Constant curvature conditions for Kropina spaces
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Abstract. The characterization of Finsler spaces of constant curvature is
an old and cumbersome one. In the present paper we obtain the conditions
for a Kropina space to be of constant curvature improving in this way the
characterization given by Matsumoto ([6]) as well as our past results ([13]).
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1 Introduction

Randers spaces (M, F = a + ) of constant flag curvature have been studied by [2],
[7] and [12]. Remarkably, these spaces can be characterized by means of Zermelo
navigation on Riemannian manifolds using a new Riemannian metric A and a vector
field W satisfying h(W, W) < 1 ([3]). In the present paper, we investigate a similar
characterization for Kropina spaces.

C. Shibata started the study of Kropina spaces as Finsler spaces ([11]) being
followed by Makoto Matsumoto who obtained the necessary and sufficient conditions
for a Kropina space to be of constant curvature and gave a characterization theorem
of these spaces in terms of five conditions ([8], [9]).

In [13], we have characterized Kropina spaces by means of some Riemannian met-
ric h and a unit vector field W on the same manifold M, and have represented
Matsumoto’s conditions using h and W. However, a few years after we noticed that
our results in [13] can be improved, therefore we reformulate the problem in a different
way.

We point out that by Legendre duality a Kropina spaces (M, F = o?/3) on TM
corresponds to a Randers space (M, F = @+ ) on T*M only in the case b> = 1,
where b? is the Riemannian length of 3. Moreover, for regular Lagrangians, a Finsler
space is of constant flag curvature K if and only if its dual space is also of constant
flag curvature K ([4], [5]).

However, the results about Randers metrics of constant flag curvature in [2] are
about strongly convex Randers metrics while the Randers metric corresponding to a
Kropina one through the Legendre duality is not strongly convex. Moreover, in the
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case of Kropina metrics, the Lagrangian L = F? is not a regular one and therefore
the Legendre transformation is not a local diffeomorphism in all T'M, so the results in
([4], [5]) must be used with precaution. Using the Legendre duality between Randers
and Kropina spaces, certainly some formulas from the theory of Randers spaces can
be transformed and used in the study of the present topic. We prefer however to take
another way.

In the present paper, we express the conditions for a Kropina space to be of
constant curvature using a Riemannian metric & and a vector field W and obtain
the minimal necessary and sufficient conditions for a Kropina space to be of constant
curvature.

In section 2, we shall describe a Kropina space in terms of some Riemannian metric
h and a unit vector field W, and in section 3, we shall express the coefficients of the
geodesic spray in a Kropina space using the Riemannian metric h and the unit vector
field W.

Indeed, the necessary and sufficient condition for a Kropina space to be of constant
curvature is not new ([8]). We express this condition by h and W, and obtain the
necessary and sufficient conditions for a Kropina space to be of constant curvature by
straightforward calculations. Our main results are Theorem 4.9 and Theorem 4.10.
The former is the improved version of Theorem 2 in [13] and the latter is an important
result which is used in considering the geodesics in Kropina spaces. Therefore, this
paper is the improved version of [8] and [13]. Since the calculations are quite long and
complicated, we give here only the outline of the proofs. The detailed computations
can be found in [14].

2 The description of a Kropina metric

Let (M, ) be an n(> 2)-dimensional differential manifold endowed with a Riemannian
metric a. A Kropina space (M, a?/f3) is a Finsler space whose fundamental function
is given by F' = o2 /3, where a = \/a;j(x)y’y7 and 3 = b;(z)y’. Even though Kropina
spaces can be studied in more general case ([8], [10]), in this paper, we suppose that
the matrix (a;;) is positive definite.

Let us remark that for a Kropina space (M, a?/3) the Kropina metric F = o?/f3
can be rewritten as follows:

@), YW @, Ui L e i L oe)
(2.1) e e alij] + 1€ a;;b'b 1€ b*,

where r(z) is a function of (2%) alone, b*> = a;;(z)b'b?, b' = a™b; and the matrix
(a¥(z)) is the inverse one of (a;;(x)).

