Multitime maximum principle for
curvilinear integral cost

Constantin Udriste

Abstract. Recently we have created a multitime maximum principle gath-
ering together some concepts in Mechanics, Field Theory, Differential Ge-
ometry, and Control Theory. The basic tools of our theory are variational
PDE systems, adjoint PDE systems, Hamiltonian PDE systems, duality,
multitime maximum principle, incavity on manifolds etc. Now we jus-
tify the multitime maximum principle for curvilinear integral cost using
the m-needle variations. Section 1 recalls the multitime control theory
and proves the equivalence between curvilinear integral costs and multi-
ple integral costs. Section 2 formulates variants of multitime maximum
principle using control Hamiltonian 1-forms produced by a curvilinear in-
tegral cost and a controlled m-flow evolution. Section 3 refers to original
proofs of the multitime maximum principle using simple and multiple mul-
titime m-needle control variations. The key is to use completely integrable
first order PDEs (controlled evolution and variational PDEs) and their ad-
joint PDEs. Section 4 formulates and proves sufficient conditions that the
multitime maximum principle be true.

M.S.C. 2010: 49J20, 49K20, 93C20.
Key words: multitime maximum principle, curvilinear integral cost, variational
PDEs, adjoint PDEs, m-needle variations.

1 Multitime control theory

The multitime control theory is concerned with partial derivatives dynamical systems
and their optimization over multitime [15]-[30]. Such problems are well-known also
as the multidimensional control problems of Dieudonné-Rashevsky type [9], [10], [31],
[32], but both techniques and results in these papers are different from ours. We
confirm the expectations of Lev Pontryaguin, Lawrence Evans and Jacques-Louis
Lions regarding the analogy between optimal control of systems governed by first
order PDEs and optimal control of systems containing first order ODEs. The ideas
we use were stimulated by the original point of view of Lawrence C. Evans [4] on
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(single-time) Pontryaguin maximum principle [11] and by the papers [1]-[3], [5]-[10],
[31], [32].

The multidimensional optimal control arise in the description of torsion of pris-
matic bars in the elastic case as well as in the elastic-plastic case. Another instance
are optimization problems for convex bodies under geometrical restrictions, e.g., max-
imization of the area surface for given width and diameter.

Let (T, h) be an m-dimensional C*® Riemannian manifold, (M, g) be an n-dimensional
C°° Riemannian manifold and J(T, M) the associated jet bundle of first order. Let
(U,n, M) be a control fiber bundle. The manifold M is called state manifold and the

components %, i = 1,...,n of a point & € M are called state variables. Then (z¢, u®),
o oz’

i =1,...,n; a = 1,...,k are adapted coordinates in U, and (t*,z", 2!, = 8?)’

i=1,...,n; @ =1,...,m are natural coordinates in J(T, M). The components u®

of the point u € U, = n~!(z) are called controls.

, 0
Let X, : U — JYT,M), X, = Xé(x,u)a— be a C*° fibered mapping, over the
xl
identity in the state manifold M, which produces a continuous control PDEs system
(controlled m-flow)

ox'
ote

(t) = X (z(t),u(t), i=1,....,n; a=1,...,m,

where t = (t!,...,t™) is the multi-parameter of evolution (multitime). This PDEs
system has solutions if and only if the complete integrability conditions

0X: ;  0Xious O0Xj . OXjoue
Ari TP Que ot Bxi T dus At

are satisfied. These determine the set of admissible controls

(CI0)

U={u(-): R — U u(-) is measurable and satisfies CIC}.

The evolution of the state manifold is totally characterized by the image set S =
Im(X,) C JY(T, M) which is described by the control equations

o =a' x, =X, (x,u),i=1,...,n a=1,...,m.

Remark 1.1. A problem of controlled evolution can be thought as a controlled im-
mersion if m < n, controlled diffeomorphism if m = n or controlled submersion if
m > n. Particularly, if m = n, taking the trace after the indices i,a, we find a
divergence type evolution (conservation laws).

To simplify, we replace the manifolds M and T and the fiber U, by their local
representatives R, R™, U C R* respectively. More precisely, for multitimes we use
the orthant R7'. Having this in mind, for the multitimes s = (s',...,s™) and t =
(t',...,t™), we denote s < t if and only if s < t* «a = 1,...,m (product order).
Then the parallelepiped g, fixed by the diagonal opposite points 0(0,...,0) and
to = (t, ..., t7"), is equivalent to the closed interval 0 < t < to. Given u(-) € U, the
state x(+) is the solution of the evolution system

oz’

(PDE) o

(t) = X\ (z(t),u(t)), z(0) =0, t € Qoy, C R
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This multitime evolution system is used as a constraint when we want to optimize a
multitime cost functional. On the other hand, the cost functionals can be introduced
at least in two equivalent ways:

- either using a curvilinear integral,

Plu()) = Xp(x(t), u(t))dt” + g((to)),

Tot,

where Ty, is an arbitrary C! curve joining the points 0 and ¢q, the running costs w =
Xp(z(t),u(t))dt? is a closed (completely integrable) 1-form (autonomous Lagrangian
1-form), and g is the terminal cost;

- or using the multiple integral,

Qu() = ; X (x(t), u(t))dt'...dt™ + g(a(to)),

where the running costs X (x(t), u(t)) is a continuous function (autonomous Lagrangian),
and g is the terminal cost.

