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[e]
Abstract. On a Weyl manifold (M, g, w), we consider V the Levi-Civita
connection associated to a metric ¢ € g , V the symmetric connection,
compatible with the Weyl structure w and the family of linear connections

A o o A
C={V =V +AXV—-V)]| XeR} ForV € C, we investigate some
A o
properties of the deformation algebra U(M,V — V). Next, we study the

o A
case when V and V determine the same Ricci tensor and the case when
o A

the curvature tensors of the connections V and V are proportional.

M.S.C. 2010: 53B20, 53B21.
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1 Introduction

The general problem of ”Comparison geometry” is: to what extent topological, dif-
ferential, differential affine, metric, etc invariants determine some structure on a
manifold, up to a homeomorphism, diffeomorphism, isometry, etc. Usually, one com-
pares a given manifold with some ”standard” manifolds, such as space forms, Einstein
spaces, or special product manifolds.

The topic originated in the Erlangen Program of F. Klein and was founded ex-
plicitely in the work of E. Cartan, under the so-called ”equivalence problem” ([3]).
In the first half of the 20-th century, local methods were developed by S. Chern, G.
Vranceanu ([12]) and others (see [4] for a modern review). Global methods arrose in
the second half of the 20-th century, especially in global Riemannian geometry.

Our paper finds sufficient conditions for the curvature tensor (or the Ricci tensor)
determines the Levi-Civita connection. On a Weyl manifold, we consider some special
connections and, with them, we construct several deformation algebras. Properties
of these deformation algebras will determine "how far apart” will be the involved
curvature tensors, or the Ricci tensors. In particular, we characterize the situation
when the curvature tensors, or the Ricci tensors, coincide.
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2 Definitions and notations

Let M be an n—dimensional C*° differentiable manifold. We denote by F (M) the ring
of real-valued functions of class C*° defined on M and by 7 (M) the F (M) —module
of tensor fields of type (r,s). In particular, for 73 (M) (respectively 7° (M)) we use
the notation X (M) (respectively A' (M)).

Let A € T} (M).The F (M) —module X (M) becomes an F (M) —algebra, de-
noted by U (M, A), with the product of two vector fields X and Y defined by

(2.1) XoY =A(X)Y).

In particular, if A =V — V, where V and V are two arbitrary linear connections
on M, then U (M,V — V) is called the deformation algebra associated to (V,ﬁ).

Let A € T} (M) and m > 0, m € Z. An object X € U (M, A) is called almost
m-principal field if there exists an 1—form w € A (M) and a function f € F (M)
such that ([7])

(2.2) A (Z,X<m>) = fZ+w(Z)X, VZ € X (M),

where X(m) = x(m-1) o X, x) — x.

If m = 1, then (2.2) shows that X is an almost principal field in the algebra
U(M,A). f m=1and f =0, then X is a principal field in the algebra U (M, A). If
m =1 and w = 0, then X is almost special field. If m =1, f =0 and w = 0, then X
is special field. If A (X, X) =0, then X is 2—nilpotent field.

Let (M,g) be now an n—dimensional semi-Riemannian manifold and let g the
conformal structure generated by g, i.e. g = {e*g|u e F (M)}.

Let w be a Weyl structure on the conformal manifold (M, g), i.e. an application
w: g — A (M), which verifies ([1], [5], [6]) w (e“g) = w (g) — du, Yu € F (M). The
triple (M, g, w) is called a Weyl manifold.

Let (M, g, w) be a Weyl manifold. A linear connection V on M is called compatible
with the Weyl structure w if Vxg+w(g) (X)g =0, for all X € X (M).

