+w(Y)+Bw (B(Y)) - Blw ' (8))
= Vx( H(BY)~0)+ VW) +Bw H(B(Y) - H))l
But for any Z € I'(T'M), according to the computations from Theorem 2.1
w(Vx@™(BY)=0).2) = —(Vo)(X,w (B(Y)-p),Z)
+ X(BY)=-p)(2)) = (BY)=pB)(VxZ)
= X((B(Y))-X(8(2)) - B(Y,VxZ)+3(Vx Z)
(VB)(X,Y,Z) + B(VxY,Z) = X(B(2)) + B(Vx Z)
B(VxY,Z) - X(B(Z)) + B(Vx Z).

On the other hand,

B(VxY,Z) - (V*B)(Z) == B(VxY, Z) — X(B(Z)) + B(Vx Z).
Let us notice that for any Z € T'(T'M)
(Vow(Y) + B (BY)-/)N(2)
= (Vw)(X,Y,Z2) +w(VxY,Z) + X(B(w  (B(Y) - 3),Z))
— B (B(Y)-0),VxZ)
= w(VxY,Z)+ X(Bw '(B(Y) - 8),2))
— B (B(Y)-p),VxZ).
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But

X(Bw (B(Y)-0),2)) - Bw ' (B(Y)-0),VxZ)
= (VB)(X,w ' (B(Y) - 0),2)
+ B(Vx(w '(B(Y)-8)),2)
= B(Vx(w '(B(Y)-8)),2)
= B(w YB(VxY)-V*3),2).

4 Kahler case

We shall consider now the Kéhler case. Recall that (M, J,g) is a Hermitian manifold
if M is a smooth manifold, J a complex structure and g a Riemannian metric on M
such that g(JX,JY) = g(X,Y), for any X, Y € T'(TM). We say that (M, J,g) is
Kahler manifold if it is Hermitian manifold such that the Levi-Civita connection V
associated to g satisfies VJ = 0 and the 2-form w(X,Y) := g(X, JY) is closed. First,
remark the next two results stated in the following lemma:

Lemma 4.1. If V and V' are dual connections on the Riemannian manifold (M, g),
then:

1. 9(Tv(X,Y),Z) = g(Iv/(X,Y),Z2) + (V'9)(X. Y. Z) — (V'g)(Y, X, Z), for any
X,Y, Ze(TM);

2. Vg =0 if and only if V'g = 0.
Proof. From the compatibility condition of V and V'’ follows
1.
9(Tv(X,Y),Z) = g(VxY —-VyX —[X,Y],2)
= X(9(Y.2))—g(Y,V'xZ) =Y (9(X, Z)) + g(X,V'y Z)
+ g(Tv/(X,Y)fv/nyvlyX,Z)
g(TV’(Xv Y)7Z) + (V/g)(X7 Y7 Z) - (Vlg)(K X7 Z)a

for any X, Y, Z e T'(TM);

2.
(V'9)(X,Y,2) = X(9(Y,2)) —g(V'xY,Z) - g(Y,V'xZ)
= X(g(Y,2)) - X(9(Z,Y)) +9(VxZ,Y)
- XY, 2))+9(VxY.Z)
= —(Vg)(X,Y,2),

forany X, Y, Z e I(TM).
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If (M, J,g) is a Kéhler manifold, and V'’ is a dual connection of the Levi-Civita
connection V associated to g, then from the previous lemma follows that V' =V and
therefore Vi Y + (:=VxY + V3.

Corollary 4.2. Assume that (M, J, g,w) is Kihler manifold and V is the Levi-Civita
connection associated to g. Then:

J

1. (a) JyV* =V*T;, where Jy := (0

ture induced by J;
(b) JLNV* = V* T, where J, = (

ture induced by w;

_E)]*) is the genmeralized complex struc-

0 —w™

1
w 0 ) is the generalized complex struc-

2. for B a 2-form on M and eP := <B 1

! 0) the corresponding B-field transfor-

mation

(a) if B satisfies (VB)(X,JY,Z) = —(VB)(X,Y,JZ), for any X, Y, Z €
[(TM), then (J;)gV* = V*(Js)B, where (J;)p = eBTe B;
(b) if B is V-parallel, then (J.,)V* = V*(J.)5, where (J,)p = e®J,e B.

Proof. Follows from Theorems 3.3 and 3.2. O

For (M, J, g,w) a Kéhler manifold, the two generalized complex structures (Jr, J.,)
form a generalized Kdhler structure (i.e. a pair (J1, J2) of commuting generalized com-
plex structures such that G := —.J;J> is a positive defined metrig on TM & T*M,
called generalized Kdhler metric [3]). In our case, G = <S gO
((Jy)B, (Jw)B) is also generalized Kéahler structure with the corresponding general-

-1 -1
ized Kihler metric Gp := — (7)) 5(Ju)5 = (g _%g_BlB qu—l)

It was proved [3] that any generalized Kéahler metric is uniquely determined by a
Riemannian metric g and a 2-form B and its torsion is the 3-form h = dB.