Theorem 1.2. The controlled multiple integral

I(to) = i XO(x(t), u(t))dt*...dt™,

with X°(x(t),u(t)) as continuous function, is equivalent to the controlled curvilinear
integral

J(to) = Xp(a(t), u(t)dt”,

Loty

where w = Xg(x(t),u(t))dtﬁ is a closed (completely integrable) 1-form and the func-
tions Xg have partial derivatives of the form

9 9 (o< 8) oot
ote’ oteots T ol ot otm

The hat symbol posed over Ot™ designates that 0t is omitted.

Proof. The multiple integral I(¢y) suggests to introduce a new coordinate

20(t) = XO(x(t),u(t))dt...dt™, t € Qo,, 2°(to) = I(to).
Qo,t

Taking
oz
XO(x(t),u(t) = ——(t
(e (t),u(0) = S0,
we can write 29(t) as the curvilinear integral

2O(t) = X0 (x(s),u(s))ds, x°(to) = J(to),

Yot
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where ~g; is an arbitrary C! curve joining the points 0 and ¢ in Qg;,. Also

om-1x0 g

otl.. ota. gtm  Otl..ote..otm’

Conversely, the curvilinear integral J(tg) suggests to define a new coordinate by
2O(t) = X0 (x(s),u(s))ds®, x°(tg) = J(to),
Yot
where 7p; is an arbitrary C! curve joining the points 0 and ¢ in Qgy,, and w =

X0 (z(s),u(s))ds® is a completely integrable 1-form. Since X0 = oz we can define

ot’
0 _ om-1tx0 _ 9" z0
otl.. .ot .otm  Otl..ote..otm
Then the new coordinate can be written as
2O(t) = XO(z(t),u(t))dt ...dt™, t € Qo4y, 2°(to) = I(to)-

Qo
O

In this paper, we shall develop the optimization problems using cost functionals as
path independent curvilinear integrals and constraints as m-flows, where the complete
integrability conditons are piecewise satisfied.

Remark 1.3. New aspects of control theory are developed in the papers [9], [10], [31]
and [32] using weak derivatives instead of usual partial derivatives.

Remark 1.4. We can exztend the holonomic controlled evolution to a nonholonomic
controlled evolution, using the Pfaff system dx' = X (z,u)dt*. In the noholonomic
case, the dimension of evolution is smaller than m.

2 Maximum principle for multitime control theory
based on a curvilinear integral cost
A curvilinear integral cost and a multitime flow were introduced in the optimal control

theory by our papers [12]-[30].
Multitime optimal control problem. Find

max P(u() = | Xalalt) u(0)dt? + g(r(to)
subject 1o 2% (t) = Xi(t,2(t),ut), i=1,.,n, a=1,...,m,

ote
u(t) €U, t € Qor,, 2(0) =20, x(ty) = T4,

The multitime maximum principle (necessary condition) will assert the existence of a
costate vector function (pg,p*)(-) = (p*o(-),p*;(+)) which, together with the optimal
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m-sheet x*(+), satisfies an appropriate PDEs system and a maximum condition. All
these conditions can be written using the appropriate control Hamiltonian 1-form

Ha($7p07p7 u) = png(x,u) +pZX;(£L',U)

Theorem 2.1. (multitime maximum principle) Suppose uw*(-) is optimal for
(P), (PDE) and that x*(-) is the corresponding optimal m-sheet. Then there exists
a function (p§,p*) = (p*,p*;) : Qot, — R such that

(PDE) ) = S 05057 0 (0),
(ADJ) B 1) = 2 (), i), (1), 0" 0)
and

(M) Hala"(8),p5(0),p" (1), (1)) = max Ho (@ (1), p5(6),0° (6), ), ¢ € Qor-.

Also, the functions t — Hga(x*(t), p§(t), p*(t), u*(t)) are constants.

(z*(to))

0
(to) p*o(to) = ao, p*;(to) = &fi

are satisfied.

We call 2*(+) the state of the optimally controlled system and (p§, p*(-)) the costate
vector.

Remark 2.2. (PDE) means the identities

o+’ - . .
) = Xy (. (0), B=1.ms =1

(controlled evolution PDEs).
Remark 2.3. (ADJ) means the identities

. 8X" 0X}
) - - (p*oa)axf ) ) (@ ()" (1)

(adjoint PDEs).

Remark 2.4. The relations (M) represent the mazimization principle and the rela-
tion (to) means the terminal (transversality) condition.

Remark 2.5. The multitime maximum principle states necessary conditions that
must hold on an optimal m-sheet of evolution.
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Example. Consider the problem of a mine owner who must decide at what rate
to extract a complex ore from his mine. He owns rights to the ore from two-time date
0 = (0,0) to two-time date T' = (T, T). A two-time date can be the pair (date, useful
component frequence). At two-time date 0 there is 2o = (z) ore in the ground, and
the instantaneous stock of ore z(t) = (x%(t)) declines at the rate u(t) = (u(¢)) the

i 2
0
a constant price p = (p;). He does not value the ore remaining in the ground at time
T (there is no ”scrap value”). He chooses the rate u(t) of extraction in two-time to
maximize profits over the period of ownership with no two-time discounting.