It is well known that there exists an unique symmetric linear connection V, defined
on M, compatible with the Weyl structure ([10]). This linear connection V is called
the Weyl conformal connection and is defined by ([9])

29(VxY,Z) = X((Y,2))+Y(9(X,Z))— Z(g(X,Y)) +w(g)(X)g(Y, Z) +
+w(g) (V) g(X,Z) —w(9)(2)g(X,Y)+g([X,Y],Z) +
+g([ZaX] 7Y) _g([Y’Z] 7X)7

for all X,Y,Z € X (M). Let V be the Levi-Civita connection associated to g and let

AZV—%E’T;(M). We have

(23)  29(AX,Y), Z) = w(g)(X)g(Y, Z) + w(g)(V)g(X, Z) —w(g)(Z)g(X,Y),

for all X|Y,Z € X (M). A natural problem is to deduce properties of two semi-
Riemannian manifolds from properties of the deformation algebra of their Levi-Civita
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connections; a remarkable particular case is when the latter ones coincide (see also

2)-
Let gij, A;k and u; the components, in a system of local coordinates, of g, A and
of the 1—form 1w (g), respectively. Then (2.3) can be written
(2.4) A;k = 5§uk + 6};14]- - gjkui.
We define the family of linear connections ([8])

A o
C:{V::V+/\A|/\6R}.

(In the affine space of all linear connections on M, C is the ”affine line” passing

[e]
through the "point” V and of ”direction” A).

o A o A
Let R and R be the curvature tensor field of the connection V and V| respectively.

3 The main results

Theorem 3.1. Let M be an n—dimensional connected manifold, n > 3. The following
assertions are equivalent:

A o
(i) V=V
A o o
1) R=R,if R, : T,M x T,M xT,M — T,M 1is surjective, Vp € M;
pAp P P P
A o
(ii) V and V admit the same geodesics;
A o
(iv) the algebra U (M, Y V) is associative;

(v) sz TMXTMXTM — T, M is surjective, Vp € M and the 1—form

w (g) is exact, then V and V have the same Ricci tensor.

Pmof ()}\ (i), (i)==(iii), (1)==(iv), (i)==(v) are trivial. (ii)==(i). From (ii),
Vil = ViR VX € X (M). Then, VX,Y,Z,V € X (M),

(VxR)(Y.ZV) = (VxR)(Y,Z,V)+ AX, R(Y, Z2)V) — R(A(X,Y), Z)V
(3.1) LR, A(X, 2))V — R(Y. Z)A(X, V),

A A
where we denoted by A =V — V = AA. Similarly, we obtain

(VyB)(Z X, V) = (OyR)(Z X,V)+ A(Y. R(Z, X)V) — R(A(Y, 2), X)V

(3.2) CR(ZAY, X))V — R(Z, X)AY, V),
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(VARNX,Y,V) = (VR)(X.Y,V)+ A(Z RX,Y)V) = R(A(Z X),Y)V

o A o A
(3.3) “R(X,A(Z,Y))V — R(X,Y)A(Z,V).
Using the Bianchi identities, from (3.1), (3.2) and (3.3), it follows

A{A (X,]O%(Y,Z)V> +A<Y7;2(Z,X)V> +A<Z,1°%(X,Y)v>

o

—R(Y,Z)A(X,V)—E(Z,X)A(Y,V)—IC%(X,Y)A(Z,V)} —0.

From this, we deduce A\ = 0, so we proved (i); hence

A(Xj%(Y,Z)V) +A(Y,1°%(Z,X)V) +A<Z,J?2(X7Y)V)

(34)  —R(Y,Z)A(X.V)—R(Z,X)A(Y.V)— R(X,Y)A(Z,V) = 0.

In local coordinates, (3.4) is written

(3.5) <551°?,;jk + LRy, + 5;1‘%@ wr + (gui%ijk 4R + gklf%::ij) u = 0.
We make s := ¢ and sum with respect to ¢; it follows

(3.6) (n— 2) Ry, + (i%l,.jk — g R + gklfzrj> ur =0,

where R;; = R;il are the components of Ricci tensor. Multiplying (3.6) by ¢’! and
summing with respect to j and [, it follows

(3.7) (n—2)R,pu” =0.
From (3.6) and (3.7) we get

(3.8) (n—3) Rjjpur = 0.
Because we supposed n > 3, from (3.8) we have
(3.9) R}y = 0.

