Polyharmonic submanifolds in Euclidean spaces

S. Maeta

Abstract. B.Y. Chen introduced biharmonic submanifolds in Euclidean
spaces and raised the conjecture ”Any biharmonic submanifold is mini-
mal”. In this article, we show some affirmative partial answers of general-
ized Chen’s conjecture. Especially, we show that the triharmonic hyper-
surfaces with constant mean curvature are minimal.
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1 Introduction

Let x : (M"™,g) — EY be an isometric immersion from an n-dimensional Rieman-
nian manifold into an N-dimensional Euclidean space, where g denotes the induced
Riemannian metric on M. Then it is well known that

(1.1) Ax =nH,

where A is the non-positive Laplace operator, and H the mean curvature vector of
M, respectively. From equation (1.1), M is minimal if and only if x : (M, g) — EV is
a harmonic map. B.Y. Chen introduced biharmonic submanifolds:

Definition 1.1. A submanifold x : M — E¥ is said to be a biharmonic submanifold
if

1
AH==-A%’x=0.
n

We also note that M is biharmonic if and only if x is a biharmonic map. Further-
more, B.Y. Chen raised the interesting conjecture [2]:

Conjecture 1 Any biharmonic submanifold in EV is minimal.

There are many affirmative partial answers to Conjecture 1. In particular, there
are some complete affirmative answers if M is one of the following:
(a) a curve [7],
(b) a surface in E? [2],
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(c) a hypersurface in E* [5, 10].
On the other hand, I. Dimitric showed that any biharmonic submanifold with constant
mean curvature is minimal [7].

We introduce polyharmonic submanifolds for generalized notion of biharmonic
submanifold.

Definition 1.2. A submanifold x : M — E¥ is said to be a polyharmonic submani-
fold of order k if

1
ATTH = - AFx =0,
n
where k is positive integer.

For polyharmonic submanifold of order k, we consider the following problem:

Conjecture 2 Any polyharmonic submanifold of order k is minimal.

Remark 1.3. Polyharmonic submanifolds of order s are automatically polyharmonic
submanifolds of order ¢ (s < t). Especially, biharmonic submanifolds are polyhar-
monic submanifolds of order k¥ (k > 2) (polyharmonic submanifolds of order 2 are
called biharmonic submanifolds). Thus, Conjecture 2 is generalized conjecture of
Conjecture 1.

The author gave a complete affirmative answer for the following case:

Theorem 1.1 ([13]). Any polyharmonic curve parametrized by arc length is straight
line.

In this article we give some affirmative partial answers to Conjecture 2.

The biharmonicity equation is a special case of the following condition:
AH=MH, MeR.

The study of Euclidean submanifolds with AH = AH was initiated by Chen in 1988
[3]. It is known that submanifolds in EV with AH = AH are either biharmonic
(A = 0) , of 1-type or null 2-type. In particular, all surfaces in E* with AH = \H
are of constant mean curvature. Moreover a surface in E3 satisfies AH = A\H if and
only if it is minimal, an open portion of a totally umbilical sphere or an open portion
of a circular cylinder. All hypersurfaces of E* with AH = AH are of constant mean
curvature [6].

In Section 2, we introduce notation and fundamental formulas. In Section 3, we
give the necessary and sufficient condition for polyharmonic submanifolds of order k
and show that any triharmonic hypersurface with constant mean curvature is minimal.
Moreover, we show that ”biharmonic submanifolds” and ”polyharmonic submanifolds
with AH = AH” are equivalent. In Section 4, we consider polyharmonic psudoum-
bilical submanifolds and give several results. One of them recover Dimitric’s result.
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2 Preliminaries

First of all, we recall useful formulas. Let V and D be the Levi-Civita connections
of (M, g) and EN = (RY, (, )), respectively. For any vector fields X,Y € X(M), the
Gauss formula

DxY =VxY +h(X,Y),

where h stands for the second fundamental form of M in EY. For any normal vector
field £, the Weingarten map A with respect to & is given by

Dx¢& = —A¢X + V%€,

where V1 stands for the normal connection of the normal bundle of M in EN. It is
well known that h and A are related by

(h(X,Y),€) = (AeX,Y).