Solution (continuous two-time version). The manager want to maximizes
the profit (curvilinear integral)

P(u() = [ GM&%%ﬁ8>ﬁ“

0
subject to the law of evolution —I(t) = —u,(t). Form the Hamiltonian 1-form

otv

mine owner extracts it. The mine owner extracts ore at cost g; and sells ore at

ul, ()

Hy = piug(t) — g 0

differentiate and write the equations

OH, i
2 = <p¢ — 2qiu—(,l — )\1) 55 =0, no sum after the index i;
Oug x

o\
at»

) - 0o _ _ i<ug(t)

2
—— = : , no sum after the index i.
ox* xi(t)

As the mine owner does not value the ore remaining at time T', we have \;(T) = 0.
Using the above equations, it is easy to solve for the differential equations governing
u(t) and A;(¢):

2 Wi ()’ |
p— =1; — A; — —: o fi
2q’b i (t) Pi )‘1 (t)a ot (t) qi ( 2 (t) ) no sum after 1

and using the initial and turn-7' conditions, the equations can be solved numerically.
Free multitime, fixed endpoint problem. Given a control u(-) € U, the state
x(+) is the solution of the initial value problem

ox’
ot

(PDE) (t) = X\ (z(t),u(t)), z(0) =0, t € Qoy, C R

Suppose that a target point z; is given. Then we consider the cost functional (path
independent curvilinear integral)

(P) HMN=/«%@®WWW@
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where 7o, is an arbitrary C'* curve joining the points 0 and 7 in Qqq,, for 7 = 7(u(+)) <
0o, 7= (71,...,7™) as the first multitime the solution of (PDE) hits the target point
x'. We ask to find an optimal control u*(-) such that

P(u*(-)) = Jnax P(u(-))-

The control Hamiltonian 1-form is
Ha (x7p07p7 u) = pOXg(xa ’lL) + pZXéz(xv U)

Theorem 2.6. (multitime maximum principle) Suppose u*(:) is optimal for
(P), (PDE) and that x*(-) is the corresponding optimal m-sheet. Then there exists
a function (p5,p*) = (p*0,p*;) : Qor= — R™** such that

(PDE) S0 = 2 05500 (0,00 0)

(ADJ) B 1) = O o0, 1) (), " (1),

and

(M) Hala (0, p3(0),9" (1), (1)) = mie Hoa* (1), (1), 2" (6, 0), 1 € Qe
Moreover,

Ha (2" (t),po (), p* (1), u™(t)) oy, =0,
where T* denotes the first multitime the m-sheet ©*(-) hits the target point x;.

We call z*(+) the state of the optimally controlled system and (p§, p*(+)) the costate
matrix.

Remark 2.7. A more careful statement of the multitime maximum principle is: there
exist the constant p*, and the function (p*;) : Qo= — R™ such that (PDE), (ADJ),
and (M) hold. The vector function p*(-) is a Lagrange multiplier, which appears owing
to the constraint that the optimal m-sheet x*(-) must satisfy (PDE).

Remark 2.8. If the number p*, is 0, then the control Hamiltonian 1-form does not
depend on the corresponding running costs XO and in this case the mazimum principle
must be reformulated. Such a problem will be called abnormal problem.

Remark 2.9. The previous theory can be extended to the nonautonomous case
(P) Pu() = [ X§t.ale),u(t)it”
Yor

and
oz’
ote

using the idea of reducing to the previous case by introducing new variables =& =
t“a=1,...,m.

(PDE) (t) = XL (t,z(t), u(t)), t € R,
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2.1 Maximum principle with transversality conditions

We look again at the dynamics

ox’

(PDE) i

(t) = Xa(x(t),u(t), t € BT,

when the initial point zy belongs to the subset My C R™ and the terminal point z; is
constrained to lie in the subset M; C R™. In other word, we must choose the starting
point zg € My in order to maximize

(P) Hw»=/<w@wmww%

where 7o, is an arbitrary C! curve joining the points 0 and 7 in Qqy,, for 7 = 7(u("))
as the first multitime we hit M.

Assumption. The subsets My and M; are smooth submanifolds of R™. In this
context, we can use the tangent spaces Ty, My and T, M;.

Theorem 2.10. (more transversality conditions) If the functions u*(-) and x*(-)
solve the previous problem, with xo = x*(0), x1 = x(7*), then there exists the function

p*(+) : Qorx — R™ such that (PDE), (ADJ) and (M) hold for t € Qo,~. Also,

the vector p*(7*) is orthogonal to Ty, M,

(to)

the vector p*(0) is orthogonal to T, M.

Remark 2.11. Let Toy, be an arbitrary C' curve joining the diagonal points 0 and
to. According the terminal/transversality condition, for to > 0 and

Plu() = Xp((t), u())dt” + g(z(to)),

Tot,

the condition (to) means p*;(to) = %(m*(to)).

ml
Remark 2.12. Suppose My = {z|fi(z) = 0, & = 1,...,£}. Since the normal
space (orthogonal complement of the tangent space T, M) is generated by the vec-

tors a—‘f’Z(zl), k=1,..,¢, we must have p*,(7*) = /\k%(xl), for some parameters
x x
(constants, Lagrange multipliers) X', ..., \’.