The relations (3.9) show that, for every p € M,

(3.10) (w ), (B (%) 2, ) =0.9%,,¥,.2, € Ty

Because R, : T,M x T,M x T,M — T,M is surjective, from (3.10) we obtain
w(g)), =0,Vp € M, sow(g) =0 and using (2.3), we find

(3.11) g(A(X,Y),Z) =0, VX,Y,Z € X (M).
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A A o
Because g is non-degenerate, from (3.11) it follows A =0,s0 A = AA =0,i.e. V= V.

A o
(iii)==(i) The linear connections V and V are symmetric, hence they admit the

same geodesics if and only if there exists an 1—form on M such that
A o
(3.12) VxY =VxY+w(X)Y+w(¥Y)X, VXY € X (M).

From (3.12) and from A = A4, we obtain

(3.13) M (X, X) = 2w (X)X, VX € X (M).

For Y = X, from (2.3) it follows

(3.14) 29(A(X,X),Z) =2w(9) (X)g(X,Z)~w(9) (2) g (X, X),VX,Z € X (M).
From (3.13) and (3.14), we obtain

(3.15) 4w (X) g (X, Z) — 20w (9) (X) 9 (X, Z) = —w (9) (Z) g (X, X),

for all X,Z € X (M).
Because n > 3, for every p € M and every Z,, € T,M — {0}, there exists a vector
X, € T,M — {0} such that we have

(3.16) 9p (Xp, Zp) = 0, gp (Xp, Xp) # 0.
From (3.15) and (3.16), we get
(w(9)), (Zy) =0,VZ, € T,M — {0}, Vp e M,

A A o
so w (g) = 0 and from (2.3) we obtain that A =0,s0 A=0,1e. V=V.

A o
(iv)==(i) For A = 0is trivial. We suppose A # 0. Because the algebra i/ <M, V- V)
A o
is commutative, it follows that U (M , V — V) is associative if and only if we have

(3.17) AXAY,2) =AY, A(X,2),VX,Y,Z e X (M).
In local coordinates, (3.17) becomes
(3.18) Al A5 — AL A3, =0.
From (3.18), using (2.4), we can write
(3.19) 6,iujul — 5liujuk + gjluiuk — gjkuiul + 5ligjkusu$ — 6,igjlusus =0.
In (3.19), we make i := k and sum with respect to i; it follows
(n —2) (uju — gjiusu®) = 0.
Because n > 3, we obtain

(3.20) ujup — gjuus = 0.
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Multiplying (3.20) by ¢! and summing with respect to j and [, we get
(3.21) uus = 0.
From (3.20) and (3.21) we obtain uju; = 0, V4,1 € {1,2,...,n}. Therefore w(g) =0

A o
and, from (2.3), it follows A =0,s0 V= V.
(v)==(i) In local coordinates, the conformal Weyl connection has the components

(3.22) F;-k = ‘;k| + 5§uk + Opuj — gjpu’,

where 3 .| are the Christoffel symbols of the second kind, constructed using the me-

A o o
tric components g;;. From (3.22) and from V = V + A (V - V), we obtain the

A
components of the linear connection V:

)y ) . . ,
(3.23) Ll = 5] + 0%abk + Siaby — gindt’,
A

where ¥; = Au;. The curvature tensor of the connection V has the components

A o, . ) . . .
(3.24) Ripy = Ry + 05 (Y — ) + Spbin — i — gl + gy,
where we denoted

0 1
Vi = 8775 + |G| ¥ 4 W0 — §¢29an

1/’? = gij'l/}jla (152 = grs"YP° = 1/1110’

If we assign ¢ = k and sum, from (3.24) we obtain

A o
(3.25) Rji = Rj + (n— 1) ¥ — i + gjue,

A A . . o o .
where Rj; = R}, ¢ =) = g/"j, Rjy = RY,;. Because the 1—form w (g) is exact, it
follows that 1;; = 1;;. From (3.25), we have

by o
(3.26) Rji = Rji + (n — 2) ¥ + gjup-

o]

Using the hypothesis, I)%jl = Rj;. Therefore, from (3.26) we get

(3.27) (n—2) i+ gjip = 0.