For any x € M, let {e1, -+ ,€n,€nt1, -+ ,en} be an orthonormal basis of EV at
such that {e1,--- ,e,} is an orthonormal basis of T, M. Then, h is decomposed at x

MX,Y) =30 1 ha(X,Y)eq.
The mean curvature vector H of M at z is also given by
H(m) = E(])Y:n—i-lHa(x)eOM

where H,(x) := 132  h,(e;,e;). It is well known that the necessary and sufficient

= n =

condition for M in EV to be biharmonic, namely, AH = 0, is the following ([2, 4]):

2.1) ATH - X7 h(Ane;, ;) = 0,
. n VIH|? + 4 trace Ay =0,

where A is the non-positive Laplace operator associated with the normal connection
V+. Similarly, we obtain that the necessary and sufficient condition for M in EV to
satisfy AH = AH is the following;:

1H - 3n» o) =
22) { ALH — Y7 h(Anes,e;) = AH,

n VIH|? + 4 trace Agiyg = 0.

3 Polyharmonic hypersurfaces in Euclidean spaces

In this section, we give affirmative partial answers generalized Chen’s conjecture.

First, we give the necessary and sufficient condition for M in EV to be polyhar-
monic submanifolds.

Lemma 3.1. The necessary and sufficient condition for M in EN to be polyharmonic
submanifolds of order k, namely, A*"'H = Ty, + Nj, = 0 (T} is tangental part and
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Ny is normal part), are the following:

Tk = AT Tk,1 - ZAh(Tk—laej)e.j - Z Ve]ANk 1 ej ZAVJ_ Np_ €
j=1

j=1
:O,
N = h(Ve,T1,6;) + Y Ve h(Tior,e5) = Y h(Tio1,Ve,e5)
j=1 j=1 j=1

n
+ AJ'N]C,1 - Z h(ANkflej,ej) = 0,
j=1
where, Ty = 0, Ng = H, AT is the non-positive Laplace operator associated with the

connection V and A is the non-positive Laplace operator associated with the normal
connection V=, respectively.

Proof.

ATy =A"Th g — ZAh(Tk,l,e,-)ej + Z h(Ve,Ti—1,¢€5)
j=1 Jj=1

—‘v‘AlNk,l —Zh(ANk_lej,ej). (Il

Especially, the necessary and sufficient condition for M in EV to be polyharmonic
submanifolds of order 3 (triharmonic submanifolds):

Lemma 3.2. The necessary and sufficient condition for M in EN to be triharmonic,
namely, N*H = T + N3 = 0, is the following:

3.1
( )T3 = - Z?:l(vejAALH)(ej) - Z?:l AVGL]ALHGJ‘
=27 ATH{(Ve, Ar)(e5)} + 3201 Ane; (Y., Am)(en) )€
=i AT Aveme; + 351 An(es Ag wen €
+ 200 i1 (Ve Anames en)(€5) + 200 i AVé_h(AHei,ei)ej =0.
N3= A-ATH- Z?:l h(An1nej. €j) — g=1 hej, Ve, {(Ve, An)(ei)})

>
= 30 o1 Ve h(es {(Ve, Am)(en)}) + 307 1h(V e {(V AH)(ei)})
= 2ij=1 (e, Ve {AvLnei}) - Sor =1 Ve h(ej, Avime;)
+20 =1 h(Veseg, AVéHei) — i ALh(Anej,e))
+ 200 =1 MAn(Ames en € €5) = 0.
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Proof. Using Lemma 3.1, we obtain (3.1). O

If M is a hypersurface of E**! with constant mean curvature, then equations (3.1)
can be denoted simple forms.

Lemma 3.3. The necessary and sufficient condition for M™ in E*T1 with constant
mean curvature to be triharmonic is the following:

(32) {H’fb-i-lAenJrl (V‘A€n+1|2) = 07

Hn+1(7 A |A€n+1 |2 + |A5n+1|4) =0.