2.2 Maximum principle with state constraints
Let us return to the problem

ox’

(PDE) e

(t) = X\ (z(t),u(t)), z(0) =0, t € Qoy, C R

(P) HMN=/«ﬁ®®WWW@
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for 7 = 7(u(+)) < oo, 7= (71,...,7™) as the first multitime with z(7) = 2!, and 7o,

an arbitrary C! curve joining the points 0 and 7 in Qg,. In this sense, we have a
fixed endpoint problem.

State constraints. Suppose our multitime dynamics remains in the submanifold
N = {x € R"| f(z) < 0}, where f : R — R is a differentiable function. The
functions f and X! define new functions

of
oxt
If 2(t) € ON for t € Q,s,, then cq(x(t),u(t)) = 0.

Colx,u) = () X" (z,u).

Theorem 2.13. (maximum principle for state constraints) Suppose u*(-), x*(-)
solve the previous control theory problem, and that x*(t) € ON for t € Qgys,. Then
there exist the costate vector function p*(-) : Qsos, — R"™ and there ewist N j(-) :
Qsys;, — R such that

(PDE) ) = S 0097 0 (1),
apsy Wy = O ) ), (0) + XG0 O (0 (1), (1)
(M) Hafar (0, °(0) 0" (1)) = max (Hp (o (1), (0),1) | ea 0" (1) ) = 0}

ueUy,
hold, for multitimes t € Qgs, .

Remark 2.14. Let q1,...,qs be differentiable functions on U which determine the
subset

A={ueU|qu)<0,...qu) < 0}
in the control set (the condition m < s is necessary). In this case, instead of the

relation (M) appear (M"):

%(aj*(t),p*(t),u*(t)) = /\*g(t)%(x*(t),u*(t)) + u*g(t) %ql: (w* (1))

The functions \*}(-) are those appearing in (ADJ'). If x*(t) lies in the interior of
N, for say the multitimes t € Qos,, then the ordinary multitime mazimum principle
holds.

Remark 2.15. (Jump conditions) Let so be a multitime that p* hits the boundary
ON. Then p*(sog —0) = p*(so + 0). This means that there is no jump in p* when we
hit ON. Howewver,

P o1 +0) =9 (1 = 0) = X*Hlon) 52 (@ (s1))

i.e., there is possibly a jump in p* when we leave ON. Of course, these statements
are true when the gluing (contact) sheets, i.e., the unconstrained evolution sheet and
the evolution boundary ON have the same dimension.
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3 Proofs of the multitime maximum
principle

The proofs of multitime maximum principle relies either on control variations similar
to those in variational calculus (for interior solutions, see also [15]-[30]) or on control
m-needle variations. These give rise to variations of a reference m-sheet. In spite of
the fact that these variations are not equivalent, they assert similar statements.
Here we use the m-needle variations. To explain their meaning, we consider a can-
didate optimal control u*(+), the corresponding optimal m-sheet 2*(-), and a multitime
point s of approzimate continuity for the functions X, (z*(),v*(+)) and u(-) € Y. An
m-needle variation is a family of controls u(-) obtained replacing v*(-) with u(-) on

the set Qs \ Qos—e. Any m-needle variation gives rise to a gradient variation y, of
i

o’ . 0X

an m-sheet z(t) satisfying the variational PDE ;Zg (t) = yé(t)a—f(x(t),u(t)), in
x

the classical sense, only after the multitime s. Of course, the last PDEs satisfies the

complete integrability conditions.

3.1 Simple controls variations

The response z(:) to a given control u(-) is the unique solution of the completely
integrable PDEs system
oxt
ote
Let us find how the m-needle changes in the control affect the response. In this
sense, we fix the multitime s = (s!,...,5™),5* > 0, @ = 1,...,m, and a control
v(-) € U. We select € = (el,...,e™),e* > 0 with the property 0 < s — €* < s* and
define the modified control

ue(t) _ { U(t) ifte QOS \ Q()S,6

(PDE)

() = X2 (x(t), u(t)), 2(0) = o, t € Qoyy C B

u*(t) otherwise,

which is called a simple m-needle variation of u*(-). We denote by z.(-) the corre-
sponding response of our system

o ,
(22) e () = Xi(@(t), uct)), 2.(0) = @0, t € Oy, C RY.

Let us try to understand how the choices of s and v(-) cause z(-) to differ from z(-),
for small ||e|| > 0.

Lemma 3.1. (changing initial conditions) If z.(-) is a solution of the initial value
problem

8'7:2 % (e} m
o (1) = Xa(2e(t), u(t)), 2(0) = 20 + €yao + 0(¢), t € R,

then xc(t) = x(t) + €“ya(t) +0(€) as € — 0, uniformly for t in compact subsets of R,

where yo = (y%,) = (gxs |5_0) 1s the solution of the initial value variational problem
EOt
Ay, j 8Xé m
e (1) =y (1) 52 (w(0), u(0)), 9a(0) = oo, t € RY.
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Coming back to the dynamics (22) and simple control m-needle variation, we find