Define a new Riemannian metric h = +/h;j(z)y’y’ and a vector field W =
Wi(8/0z') on M by

(2.2) hij = e”(w)aij and 2W; = e"®)p,.
where W; = h;;W7, then the equation (2.1) reduces to |% — W| = [W|. In the

previous equation, the notation |- | denotes the length of a vector with respect to the
Riemannian metric h.
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We notice that the equation |WW| = 1 holds if and only if the function x(z) satisfies
the condition

(2.3) e"@p? = 4,

Suppose that the function x(x) satisfies (2.3), then we have |W| =1 and

(2.4)

Y
L_w|=1.
Fw

Therefore, in each tangent space T, M, the indicatrix of the Kropina metric necessarily
goes through the origin.

Conversely, consider a Riemannian space (M, h), where h = /h;;(x)y'y’, and a
unit vector field W = W¥(9/dz") on it. If we consider the metric F' characterized by
(2.4), then by solving (2.4) for F, we get F = |y|>/{v/2h(y, W)}

Comparing the above equality with a Kropina metric F' = o?/3, we obtain (2.2)
and from the assumption |W| =1 we get (2.3).

Summarizing the above discussion, we obtain

Theorem 2.1. Let (M,a) be an n(> 2)-dimensional Riemannian space with the
metric a = \/a;j(x)y'yl. For a Kropina space (M,F = o*/3), where 3 = b;(x)y’,
we define a new Riemannian metric h = \/h;j(x)y'y) and a unit vector field W =
WH0/02%) by (2.2) and (2.3). Then, the Kropina metric F satisfies the equation
(2.4).

Conversely, suppose that h = +/h;j(z)y’y’ is a Riemannian metric and W =
W(8/0z") is a unit vector field on (M,h). Consider the metric F defined by (2.4).
Then, defining a;j(z) = e @ h;;(x) and b;(x) := 2" @W; by (2.2) using some
function k(x) of (x%) alone, we get F = o?/3 and it follows the function k(x) satisfies
(2.3).

3 The coefficients of the geodesic spray

From the theory of Riemannian spaces, we have the following;:

Theorem 3.1. Let (M,g) and (M,g* = e’g), where g = /gij(x)y'y) and g* =
\/ 95 (@)y'yd respectively, be two n-dimensional Riemannian spaces which are confor-

mal to each other. Furthermore, let Vjik and 'y;ik be the coefficients of Levi-Civita
connection of (M, g) and (M, g*), respectively. Then, we have

95 = e* gi;, g* =e gl and 'yji”k =" + 050" + pr0'5 — P ik
where p; = dp/0z* and p' = g p;.

From (2.2), we have h;; = e"a;;. Applying Theorem 3.1, we get
i ; 1 ) 1 ) 1 .
(3.1) "= R0+ gkl = Skl ag,

where h’ink and “v;’, are the coefficients of Levi-Civita connection of (M,h) and
(M, «) respectively, r; = Or/0x" and k' = a ;. Transvecting (3.1) by y/y*, we get

(3.2) "0 = Y00 + Koy' — ihooﬁl,
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where &' = h¥r; and the index o means the transvection by y* .

We denote the covariant derivative in the Riemannian space (M, «) by (,;) and
introduce the following notations: s;; := %, Tij = %, sj 1= bls;j, Ty =
bl’f’ij.

In [1], the authors have shown that the coefficients G of the geodesic spray in a
Finsler space (M, F = a¢(s)), where s = 3/« and ¢ is a differential function of s

alone, are given by

. . Z ! .
(3.3) 2G" = "o + 2was’o + 20(roo — 2awsg) (y + v /bl),
o w—sw
Pp— ¢l o— (AJ—SUJ/
where w := g and © := S50t (b2 —s2)] -

For a Kropina space, we have ¢(s) = 1/s, hence by straightforward computation
we obtain

%

. .1 ) : 1 2 . ;
2G" = h"yo 0~ I{Oyl + ihOOEl — FSZO — be(Too —+ FsO)(fyl — bz)

From Theorem 2.1, for a Kropina space (M,a?/3), a new Riemannian metric
h = \/hij(z)y'y? and a vector field W = W¥(9/0z") are defined by (2.2) and (2.3).
So, the vector field W satisfies the condition |W| = 1 and we have F' = hqo/2Wj.
Therefore, we get

