Generalized geodesics on
almost Cliffordian geometries

Jaroslav Hrdina, Petr Vasik

Abstract. In this paper we prove some facts about the geometric de-
scription of these structures, especially the generic rank of multiaffinor
structures called almost Clifford geometries, i.e A—modules, where A is a
Clifford algebra, particularly Clifford algebra Ci(0,3),CI(1,2),Cl(2,1) or
Cl(3,0). Finally, we focus on A-structures, where A is a Clifford algebra
Cl(0,3) and describe their generalized geodesics.
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1 Introduction

Recently, a generalized approach to differential geometric structures using the defi-
nition of an affinor action on the fibres of the tangent bundle has been developed.
Indeed, in this sense an almost complex structure on a 2n—dimensional manifold
M is a (1,1)-tensor field J : TM — TM (i.e. an affinor) satisfying the identity
J? = —E. An almost hypercomplex structure on a 4n-dimensional manifold M is a
triple (I, J, K) of almost complex structures I, J and K satisfying the conditions

I’=J*=K*=-E, K=1I1Jand IJ+JI =0,

see [1, 7]. In the Clifford algebra language, an almost complex structure on a 2n
dimensional manifold M is a fibre preserving A—module TM — M, where A = CI(0,1)
and an almost hypercomplex structure on 4n dimensional manifold M is an fibre
preserving A-module TM — M, where A = CI(0,2). In these cases, elements of A
act as affinors. A-modules based on the Clifford algebras CI(0,2), Ci(1,1) = Ci(2,0)
are examples of the so called triple structures and they are very well known too, see
[4]. The key point of this approach to geometries as A—modules is that A is an unitary
algebra, not necessary with inversions, which allows us to study their properties more
effectively, see [7, 5, 6]. Finally, a geometry over Clifford algebra O, for example
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O :=Cl(0,3), i.e. geometry based on the free algebra with generators I, I, I3, i.e.
the algebra of affinors: ld, Il, IQ, 13, 11]2, 11[3, 1213, 11[2137 such that

B=I=I=-id, LI;+L1;=0,i4#j,

is called an almost Clifford if the structure group is GL(m, Q) and an almost Clif-
fordian if the structure group is GL(m,0)O(1), where O(1) = {z € O|z*z = 1}
provided that z* is a conjugation (see [2, 3] or [10] for some physical motivations).
Generally, geometries over Clifford algebras are called almost Cliffordian geometries
if the structure group is Gl(m, A)A(1) and almost Clifford geometries if the structure
group is Gl(m, A), where A is a corresponding Cliffford algebra.

2 The generic rank

Following the paper [2] we recall some basic facts about almost Clifford and almost
Cliffordian manifolds, where A = O and we will prove similar facts about almost Clif-
ford and Cliffordian manifolds, where A = CI(0, 3), Ci(1,2) and Ci(2, 1), respectively.
First note that CI(3,0) = Ci(1,2) = C(2), where C(2) is the set of 2 x 2 matrices over
C. This is why we focus only on Clifford algebras CI(0,3), CI(3,0) and CI(2,1). The
ordered family of linearly independent complex structures H = (11, ..., Is) on vector
space V is called a multicomplex structure on V' (in [2, 3] author called these struc-
tures hypercomplex, but we would like to avoid any confusion with the cited papers
[1,4,7,5,6)) if the algebra {Id, I, ..., Is, I = I 0ls} is isomorphic to the appropriate
Clifford algebra O. Clearly, the family of endomorphisms {Id, I,...,Is,I; = Iy o I}
is linearly independent and V' is an O-module. Recall that if there exists a multi-
complex structure on the vector space V then necessarily dimV = 8m, m € N.

Definition 2.1. [7] Let A be a n-dimensional unitary R-algebra and let V be a
finite dimensional A—module. We say that A—module V has weak generic rank n if
the subset of elements X € V', such that the A-hull A(X) := {FX|F € A} generates
a vector subspace of dimension n, is open and dense in V.