Multiplying (3.27) by ¢’! and summing with respect to j and [, it follows
(3.28) v =0.

From (3.27) and (3.28), we have

(3.29) W =0, 4 = 0.
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The relations (3.28) and (3.29) show that

A o

i _ pi
Ry = Rjy-

From the last relation, we find (i). O

Remark 3.1. For n = 3, the theorem remains true if we replace the condition

[e]
"Ry ToM x TyM x T,M — T, M is surjective, Vp € M” by "the Ricci tensor of the
semi-Riemannian manifold (M, g) is non-degenerate”. This is easy to see from (3.7).

A o
Theorem 3.2. LetU | M,V — V| be the deformation algebra as above. We suppose

that the manifold M is connected and n > 2. The following assertions are equivalent:

A o
(i) V=V;
A o
(i) all elements of the deformation algebra U (M,V — V) are almost principal
fields;

A o
(1ii) all elements of the deformation algebra U (M, V- V) are principal fields;
A o
(iv) all elements of the deformation algebra U (M, V — V| are almost special fields;
A o
(v) all elements of the deformation algebra U (M, V- V) are special fields;

A o
(vi) all elements of the deformation algebra U (M, V- V> are 2— nilpotent fields.

Proof. (1)=>(ii), (i)=(iii), (i)==(iv), (i)<=(v), (i)<=(vi) are obvious.
A
(iv)==(i). Because A (Z,X) = fxZ,VX,Z € X (M), it follows that there exists
A
an 1—form 6 on M such that 6 (X) = fx. We have, therefore A(Z,X) = 0 (X) Z,

A
VX,Z € X (M). Because A is symmetric, we get 0 (X)Z =0 (Z) X, VX, Z € X (M).
In local coordinates, the last equality is written ;6] = 6;6]. If we make j = ¢ and

A o
sum, we obtain (n — 1) 0, =0, so # = 0 and, finally, V = V.
A A
(iii)==(i). We have A(Z,X) = w(2)X, VX,Z € X (M). Because A(Z,X) =
A
AX,Z),VX,Z € X (M), we obtain w(Z)X = w(X)Z, VX,Z € X (M), which

A o
implies w =0, i.e. V=V.
(ii)==(i). Using the hypothesis, we have

zz\l(Z,X):fXZer(Z)X, VX,Z € X (M).
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From here, it follows that there exists an 1—form 7, defined on M, such that 1 (X) =

A A
fx. Therefore, we have A(Z, X)) =n(X)Z+w(Z) X,VX,Z € X (M). Because A is
symmetric, we find that

(X)) =w(X)Z=0(2)-w(2) X, VX, Z € X (M).
In local coordinates, the last equality may be written
(m- - Wi) 5i - (77k - wk) 55 =0.
If we assign 7 = k and sum, we get
(n=1)(m —wi) =0,Vie{1,2,...,n}.

Therefore n = w and we have
A o
VzX=VzX+n(X)Z+n(2)X,VX,Z e X (M).

A o
The last equality shows that the symmetric linear connections V and V admit the
A o
same geodesics. Using Theorem 3.1, we obtain V = V. O

Remark 3.2. In the following, we will denote by C' € 73! (M) the curvature conformal
Weyl tensor. Let C;kl the components of C' in a system of local coordinates. Then,
we have ([11], [12])

i Pi 1 i 7 ir is T isT
Cin = Bju———5 <5kle — 0/ Rjkgjkg" Rsi + gj1g Rsk)
gT.SRTS 7 ’l
MR R

Theorem 3.3. With the above notations, we suppose that
(i) the 1—form w(g) is exact;
(i) Rp:Tp,M x TyM x T,M — T, M is surjective, ¥p € M;

(1i1) the curvature conformal Weyl tensor is nowhere vanishing, i.e. Cp, # 0, V¥p € M.