Proof. First, we calculate the tangential part T3. Computation shows that

m

> h(Amei,ei) = Hopa|Ae, . Pensa.

i=1

Thus, we have
T3 = Hn+1 Z{2ej(‘A€n+1 |2)A€n+1ej + ‘A€n+1 |2(v€j A€n+1)(ej)}'
j=1

Because of
Z(VEj Ac,i1)(€5) =nVHy i =0,
j=1
we obtain that
Ts =2H,414c,,,(V|Ac, . |°).
Next, we calculate the normal part N3. Computation shows that
Ny = Hnp1 {= O (|Ac,, Pensn) + 1A, |fenia )
Because of
A (| Ae, i Pentn) = DlAe, 11 [P)ens,
we obtain that

N3 = HTLJrl(_ AN |A6n+1 |2 + |A€n+1|4)en+1' U

Using this lemma, we give an affirmative partial answer of generalized Chen’s
conjecture.

Theorem 3.4. Any triharmonic hypersurface of E"T! with constant mean curvature
is minimal.
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Proof. From the first equation of (3.2), if H,+1 = 0, then M is minimal. Thus, we
have A, ,,(V|Ae,.,[*) = 0. So, we obtain V|A.,,,|> = 0. Therefore, |A,,,|* is
constant. From the second equation of (3.2), |A = 0. Since we can denote
Ac, 1€ = pie;, we have H=13"" i, and

|2
€n+1

n

n
|A€n+1 ‘2 = Z<Aen+1ei7Aen+1ei> = ZMZQ =0.
i=1

i=1
Thus, p; =0 for all ¢ = 1,--- ,n. Therefore, M is minimal. O
From Theorem 1.1 and Theorem 3.4, we obtain the following:

Corollary 3.5. Any triharmonic submanifold of E with constant mean curvature is
minimal.

As for polyharmonic submanifolds, it is easily seen that the polyharmonic sub-
manifolds with AH = AH and the biharmonic submanifolds are equivalent

Proposition 3.6. The following properties are equivalent:
1) polyharmonic submanifolds with AH = \H.
2) biharmonic submanifolds.

Proof. Tt is obvious. O

Remark 3.1. For polyharmonic submanifolds with AH = MH, a surface in E? [2], a
hypersurface in E* [5, 10] are minimal.

4 Polyharmonic psudoumbilical submanifolds

In this section, we consider psudoumbilical submanifolds. First, we recall Dimitric’s
result:

Theorem 4.1 ([7]). Let x : M™ — EN be a psudoumbilical submanifold, that is, Ag
is proportional to the identity. If AH =0 and n # 4, then M is minimal.

We shall consider psudoumbilical submanifolds with AH = \H.

Proposition 4.2. Let M be a psudoumbilical hypersurface of E"+1. Then M satisfies
AH = \H if and only if it is minimal or a submanifold with constant mean curvature
satisfying A\ = —n|H|%.

Proof. Psudoumbilicity implies A
we have

= H,1I. From the second equation of (2.2),

€n+41
VIH? = 0.
So |HJ? is constant. From the first equation of (2.2), we have
Hy (nHP? +)) = 0.

Therefore, we have that M is minimal or a submanifold with constant mean curvature
satisfying A = —n|H|2. O
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Proposition 4.2 implies the following:

Corollary 4.3. Any biharmonic psudoumbilical hypersurface of E"t! is minimal.

This result includes the case n = 4. Thus, we recovered Dimitric’s theorem 4.1.
Finally, we consider polyharmonic psudoumbilical hypersurfaces with constant mean
curvature.

Proposition 4.4. Any polyharmonic psudoumbilical hypersurface with constant mean
curvature is minimal, namely, if A¥H =0, then H =0, for all k (=1,2,---).

Proof. Direct computation shows that |4, ,,|* =nH2,,. Using this and Lemma 3.1,
we have
AH = - ’n+1|AeN+1|26n+1 = _an+1€n+1.

Furthermore, using Lemma 3.1, we obtain

AFH = (-1)FnF 2 e, 1.

Therefore, M is minimal. O
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