Lemma 3.2. (dynamics and simple control variations) If u.(-) is a simple
variation of the control u*(-), then

z(t) = 2(t) + €“ya(t) + o(e) ase — 0
uniformly for t in compact subsets of R, where yo(t) =0, t € Qos and

i - 9X]
(03) D) = () 5 (0 00, 9a() = s £ € BT\ s,

for

Yas = Xa(2(s),v(s)) = Xa(z(s),u"(s))-

Proof. For simplicity, let us drop the superscript *. First we remark that z.(t) = x(t)
for t € Qps—. and hence y,(t) = 0 for t € Qps—.. For the multitime ¢ € Qo5 \ Qos—e,
we can use the curvilinear integral

ze(t) — x(t) = /F (Xa(z(s),v(s)) = Xa(2(s), u(s)))ds® = o(e),

where I's_; is a C* curve joining the points s — e and ¢t. Hence we can put y,(t) =0
for i € QOs \QOs—e-

We set t = s. Since the curvilinear integral is independent of the path, we select
I" as being the straight line joining the points s — € and s, i.e.,

F:t*=s"—€e"+¢*r, a=1,...m, 7 €[0,1].
Consequently,
ze(s) — x(s) = (Xa(2(s), v(s)) — Xa(x(s),u(s)))e” + o(e).

On the multitime box R\ Qqs, the functions x(.) and z(.) are solutions for the same
PDEs, but with different initial conditions: z(0) = z and x.(s) = z(s)+€*yqs+o0(€),
for y,s defined by (23). The Lemma of changing initial conditions shows that

ze(t) = x(t) + €ya(t) + o(e)

for ya(-) solving (23) and for ¢t € R \ Q. O

3.2 Free endpoint problem, no running cost
Statement. Let us consider again the multitime dynamics

ox’
ot

(PDE) (t) = X&(x(t),u(t), 2(0) ==, t € o, C RY

together the terminal cost functional

(P) P(u(-)) = g(x(to)),
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which must be maximized with respect to the control. We denote by u*(-) respectively
x*(+) the optimal control and the optimal m-sheet of this problem. Since the running
cost is zero, the control Hamiltonian 1-form is

Ha(xapa u) = plX(zx(‘rEfu)

It remains to find a vector function p* = (p*;) : Qo¢, — R™ such that

(ADJ) W 1) = O (01, (1), (1), € vy
and
(M) H (8, p° (1), (1)) = ma Ho & (1), " (), w).

uelU

For simplicity, let us drop the superscript *. Also, we take into account the control
variation wu.(.).

The costate. We define the costate p : Qo, — R"™, p = (p;), as the unique
solution of the terminal value problem

Op; ( ) 6Xé

0D () = —pi(1) 5 2 (a(0) (), £ € Doty pilt) = 5% ((t0))

(24) ox?

The solutions of the Cauchy problems (23)+(24) determine an 1-form of components
piyz,. The PDEs (24) are called adjoint equations since we can verify by computation
that the components (scalar products) piyé are first integrals of the PDEs system
(23)+(24). The costate will be used to calculate the variation of the terminal cost.

Lemma 3.3. (variation of terminal cost) The partial variations of the terminal
cost are

P (e Dleo = pils) (Xp(a(s),v(s) — Xp(a(s), u(s)))

Proof. Since P(uc(-)) = g(z(to) + €’ys(to) + o(€)), where y(-) satisfies the previous
Lemmas, we find
9 p = %9 (at0))i (¢
2 Pl leco = 22wt o).

Since the components piyé are first integrals of the PDEs system (23)+(24), we obtain

29 lto) wh(t0) = pilto)y(to) = Pi(s)y}(s), Vs € vy

Finally, the functions yg(s) = Xa(z(s), v(s))—Xg(z(s),u(s)) give the desired formula.
(]

We restore the superscript * and we formulate the next

Theorem 3.4. (multitime maximum principle) There erxists a function p* :
Qot, — R™ satisfying the adjoint dynamics (ADJ), the mazimization principle (M)
and the terminal (transversality) condition (to).
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Proof. The adjoint dynamics and the terminal condition appear in the Cauchy prob-
lem (24). To prove (M), we fix s € int Qq, and v(-) € U, as above. Since the function
€ — P(uc(")), € € Qoty, has a maximum at € = 0, we must have

0> 575 (ue())le=o = p7i(s) (X(2" (), v(s)) = Xj(a"(5),u™(s))) -
Consequently '
Hy(2"(5),p"(s), v(s)) = p*i(s) Xj(2" (5), v(s))
< pi(8)Xp(a" (), u™(s)) = Hp(x"(s),p"(s),u" (5)),
for each s € int Qg, and v(-) € U. Since the function v(-) is arbitrary, so it is the
value v(s) and therefore

Heo (27 (1), p" (1), w"(t)) = max Ho (27 (), p* (1), u).

uelU

3.3 Free endpoint problem with running costs
Let us consider that the cost functional include a running cost, i.e.,
(P) P(u() = g X5 ((t), u(t))dt? + g(a(to)),

otg

where T'gy, is an arbitrary C! curve joining the points 0 and ¢, the running cost dz® =
Xg(x(t), u(t))dt? is a closed (completely integrable) 1-form, and g is the terminal cost.
In this case the control Hamiltonian 1-from must have the form

Ha(x7p07p7 'LL) = png(l’,U) +p1X}1(x7u)a

under the condition that we can built a costate function p*(-) = (p*,(+), p*;(+)) satis-
fying (ADJ), (M) and (to).

Adding a new variable. Introducing a new variable z°, we convert the theory
to the previous case.