Let V be an 8m—dimensional vector space and H = (J1, Ja, J3, Jy, J5, Js) be a
multicomplex structure. It is not hard to see the following facts. Clearly, we can
choose the basis H = (11, Iz, I3, I1 I, I1 I5, IsI3), without loss of generality. Now, for
an arbitrary element F' € O, i.e. the element of the form

F = ag+ali +aols +azls + arolilo + a1zl I3 + aozlals + ar23li 1213,

and for F™* = ag — 0,1[1 — CLQIQ — a3]3 — CL1211[2 — a1311[3 — 0@3]2[3 + CL123]1[2]3, we
get

F*F a% + aparly + apazls 4 apasls + apaiali lo + apai3liIs + apazzlals

apai2zlil213

+ +

2
apar — ay — arazl1 Iy —ajasli I3 — araials — arai3ls — ajagzliIz13
— araigzlodz +---

2 2 2 o 9 2 2 2
(ag — ai — a3 — a3 + ajy + ajz + azz — ajag)

+  2(agaizs — arag3 + asaiz — agaiz) 11213,
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Therefore F*F = by + biI1 1213, where b; € R and (F*F)*(F*F) = b2 — b? € R.
Finally, (F*F)*(F*F)X = 0 implies X = 0 or b2 = b}, i.e. by = +b;.

In particular, if the element F' € O acts as a singular map, i.e. 3IX € V: FX =0,
then also F*F acts as a singular map and therefore hg = +h;, where

(2.1) ho = aj—af —aj —a+aiy +afy +a3; —afyy

(2~2) hi = apaiss — arazs + azaiz — azaiz

and we have proved that the coefficients of those F' which act as a singular map
have to belong to the hyperspaces hy = +h;. Now, we can see that the center
of O is Ry + Rl 513 and the only ideals in O are {0},0,0(%(Iy + I11513)) and

O(%(IO — 11 1513)). Also, the algebra O is not a real division algebra. Exactly, in case
ho = h1 = 0 we have

2 2 2 2 2 2 2 2
ag — aj — a3 — a3 + ajy + ajs + a3y — aja3 = ApA123 — A1a23 + a2a13 — agaz = 0.
Then we can choose a vector (ag, a1z, a13,as3) and compute F' € A by

| a0, a12,a13,a23 |=|| a1, az2,as,a123 || and

(ag, azs, a13,a12) - (@123, —ai, az, —az) = 0.

In fact, for any a = (ag, a12, a13,as3) there are eight possibilities:

:l:((1123, —ai, az, *(13),

+(ai23,v1, v2,v3), where (v1,v2,v3) = (a23,a13,a12) X (—ai, a2, —a3)
+(v1, —a1, v2, v3), where (v1,v2,v3) = (ag, a13, a12) X (a123, a2, —as)
i(v17027a2703); where (U17027U3) = (00,0237012) X (a123, —ai, —aa)

Thus in this case the subset of the elements which act as a singular map is isomorphic
to CI™(0, 3).

Concerning the almost hypercomplex structure, the polynomials corresponding to
ho and hy vanish by default. In particular, if V' is an 4n—dimensional vector space then
A-module with A being the algebra of quaternions has generic rank 4 independent
on the representation. In the following text this is not the case and we have to work
with explicit representations.

Let us mention that the faithful representation is a representation p : A — Hom(V)
such that p is injective. In the sequel we will use the symbol O for the Clifford algebras
Cl(0,3),Cl(2,1) or CI(3,0). If the O-module is based on faithful representation, we
may choose a local basis of O. For example,
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0 0 0 1]0 0 0 0
0 0 0 ol0o[=1 010
0 0 0 o0l0o|l0 =—=1]0
L _|LL 0 0 0j0 0 0 0
3710 0 0o o0o/o o o 11|’
0[=1 0]0o|0 0 0 0
0| 0 11o0l0 0 0 0
0 0 0 0|1 0 0 0
for O = CI(3,0) and
0 1]0 0 0 0 0 0 00 170 0 0 00
0 0 O0|l0[=1T 0 0]0
1 0/0 00 OO0 O
1 0 0l0lO0 0 0]O
0 00 0[T 0]0 0
1 0 00/0 0 1]0
000 0/0 1|0 0
I = L=|0[=1 0 0] 0 0 0 0
0 0[1T 0/0 0 0 O
0/ 0 00/0 0O 0 O
0 0|0 1/0 0 0 O
0/l 0 0 1] 0[O0 0 —1
0000O0O0[0 1
000O0O0TO 0|1 0 00 00 010 00
0 0 00 O0/]—-110 0
0 0 0 —-1]0 0 0 0
0 0 0 O01]0[1T 0]O
0 0 0 01]0/0 1]0
Ll 0 0 0]0 00 o0
37100 0o o0]0 0 0 —1]|’
0[=1T 0] 0|0 00 0
0|l 0 -1/ 01]0 0 0 0
0 0 0 0|1 00 0

for O = Cl(2,1). For the explicit matrices of faithful representation of O see [2]. We
outlined the blocks in the above matrices which represent identity, complex structure
and product structure (i.e. such affinor P that P? = E).