(3.4) 2G =y + 201
where
: : 1 . hgo i 1 hooSo 4WO i ;
) 20" := —koy' + =hgR' — ——5'0 — —= — ) (——y' = b").
(3.5) Koy + 500k QWOS 0~ 73 (oo 2, )( hroo Y )

Using (3.1), we have b;,; = 2e™"Wj; + e~ "(k;W; — k;W; — W, E"hyj), where the
notation (jj;) stands for the h-covariant derivative in the Riemannian space (M, h).
Remark 3.1. We can introduce a Finsler connection I'* = (", (z), N;* := "y, (2)yF,
C;',) associated with the linear connection "+;%, (z) of the Riemannian space (M, h).
The h-covariant derivative are defined as follows ([6]):

For a vector field W¥(z) on M,
1) Wia)); =95 - Sy NG+t W = Gyt W
For a reference vector 3,

(2) Yy =55 - NSyt = N N =0,

OxJ oy*
We put
Wi + W, Wi — Wons _ ) _ )
R;j = M, Sij = M, sz = hwRTj, Szj = h”STj,
R, := W'R,;, S;:=W"S,, R’ := h"R,, S':=h"S,.

It follows T = 2eF (Rij — éWTHThij>, Sij = 2e™F (Sij + W) .
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ri; =2e " (Rij - 2Wr’€rhij>v sij = 2¢" <S” + K]?K])

Furthermore, we get

Sij = 2Sij -‘rEin — KjWi, Sio = 2Si0 + W()Ei — ﬁ()VVi7
s; =2e " <28¢ + W, k"W, — /ii), so = 2e " (230 + W,k Wy — li0>,
1 o oW, )
o0 = 2" (R.()O — 2W7‘Hrh0()), b* =a'"b, = "R —— = 2W".
eﬁ

Substituting the above equalities in (3.5), we have
i i i i i _ 2 i
(3.6) 20" = == (SoW" = 8%) + (RooW" — 280y") — K;Rooy :

Multiplying now the above equalities by 2hgoWy, we get
(3.7) 4hooWod' = (hOO)QAél) + h00W0A22) + (WO)2A§3)’

where Azl) = 2(80Wl — SZVQ)7 AE2) = 2(R00Wi — QSoyl), AE?)) = —4R00yi.

4 The necessary and sufficient conditions
for constant curvature

In this section, we consider a Kropina space (M, F = o?/3) of constant curvature K,
where a = /a;;(2)y'y? and 8 = b;(z)y’. Furthermore, we suppose that the matrix
(ai;) is always positive definite and that the dimension n is greater than or equal
two. Hence, it follows that o? is not divisible by 8. This is an important relation
and is equivalent to that hgg is not divisible by Wj. Using these, we shall obtain the
necessary and sufficient conditions for a Kropina space to be of constant curvature.

4.1 The curvature tensor of a Kropina space

Let Rjikl be the h-curvature tensor of Cartan connection in Finsler space. The
Berwald spray curvature tensor is

i 9G;'), oy
(4.1) (b)Rj Kl A(kl){ 3lek + G, Gr l}?

where the symbol A(;;) denotes the interchange of indices k and [ and subtraction. It
is well-known that the equality Ro'w =® Ry holds good ([6]). 4
From 2G* = h’yolo + 207, it follows G*; = hVOZj + ®; and Gjik = h’yjlk + <I)jik,
_ 0%’

where ®°; := o7 and @;k = %. Substituting the above equalities in (4.1), we get

(b)Rjikl = hRJZkl + A(kl){q)jiknz + q’jrkq)ril}'
The following result is well-known ([6]):
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Proposition 4.1. The necessary and sufficient condition for a Finsler space (M, F')
to be of scalar curvature K is that the equality

(4.2) Ro'o = KF?(8') = I'y),
where I' = y'/F and l; = OF/dy', holds.

If the equality (4.2) holds and K is constant, then the Finsler space is called of
constant curvature K.