A o
If there exists a function f € F (M), f(p) # 0, Vp € M, such that R = fR, then
A o
vV=V.

A
Proof. In local coordinates, the linear connection V has the components

A 3 . . .
Ui = S| + 050% + 03y — gud”,
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where are the Christoffel symbols of the second kind, constructed using the metric

i
jk

components g;; and ; are the components of 1—form %w (g). Because the 1—form
w (g) is exact, the last equalities imply

A o . . . . .
(3.30) R = R + 0ptbj — 01 — 9] + 9y,

where

awj r 1 s i ij
(3.31) Y = ol T 52| o+ 00 — §gjl¢ Vs = Yig, Y = 97 Vjk-
From (3.30), we have

A o
(332) le = le + (TL - 2) q/)jl + gjlgrswrsv

A A A .
where Rj; = Rfkl = R;;. Multiplying (3.32) by ¢! and summing with respect to j

and [/, we obtain

oA )
(3.33) G'Rjy=g"Rjj+2(n—1) g™y

Because n > 3, from (3.32) and (3.33) we deduce that

1 A
(334) grswrs = T (Rrs - Rrs) grs

(3.35) e (Ry— Ry 9L s (p R
. ]lin_2 ] _]l Q(n_1)<n_2>g TS T8 .

Introducing (3.34), (3.35) in (3.30), we find

Ai 1 7 A i)\ is)\ isA
int — 5 \ kBt = 0 Rk + gjig™ Rst + jig" R

A
gTSRT'S ] 7 3
* = N~ 51/ y - 6Z s = 1j
(3.36) + (n—1)(n—2) ( k9jl zgﬂc) Cikts
where
i i 1 i 7 it is 1 is 1
Ciw = Rju-— po— <5kle — 0/ Rjk — 9jk9"” Rst + 9519 Rsk)
9" Rys ; ;
9 fs (sio i
+(n_ 1) (TL—2) ( L9jl lgjk:)

are the components of the curvature conformal Weyl tensor C. On the other hand,
A o
R = fR implies that

AL o . A o A o
R;’kl = fR;'klv le = ijla grers = fngrs,
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Ai 1 7 A 7 A s A ] A
I e 0L Ry — 0; Ry, — gjng" " Re + 919" Rsk

A
9" Rys i i i
(3.37) +m (5kgjl - 5lgjk) = fCln

Because C), # 0, Vp € M, it follows that the functions C;kl are nowhere vanishing.
Taking this into the account, the relations (3.36) and (3.37) show that we have f =1,

A o A o
so R = R. Using Theorem (3.1), we obtain V = V. O

Theorem 3.4. Let (M, g) be a connected n— dimensional semi-Riemannian manifold,
with n > 3. We consider two Weyl structures w and w’ on the conformal manifold
(M,q). Let V (resp. V') be the symmetric conformal Weyl connection, compatible
with the Weyl structure w (resp. w'). Define the family of linear connections

C={V+AV'=V)|)eR}.

A -
For A € R, we consider the linear connection V=V + X (V' — V) € C. The following
assertions are equivalent:

(i) V=¥

A
(i) the deformation algebra U (M, V- V> is associative;

A
(i4i) V and V admit the same geodesics;

(iv) all the elements of the deformation algebra U <M, % — V) are almost principal
fields.
Proof. (i)=(ii), (i)==(iii), (i)==(iv) are obvious.
(ii)==(i) The algebra U (M, % - V) is commutative. It follows that I/ (M, % - V)

is associative if and only if we have

(3.38) A (X, A (v, Z)) ) (Y, A (X, Z)) =0,YX,Y,Z € X (M),

A A A
where A=V -V =)A" A =V-V.
For A = 0 the assertion is trivial. We suppose A # 0. The linear connection V' is
defined by