Let 2° : Qqs, — R be the solution of initial problem

or"
ot

where 2(-) = (2%(-)) is the solution of (PDE). Introduce

r=(z',..,2"), T= (2" 2), To = (0,20), Z(-) = (2°(-), z(")),

(25) (t) = X2(x(t),u(t)), 2°(0) =0, t € Qoy,,

and
Xo(T,u) = (X3 (2, u), Xo(2,u)), 9T) = g(x) + apa’.

Then (PDE) and (25) give the dynamics

0T —

(PDE) a?(t) = Xo(z(t),u(t)), T(0) =To, t € Qog,-
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Consequently, the actual control problem transforms into a new control problem with
no running cost and the terminal cost

(P) P(u(-)) =g(@(to))-

We apply the previous theorem of multitime maximum principle to obtain p* : Qo¢, —
R p* = (p*,) satisfying (M) for the control Hamiltonian 1-form
ﬁa (E7 ﬁu ’LL) = piy; (fv u)

The adjoint equations (AD.J) hold for the terminal transversality condition

_ — g ,_ .

(to) p*;(to) = ﬁ(:ﬂ(to)),] =0,1,2,...,n.

Since X, do not depend upon the variable x°, the 0-th equation in the adjoint equa-
- . 0 og

tions (ADJ) is ang = 0. On the other hand, the relation a—xgo = ag implies pg = ag.

Consequently Hg(z,p,u) and p*(-) = (p*;(-)) satisty (ADJ) and (M).

3.4 Multitime multiple control variations

To formulate and prove the multitime maximum principle for the next fixed endpoint
problem, we need to introduce a multiple variation of the control.

Let us find how multiple changes in the control affect the response. We fix the
multitimes s4 = (s4,...,s%), A = 1,..,N, with 0 < s; < ... < s, the control
parameters v(-) € U and strictly positive numbers A4, A =1,2,..., N. Select € > 0
so small that the domains Qs , \ Qg5 , x4, do not overlap. Define the modified control

wty = § A € Qo \ Qs A= 1N
T w*(t)  otherwise,

which is called a multiple m-needle variation of the control v*(-). We denote x.(-) the
corresponding response of the Cauchy problem
oxt

(’915; (t) = X\ (zc(t),uc(t), zc(0) =z, t € R

(26)

Let us try to understand how the choices of s4 and va(-) cause z(:) to differ from
x(-), for small € > 0. Firstly, we set yo(t) = Ya(t, 5)Yas, t € Qso0, for the solution of
the Cauchy variational problem (linear PDE system)

09 (1) — 1 (0255 (o(8), ul®)), yas) = gss £ €O
atﬁ *ya ax] € ,U 9 yOé S 7y(xsa 5009

where the points y,s € R™ are given and Y, (¢, s) is the transition matriz.
We define

Yass = Xa(x(54),v4(8)) — Xa(z(sa),u(sa)), A=1,2,...,N.

and we replace the Lemma of dynamics and simple control variations with
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Lemma 3.5. (dynamics and multiple control variations) If u.(.) is a multiple
variation of the control u(-), then

z(t) = x(t) + € yo(t) + o(€) as e — 0

uniformly for t in compact subsets of R, where

ya(t) =0 te QOsl
ya(t) = Zgzl AAYa(tSA)yasA te QOSA_H \QOSA7 P=12.,N-1
ya(t) = ZA:l )\AYa(ta sA)yasA te QsNoo~

Definition 3.1. (cones of variations) Let 0 < 1 < s < ... < sy < t and
Yas, € R", A=1,...,N. For each «, the set

N
Ka(t) = {>_ AYa(t,s4)asa N =1,2,..:0% > 0}
A=1

is called the cone of variations at multitime t.

We remark that each K,(t) is a convex cone in R"™, consisting in all changes in
the state x(t) (up to order €) we can make by multiple variations of the control w(-)
(see the previous Lemma). To study the geometry of K, (t), we need the following
topological Lemma:

Lemma 3.6. (zeroes of a vector field) Let S be a closed, bounded, convex subset of
R" andp € IntS. IfY : S — R™ is a continuous vector field satisfying ||Y (x) —z|| <
||z —pl||, Vo € S, then there exists a point x € S such that Y (z) = p.

Proof. For the general case, we assume after a translation that p =0, and 0 € Int S.
We map S onto B(0,1) by a radial dilation, and map Y by rigid motion. This process
convert the general case to the next case.

Suppose that S is the unit ball B(0,1) and p = 0. The inequality in hypothesis is
equivalent to (Y (z),z) > 0, Vo € 0B(0,1). Consequently, for small ¢, the continuous
mapping Z(z) = x — tY (x) maps B(0, 1) into itself. According Brouwer Fixed Point
Theorem, the mapping Z has a fixed point, let say Z(z*) = 2*, and hence Y (z*) = 0.
O

3.5 Fixed endpoint problem

The fixed endpoint problem is characterized by the constraint x(7) = x1, where
7 = 7(u(+)) is the first multitime that x(-) hits the target point x1. In this context,
the cost functional is

Plu()) = / X (), u(t))di®.