Theorem 2.1. [6] Let X1,..., X, be a basis of an A-module V' and let A be an
n—dimensional unitary associative R—algebra, where n < m. If there exists X € V
such that dim(A(X)) = n then the A—module V' has weak generic rank n.

Theorem 2.2. Let V' be an A-module, where A = Cl(0,3),Cl(2,1) or CI(3,0), re-
spectively. If dim(V) = 8m then A-module V' has weak generic rank 8.

Proof. For A = CI(3,0), by means of real representation of GL(m,A), for vector
X eV, X =(1,0,...,0)T we obtain:

ag ai a2 as —ai12 —a13 —a23 —ai123 1 ag
ay ag a12 a13 —asz —as @123 —aszs 0 ay
a2 —a12 ao a23 a1 @123 —as a13 0 a2
az  —ai3 —G23 Qo —a123 a1 az  —ai O _ | as
ai2 —az ay a123 ago a3  —a13 as 0 ai2
a13 —as —ai23 ay —aszs ago a12 —asz 0 a13
G23  —a123 —asg a2 a13 a12 ag ai 0 a23
@123 a23 —a13 a12 asg —a2 a1 ao 0 @123
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Now, if F € A, F(X) = 0 implies a; = 0 for any ¢, i.e. F =0 and Theorem 2.1 is
applied. By similar direct computations we obtain the same result for A = Ci(0, 3)
and Cl(2,1). Recall that the result for A = CI(0, 3) was presented in [3]. O

3 Triple structures

Let us shortly mention that our results have impact to the theory of triple structures,
see [4]. First, let us recall that there are four triple structures, the most common is a
hypercomplex structure based on affinors I, J, K, such that

A=(E,1LJK), I’?=J*=—-E, K=1J,1J=—-JI
and a hyperproduct structure based on affinors, I, J, K such that
A=(E,I,J,K), I?=J>=FE, K=1J,1J = JI.
The next two are
A=(EI,JK), I?=—-E,J*=E, K =1J,1J=—-JI
called bi—paracomplex or hypercomplex of the second kind and
A=(E,LJK), I’=J*=-E, K=1J,1J=JI

called bicomplex. The bicomplex and hyperproduct structures are such that the
generators commute and they are not based on a Clifford algebra in fact. We will
omit it. The other two are based on the Clifford algebras A = CI(0,2) and Ci(2,0)
respectively.

Corollary 3.1. Let V be a 4n—dimensional vector space and (V, A) be a hypercomplex
structure, i.e. A =H =CI(0,2) and V is a A-module. The hypercompez structure V
has weak generic rank 4.

Proof. Tt is easy to verify that the algebra Ci(0,2) C CI(0,3) is a subalgebra. Let
F € V be the element which acts as a singular map. Then taking into account hg
and h; from (2.1), we have

ho = £h

and (2.2) with ag = a13 = as3 = a123 = 0 for Ci(0,2). We conclude that a; = as =
a1z = ag = 0, i.e. ' =0. The rest of the proof is similar to the proof of Theorem 2.2.
|

Theorem 3.2. Let V be an A-module, where A = CI(0,2) or Ci(1,1) = Ci(2,0),
respectively. If dim(V') = 4n then the A-module V' based on faithful representation
has weak generic rank 4.
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Proof. Let us set A = CI(2,0). As Ci(2,0) C CI(3,0) is a subalgebra, we restrict the
matrix from Theorem 2.2 and obtain

an aq a9 0 —Qai12 0 0 0 1 ap
ay ap a1 0 —as 0 0 -0 0 al
a2 —a12 ag 0 ai 0 0 0 0 as
0 0 0 ao 0 aq as —Qa12 0 . 0
a2 —a9 aq 0 an 0 0 0 0 o a2 ’
0 0 0 al 0 Qg ai2 —a 0 0
0 0 0 as 0 ai2 ap aq 0 0
0 0 0 a12 0 —a9 ay ap 0 0

which completes the proof according to Theorem 2.1. The case A = ClI(0,2) is dealt
with in Corollary 3.1. O

4 Geodesics on Cliffordian manifolds

In this chapter we will work with A = O. If M is an 8m-dimensional manifold
then an almost Clifford manifold M is given by a reduction of the structure group
GL(8m,R) of the principal frame bundle over M to GL(8m, ), i.e. in other words,
an almost Clifford manifold is a G-structure with structure group GL(m, Q). For
concrete description of these groups see [2] or [3]. In particular, on the elements of
this reduced bundle one can define affinors Fy, ..., F7 globally. An almost Cliffordian
manifold M is given by a reduction of the structure group of the principal frame
bundle over M to GL(m,O)O(1). In this case the above tensor fields Fy, ..., F; can
by defined only locally.