For the case when a pair (Ji, J2) of almost complex structures anticommutes, V.
Oproiu constructed a family of almost hyper-complex structures on 7'M and proved [6]
that if (M, J, g) is a Kéhler manifold and the almost hyper-complex structure defined
by (Ji,J2) is integrable, then M has constant sectional curvature (see Proposition
4 from [6]). He also proved that if the natural Riemannian metric on TM induced
by ¢ is almost Hermitian with respect to the almost complex structures J; and Jo,
then the induced hyper-complex structure is hyper-Kéhler if and only if J; and J; are
integrable (see Theorem 5 from [6]). A similar condition for a natural lifted Hermitian
structure on T*M to be Kéhler was given by S.-L. Druta [2].

> and moreover,

5 A generalized statistical structure

Statistical manifolds are pseudo-Riemannian manifolds (M, ¢g) with an affine symmet-
ric connection V such that the tensor Vg is symmetric. Statistical structures play
an important role in statistical physics, in neural networks etc. A class of statistical
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manifolds is made of Hessian manifolds studied by H. Shima [7], [8], C. Udriste and
G. Bercu [9] etc., which are statistical manifolds having constant curvature 0.

Extending the notion of statistical manifold in the context of the generalized geom-
etry, we shall call (V*, g*) generalized statistical structure if V* is a torsion free connec-
tion such that the metric ¢* on TM @ T*M is V*-parallel, where ¢*(X + o, Y + ) :=

%(a(Y) + 0(X)), for X +a, Y+ € I'(TM @ T*M). An example of generalized
statistical structure will be given in Theorem 5.3.

The next propositions relates the two affine connections V* and V* to the metric

g .

Proposition 5.1. The connections V* and V* are compatible with the metric g*,
where g*(X + o, Y + ) := §(a(Y) + B(X)).

Proof. Let X +a, Y+ 3, Z+~v€S. Then

T (ViiaY +B,Z2+7) + gV +B8,ViiaZ+7)
(VY + VB, Z+7) + g (Y + 8,V Z + V)

(V" 8)(2) +2TxY)] + S B(V5Z) + (T) (V)]

|
SIS

[X(8(2)) = B(Vx Z) +v(VxY)

B(VxZ) + X(y(Y)) = v(VxY)]
XY +6,Z2+7)).

N — N~

+

Proposition 5.2. Forany X +«o, Y + 3, Z4+v€ S,

(V9N X+a,Y+B3,Z+7)=-(V¢)X+a,Y+8,Z+7) =

= L[(Vo)(X.Y,2) ~ (V'g)(X.Y, 2)].

In particular, if V. = V', then g* is @*—pamllel.
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Proof. Let X + o, Y + 8, Z +~ € S. Then
(V') X +a Y +8,Z2+7) = XV +62+7) -9 (ViaY +5,Z+7)

Y+ 8, ViiaZ+7)

X(3(2) +1(1)] = 5[V B)(2) +2(TxY)

(VxZ) + (V) (V)]

X(3(2)) + X((¥)) = X(8(2)) + BV 2)

(Vx¥) ~ B(VxZ) = X((V)) + (VY
gV, V'x«Z -V xZ)+g(Z, VY —VxY)]

|
S

[X(g(Y, Z)) - (V/g)(Xv Y’ Z) - X(Q(Yv Z))
Vo)X, Y, Z)]
[(Vo)(X,Y, Z) = (V'g)(X,Y, Z)].

|
NI = DN RN = =2 N= DN

Similarly for V*g*. O
For V' flat connection, consider the bracket [5]
X +a,Y + 8]y = [X,Y]+V'x3 - Viya.

According to Lemma 2 from [1], we have T¢.(X + a,Y + ) = Ty(X,Y), for
any X +a, Y + (3 € §. Similarly, for V flat connection, considering the bracket
(X +a,Y+f6lv = [X,Y]+Vxf—Vya, we obtain Tg. (X + o, Y + ) = Ty (X,Y),
forany X +a, Y +3€S.

Take V the Levi-Civita connection on the Riemannian manifold (M, g) and V% oYt
B:=VxY + V3.

Theorem 5.3. Assume that the Levi-Civita connection V associated to the Rieman-
nian metric g on M is flat. Then, considering the bracket [-,-|v defined above, (V*, g*)
is a generalized statistical structure.

Proof. Follows from Proposition 5.2 and the above considerations. O
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