Adding a new variable. We define again 2° : Qg;, — R as the solution of initial
problem
oz

%(t) = X2(x(t),u(t)), 2°(0) =0, t € Qo,,
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and reintroduce
r= (2 ...,2"), T= (2 2), To = (0,20), Z(-) = (2°(-), z(")),
Xo(T,u) = (X3(z,u), Xo(2,u)), §T) = aga”.
The problem is replaced to the controlled dynamics

(PDE) %(t) — X (2(t),ut)), T(0) = To, ¢ € Qoy.
and maximizing

(P), P(u()) = 9(@(1)) = agz’(7).

7 being the first multitime that x(7) = x1. More precisely, the last n components of
Z(7) are prescribed, and we want to maximize the first component x°.

Now we suppose that u*(+) is an optimal control for this problem, corresponding
to the optimal m-sheet *(-). Let us construct the associate costate p*(-), satisfying
the maximization principle (M). To simplify the notations, we drop the superscript
*.

Cones of variations. We use the previous theory, replacing the n variables with
n + 1 variables, and the nm variables with (n + 1)m variables, i.e., overlining the

mathematical objects. Also, we denote 7, (t) = ?i(t,s)yﬂs for the solution of the
Cauchy problem

0X 8
oz’

oy
L IORS A

(f(t)vu(t))v ya(s) = Vas: t € Qroo \ Qos,

where the points 7,, € R"T! are given and 7§(t, s) = (7&(@ s)) is the fundamental

(transition) operator. In this way, for 0 < s; < s9 < ... < sy < 7, the cones of
variations are

N
Kalr) = {3 MY o(r s4) 050, IN = 1,2,..53% > 0},
A=1
where o o
yBsA = XB(E(SA),uA) — Xg(f(sA),u(sA)), ug € U,.

Let us show that each cone K, does not occupy all the space R"*!, and conse-
quently it stays aside of a hyperplane.

Lemma 3.7. (geometry of one cone of variations) The (n + 1)-dimensional
versor eqo = (1,0, ...,0) is outside Int K.

Proof. Step 1. Suppose eqo € Int K. Then there exist n + 1 linearly independent

VECHOIS Za0, Zals - Zan € K o such that eqg = Az, with positive constants A and
ZaA = ?5(7, 54)Ygs, for suitable multitimes 0 < sp < 81 < ... < s, < 7 and vectors

Upsn = Xp(T(sa),ua) — Xp(T(sa),u(sa)), A=0,1,2,...,n.
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Step 2. Since for each K, we must follow the same rules, we drop the index a
and we write x = A 2z4. For small 7 > 0, we introduce the closed and convex set
S = {x = M24]|0 < M < n}. Since the vectors zg, 21, ..., 2, are linearly independent,
the interior of S is nonvoid.

Now, for small ||e]| > 0, we define

Z¢: S — R Z9x) =T (1) — T(1), = A za,

where Z(-) solves (27) for the multiple control variation wu(-). If u,n, e > 0 are small
enough, then we conjecture Z¢(z) = p = peg = (i, 0, ...,0). This is true since

12°(x) = zf| = |[Te(r) = (1) — 2[| = o(||z[]), as © — 0,2 € S

1Z2°(x) = || = |[Ze(r) = (7)) — 2| <[]z —pl|, V& € DS.

Step 3. Consequently we can build a control u.(-), having a multiple variation
with the associated response Z.(-) = (22(-), z(+)) satisfying x.(7) = x1 and 2%(7) >
2%(7). This is in contradiction to the optimality of u(-) since the last inequality says
that we can increase the cost. ]

Existence of the costate. We restore the superscript * and we formulate

Theorem 3.8. (multitime maximum principle) Suppose the problem is not ab-
normal. Then there exists a function p* : Qo-~ — R™ satisfying the adjoint dynamics
(ADJ) and the mazimization principle (M).

Proof. Step 1. The geometry of each cone of variations shows the existence of a
nonzero vector w of components (w;) € R, j = 0,1,...,n such that w;zJ <
0, Vz = (2)) € Ko(t), and wjel ; = wy > 0.

Let p*(-) be the solution of (AD.J), with the terminal condition p*(7) = w. Then
P*o=wo = 0.

We fix the multitime 0 < s < 7, the control u(-) € U, and we set

Tas = Xa(@"(s), u(s)) — Xa(T"(s),u™(s))-

Solving
0X

oF

oy, i
L IORSAC)

@), u(t)), Yols) =Tas: t € Qroo \ Qos,
we can write (see Lemma of variation of cost)
0 > w; (1) =D, (T)T5(T) =B, ()75 (s)-

Consequently . 4

P i(5)(X5(T" (), uls)) — X5(T"(s),u"(s))) <0
or o o

Hp(x"(s),p"(s),u(s)) < Hp(T"(s),p"(s), u"(s)).

Step 2. If the number wy is zero, then we have an abnormal problem and the

multitime maximum principle must be reformulated.
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If wg > 0, then the maximization formulas reduces to
Hp(x"(s),p"(s), u) < Hp(2"(5),p* (), u"(s))-
But this is the maximization principle (M). O

Missing discussions: measurability concerns, how we proceed when some mul-
titimes s4 are equal, how we prove that the functions

t — Hg(z™ (), p" (), u(t))
are constants in free endpoint problems, and respectively
Hg(x"(t),p"(t), u(t)) =0

in fixed endpoint problems?