Definition 4.1. [5] Let M be a smooth manifold such that dim(M) = m. Let A
be a smooth ¢-dimensional (¢ < m) vector subbundle in 7*M ® TM such that the
identity affinor £ = idpps restricted to T, M belongs to A, C TiM @ T, M at each
point x € M. We say that M is equipped with an ¢-dimensional A—structure.

In this context, an almost Clifford manifold is a manifold equipped with fiber pre-
serving A-module TM and an almost Cliffordian manifold is just A-structure, where
A = O. The key point is that the first prolongation of the Lie algebra gl(8m, Q) is
trivial, but the first prolongation of the Lie algebra g of the Lie group GL(8m,O)O(1)
is isomorphic to (R®™)*. In particular, there is a distinguish class of connections which
share the same torsion (see [1], [3]).

In the paper [3] the author claims that a linear connection V on M is almost
Cliffordian if and only if the covariant derivatives of local canonical basis (Fp, ... F7)
of action of O on T'M are expressed as follows:

6
VF, = Zl/ag ® Fg,
b=1

where a, 3 =1,...,6 and v, are 1-forms on M. In the same paper the author proves
that if the linear connection V is almost Cliffordian, then the set of all Cliffordian
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connections on M is given by
) 15 18
Vx va-F*Z(VXFi) VXF7 F7+*Zl/z FO®FO+F7®F7_A)QX7
8 i=1 2 i=1

where @ is an arbitrary tensor field of type (1,2), X € C*°(M) and A is defined by

6
A=) "F,®F.
i=1
Suppose that the almost Cliffordian structure is locally paralelizable, i.e. in each
coordinate neighborhood there exists a canonical local basis (F1,..., Fg) of V satis-
fying

V.F; =0, wherei=1,...,6.

Finally, if the connections V and V share the same torsion and Cliffordian struc-
ture is paralelizable then

6
(4.1) V = VHERIHIRE-Y [(E0F)) O F;)~ Fi®(EoFy)|+ (6o Fr) @ Fr— Fr® (€0 Fr),
j=1
where ¢ is a 1-form on M (for more see again [3]).

We call the connections V of the form (4.1) A-planar connections and denote
them by [V] 4, where A = O. The theory of planar curves can be found in [8] and [9].

Definition 4.2. Let M be a smooth manifold equipped with an A—structure and a
linear connection V. A smooth curve ¢: R — M is called to be A-planar if

Theorem 4.1. Let (M, O) be a Cliffordian manifold, such that the Cliffordian struc-
ture is paralelizable. A curve ¢ : R — M is A—planar with respect to at least one
A-planar connection V from the expression (4.1) on M if and only if ¢ : R — M is
a geodesic of some connection from (4.1).

Proof. Consider an A-planar curve ¢ : R — M, such that V.¢ € A(¢), where V is
from (4.1), i.e. Vaé = 321 i(¢)Fi(¢). Then

6
Vee = Vee+2€(¢ Z + (€(&)F2 (&)
) 7 . 6
Vee = > @i(¢)Fi(é) +26(e)e— > [2¢ + (£(&)F7(¢))
=0 =1
dim A

Vet = ) (201(0) + &) Fi(0).

i=1
The system of equations 2} (¢)+&;(z) = 0 has a solution, i.e. there exists ol e QY(M)
such that the curve c is a geodesic curve of connection V. The rest of the proof is
easy to see. |
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Theorem 4.2. [5] Let (M, A,[V]a), (M', A", [V]as) be smooth manifolds of dimen-
sion m equipped with A-structure with the class of A—planar connections and A'-
structure with the class of A—planar connections of the same generic rank £ < 2m,
where A, A’ are unitary associative algebras. If f : M — M’ maps A—planar curves
on A'—planar curves then f is a morphism of the A—structures, i.e f*A’ = A, where
f* denotes the pullback of f.

Theorem 4.3. Let (M,V,[V]), (M',V',[V]') be almost Cliffordian manifolds of di-
mension 8m, m > 2 equipped with the class of A—connections with the same torsion.
If f: M — M' maps A-planar curves on A'—planar curves then f is a morphism of
the A-structures, i.e f*A’ = A.

Proof. Almost Cliffordian manifolds are A-structures, where A = O. According to
Theorem 2.1, the generic rank is 8 and the rest of the proof follows from Theorem
4.2. O
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