For a Kropina space of constant curvature K, since F' = hoo/(2Wy), we have
2Wohoi — hooWi Ji

8 =1, = 6% — A

Using the curvature we obtained above, we have Ry'q = hROiOI + 2<I>iw — <I>il|\o +
20", — T DY,
Substituting the above equalities in (4.2), we get

2Wohor — hooW; i ) ) ) .
_ 0’0l 00 lyz> :hRO Ol+2(1)2||l_(1)ll\\0+2q)r rzl_q)rlq)zr.
hooWo

Multiplying (4.3) by 16(hgo)*(Wo)* and using F2 = (hg)2/{4(Wo)?2}, we have the
equality

(4.3) KF? (55

AK (hoo)®(Wo)2h's = 16(hoo)* (Wo)* - " Ro" o1 + 8(hoo)® (Wo)? - 4hoo (W) 2@
— 4(hoo)*Wo - 4(hoo)* (Wo)> @10 + 32(hoo)* (Wo)*@"®,"; — 16(hoo)* (Wo) @, %,
where hi; = 6%, — I'l;. Computing the quantities <I>i||l, i, <I>ilH0, PP, DD, (see

[14] for detailed computations) in the above equality, by straightforward computation
we finally obtain

(4.4) (hoo)* P(s), + (hoo)*Qfy, + (Wo)*R(g), = 0,

where P(i5)l, Qfg)l and Ré9)l are homogeneous polynomials of degrees 5, 9, and 9 in
y*, respectively (see [14] for concrete expressions). They are called the curvature part,
the vanishing part and the Killing part, respectively.

We conclude:

Proposition 4.2. The necessary and sufficient condition for a Kropina space (M, F)
with F = o?/8 = hoo/(2Wp) to be of constant curvature K is that (4.4) holds good.

4.2 The Killing part

We consider the Killing part Rl('g)l and obtain the conclusion that the vector field W
is Killing. By computation we have

fg)l = —32hooRoo {Wo(2Roohood"14+-2hooRory’ + TRoohary") —8Sohoohory' +Raohoo Wiy’ }-
Substituting the above equality in (4.4) and dividing it by Wyhgo, we get
(h00)3P(i5)l + hooQ{g)_32(Wo)*Roo{ Wo(2Rooh000"1 + 2hooRory’ + TRoohary’ )l

(4.5) _ |
— 8S0hoohory’ + RoohooWiy'} = 0.
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Lemma 4.3. In the equation (4.5), it follows that Roo is divisible by hgo.

Proof. Suppose that Rgg is not divisible by hgo and since (h;;) is positive definite, it
follows that (Rgg)? is not divisible by hgo.
Taking into account that P(is)l and Qz('g)l are homogeneous polynomials of y* and

that (Wy)? is not divisible by hqo, it follows that the equation hoy® = hoon®;(z),
where 7,%(x) is a function of (z%) alone. Transvecting the above equation by W', we
get Woy® = hoomi'(x)W!. Since hgo is not divisible by Wy, the above equation is
impossible. (I

Therefore, it follows that Rgg is divisible by hgy and that Rog = c(x)hoo, where
c(r) is a function of (x%) alone. Derivating the above equation by y* and y?, we
get Wyj; + Wjj; = 2¢(x)hi;. Transvecting the previous relation by W'W7, we get
Wi ;WW3 = c(x)hg; W W7 and using hg; W W7 = [W[* = 1 and Wy, W' = 0, we
obtain c¢(z) = 0. Therefore, it follows that the equality R;; = 0 holds good. Hence,
we have that W is a Killing vector field. Therefore, we can state

Lemma 4.4. If a Kropina space (M, a?/3) is of constant curvature K, then
1. W(x) is a Killing vector field,

2. the Killing part R!