4 Sufficiency of the multitime maximum
principle
Let us consider the controlled functional

F(z(),u() = Xg(t7x(t)vxa(t)’u(t))dtﬁ'

Lot

Definition 4.1. A point (z*(+),u*(+)) is called critical point of the functional F'(z(-), u(-))
if

OXG i ey 0X7 o
g (02" O 2o () u (1) = Dy | Fo | (2" (1), 25,0, w' (1) = 0
oxy
ou® (t,iL’ (t)"ra(t)7u (t)) =0.

Definition 4.2. Let (z*(-),u*(:)) be a critical point of the functional F(z(-),u(:)).
If there exists a vector function n(t, z(t), *(t), xq(t), x% (t), u(t), u*(t)) such that

n(t,x(t), 2 (t), wa(t), x5, (1), u(t), u ())|a@t)=a= @) =0
and a vector function £(t, z(t), z*(t), 24 (1), x5 (t), u(t), u*(t)) with the property
F(z(),u() = F(z*(),w"(-)) <

[ (a2 ®.zalt), 20, ut) 0 (0) S
Lot

0
X}

i
(933{

(&, 27 (t), 2o (1), u" ()

+Dy! (8, 2 (t), 2 (1), wa (1), 24 (8), u(t), w” () 5 (2" (1), 25, (8), u* (t)

a * * * an * * * B
+&(t2(t), 27 (1), 2a(t), 2o (1), u(t), w” (1) 5o (¢, 2™ (1), 2o (1), u™ (1)) | dt”,

then the functional is called incave at x,u on o, with respect to n and &.
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Theorem 4.1. The functional F(x(-),u(:)) is incave if and only if each critical point
(x*(-),u*(+)) is a global mazimum point.

Now we come back to our original control problem P, PDFE with the control
Hamiltonian 1-form

Hg(t,x(t),u(t), p(t)) = Xp(t, x(t), u(t)) + pi(t)a(t)-

The functional can be written

Pla() ul) = / (Hp(t, 2(t), wa(t), u(t)) — pi(t)zj(t)) dt”.

Cot,

If u*(+) is a C'* optimal control, and x*(-) is the optimal evolution, then

ozt (t,.’L’ (t)>u (t)) + oth (t) =0, %(t,l‘ (t)au (t)) =0,

ie., (z*(-),u*(-)) is a critical point of the functional p(z(-), u(:)). The point (z*(-),u*(+))
is a global maximum point if and only if the functional P(z(-),u(-)) is incave.

Theorem 4.2. The problem P, PDE has a solution (z*(-),u*(-)) if and only if the
functional P(x(-),u(+)) is incave.

If we add some concavity restrictions to the components of the control tensor and
the constrained set, then we can prove the sufficiency of the conditions of multitime
maximum principle.

Definition 4.3. A function f : R™ — R is called concave if its Hessian matrix (fyi i)
is negative definite at each point z*, i.e., the associated quadratic form f, i, (z*)(z*" —
x")(z* — x?) is negative, for an arbitrary point z*.

A concave function satisfies the inequality f(xz*) — f(z) > foi(2*)(2* — 2?).

Theorem 4.3. If the triplet (x*, p*, u*) satisfies the conditions of multitime mazimum
principle and each component of the control tensor evaluated at p = p* is (strictly)
concave in the pair (z*,u*), then (z*,p*,u*) is the (unique) solution of the control
problem.

Proof. Let us have in mind that we must maximize the functional
P(u(-) = X5t 2(t), ult))dt”
Loty

subject to the evolution system. We fix a pair (a*,u*), where u* is a candidate
optimal m-sheet of the controls and x* is a candidate optimal m-sheet of the states.
Calling P* the values of the functionals for (z*,u*), let us prove that

P —P= / (X3° — X3at? >0,
Loty
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where the strict inequality holds under strict concavity. Denoting HX = H, (¢, z*, p*, u™)
and H, = H,(t,x,p*,u), we find

Ox*? Ozt
P*—P= X0 — X9 ﬁ:/ HY —pi=—) — (Hg — pr =) | dt”.
I‘otg( g B)dt Tot, ( B atﬁ) ( P 3tﬁ) dt

Integrating by parts, we obtain

* _ * *zap: zap:( 6]

= (P} (to) 2™ (to) — P} (0)2™(0)) + (p} (to)2" (to) — P (0)2"(0)) -
Taking into account that any admissible m-sheet has the same initial and terminal
conditions as the optimal m-sheet, we derive

opr . )
P —PpP= H:—H 2 (¥ — 2h) ) P
Loty (( 7 B) - atﬁ (aj ! >>

The definition of concavity implies

* apj *5 0 B
/F ((Hﬁ Hp)+ e x))dt

) - O0H} OH} oo )
Totg

oz’ Oue  Oth

. OHY  op* OH?
_ x4 Jé3 D; xa _ ,a B B
/Fmo <(x x)( B + atﬁ)+(u u )aua)dt .

”

This last equality follows from that all ” x” variables satisfy the conditions of the
multitime maximum principle. In this way, P* — P > 0. (]

Remark 4.4. One can ensure the sufficiency of the multitime mazimum principle
from more primitive assumptions on the functions X and X'. For exzample, if X2
are concave in (x,u) and X! are concave (convez) in (z,u), and p; > 0(< 0), then
Hp evaluated at p} are concave in the pair (z,u).
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