29(VY,Z) = X(g(Y,2))+Y(9(X,2)) - Z(9(X,Y)) +w'(9)(X)g(Y, Z) +
+w'(9)(Y)g(X, Z) —w'(9)(Z)g(X,Y) + g([X, Y], Z) +
+g([27X]’Y) 79([}/’ Z]aX)7 VXaKZ € X(M)
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From here, it follows that A’ is given by
(3.39) g A (X.Y), Z) = (X)g(Y.Z)+¢(Y)g(X,Z) —¢(Z)g(X.Y),

VX,Y,Z € X (M),

where we used the notation 2¢ = w’ (g) — w (g).
Let A7) (resp. ¢;) the components of A" (resp. ¢) in a system of local coordinates.
Then we can rewrite (3.39) as

(3.40) e =650k + 0405 — gine’
where ' = g% . In local coordinates, (3.38) can be written
(Sre1 — Oion) 05 + (81958 — 619j1) @s©° + (gj10k — gjner) @* = 0.
For ¢« = k, we sum and obtain
(3.41) (n —2) (w01 — gjnpsp®) = 0.
Because n > 3, from (3.41) we get
(3.42) pipr— gjrpsp” =0.

Multiplying (3.42) by ¢’' and summing with respect to j and I, we have p,p* = 0.
Taking into account this, from (3.42) follows ¢,¢; = 0, V4,1 € {1,2,...,n}. We obtain
A A

¢ =0, i.e. w=1w'. From (3.39) we find A’ =0,s0 A =0, i.e. V=V.

A
(iii)==(i). Because the linear connections V and V are symmetric, it follows that
they admit the same geodesics if and only if there exists an 1—form o, defined on M,
such that

A
(3.43) VxY = VxY +0(X)Y +0(Y)X,VX,Y € X (M).
From (3.43) we get

(3.44) A (X, X) =20 (X)X, VX € X (M).

A
For A = 0, we obtain o = 0 and from (3.34) we have V = V. We shall consider the
case for A # 0. For Y = X, from (3.39), we find

(3.45) g(A (X, X),Z2)=20(X)g(X,2)—¢(Z)g(X,X),VX,Z € X (M).
From (3.44) and (3.45), we get
(3.46) {20(X) =2 ¢ (X)} 9 (X, Z2)+ X (2)g(X,X)=0,VX,Z e X (M).

Because n > 3, for any p € M and any Z, € T,M — {0}, there exists X, € T,M — {0}
such that we have

(3.47) 9p (Xp, Zp) = 0, gp (Xp, Xp) # 0.
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From (3.46) and (3.47) we obtain ¢, (Z,) = 0, for any Z, € T,M — {0} and any

p € M. Therefore, ¢ = 0, so w' = w. From (3.39) follows g (4’ (X,Y),Z) = 0,

VX,Y,Z € X (M). Because the metric g is non-degenerate, from the last equality
A

we find A" (X,Y) =0,VX,Y € X (M), so A’ = 0. In conclusion, A = AA’' =0, i.e.

A
V=V.

A
(iv)==(i). Because all elements of the algebra U/ <M ,V — V) are almost principal

fields, it follows that for any X € X (M) there exists a function fx € F (M) and an
1—form w € A (M) such that

(3.48) A(Z,X) = fxZ+w(Z)X,VZ, X € X (M).

From (3.48), there exists an 1—form n € A (M) such that n (X) = fx. From (3.48),
we obtain

(3.49) A(Z,X) =1 (X) Z +w(2) X,VZ,X € X (M).

A
Because the algebra U (M ,V — V> is abelian, from the last equality follows n = w
and from (3.49) we obtain

A
VeX =ViX+0(X)Z+n(2)X,VZ,X € X (M).

A
The last equality shows that the symmetric and linear connections V and V admit
A
the same geodesics. From here, V = V. |
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