(o = 0-

The equation (4.5) reduces now to (hoo)QP(is)l + Qég)l = 0 and we have following
equalities:

(4.6)  Wi; =Sy, Sj =W ;W'=0, Woy; =Soj, Wijo=Sio, Wojjo =0

4.3 The vanishing part

We obtain further that the equality Qég) ; = 0 holds from the relation Rgg = 0 obtained

in the previous subsection. Indeed, one can easily see that all coefficients (hgp),
'(i :1.1, 2,3) and (Wy)?, j = 3,4,5 of Q{9 vanish respectively and hence Lemma 4.4
implies

Lemma 4.5. If a Kropina space (M, a?/(3) is of constant curvature K, then we have
QEQ)I =0 and P(lS)l =0.
4.4 The curvature part

In this subsection, we shall see that Lemma 4.5 implies that (M, h) is a Riemannian
space of constant curvature K. Indeed, by Lemma 4.5 and some further computations,
we have

(4.7)
— ipfsn = (hoo)*Wo(W" |, W™, + K6°1) + (hoo)*(W* - W™ o Wi + KWy')
+ 2hoo (Wo)2(2W 010 — W iiio) + 2hooWo (W j010Wi — W1, W j0hor — K hary')
—4(Wo)? - "Ro'or — 4(Wo)*W' joj10hor = 0,
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First, we consider the term (hoo)Q(Wi||rW’"‘|0Wl + KW,;y*) which does not contain
Wy. Taking into account that (hog)? is not divisible by Wy, we get the equality

(4.8) W W oW+ KWiy' = Woe' (x),

where ¢;(x) are functions of (z?) alone.

Some computations shall lead to the relation (for details see [14]) thijl = K (h;,0"—
hi6%;), that is, the Riemannian space (M, h) is of constant curvature K.
Therefore, we obtain

Theorem 4.6. Let M be an n(> 2)-dimensional Riemannian manifold. Put o =
Vaij(@)yiy? and B = bi(x)y'. Let (M,a*/3) be a Kropina space and define a new
Riemannian metric h = \/h;;(z)y'y’ and a unit vector field W by (2.2) and (2.3).
If the Kropina space (M,a?/() is of constant curvature K, then the vector field
W is a Killing one and the Riemannian space (M, h) is of constant curvature K .

4.5 The converse of Theorem 4.6

Let (M,a?/3) be a Kropina space and let us define a new Riemannian metric h =
Vhij(2)y'y? and a unit vector field W by (2.2) and (2.3). Suppose that the vector
field W is a Killing one and that the Riemannian space (M, h) is of constant curvature
K. To prove that the Kropina space (M, a?/f3) is of constant curvature K, we have
only to show that the equality (4.4) holds. Since the vector field W is a Killing one,
we have Rgp = 0. Taking into account 2 of Lemma 4.4 and the first equation of Lemma
4.5, the Killing part R and the vanishing part () vanishes respectively, so we have
only to show that the curvature part P(i5) , defined in (4.7) vanishes and we are going
to prove it in the following.

First, we give the following result of Riemannian geometry (see [14] for a proof):

Lemma 4.7. For a unit Killing vector field W = W(3/0x"), the equality
(4.9) Wi = Wr "Ry
holds good.

From the assumption that the Riemannian space (M, h) is of constant curvature
K, we have

(4.10) "Ri” i = K(hyi6"i — hiid" ;).
Using the above equality we get

(4.11) Wk = K(0%W; — hig W)

and from here and yiHj =0 (See Remark 3.1), it follows

Whion = K (0" Wo — hioW*), W o0 = K(y'Wo — hooW?),

(4.12) . ) .
w [lI]jlo = K(y Wl - holW )

From (4.10), we have
(4.13) "Ro'o1 = K (hood"s — hoy')
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and applying the h-covariant derivative ||; to the equality [W|? = W, W,h"™ =1, we
get W ;W" = —W;,W" = 0. Furthermore, applying the h-covariant derivative |,
to the above equality, we obtain Wj, W™ i+ Wy, ;W™ = 0. From the above equality
and (4.11), we have

(4.14) WillrWTHl = _Wi\lr\llwr = K(hh«Wi — hliWr)WT = K(WlWZ — hli)~

Substituting the equalities (4.12)-(4.14) in the first equality in (4.9), we can easily
recognize the curvature part P(i5)l = 0. Therefore, Proposition 4.1 holds good. Hence,
we get

Theorem 4.8. Let (M,a?/f3) be an n(> 2)-dimensional Kropina space, where o =

a;j(@)y'y?, B = bi(x)y' and the matriz (a;j) is positive definite. For this Kropina
space, we define a new Riemannian metric h = \/hi;(x)y*y? and a unit vector field
W =W 9/0x") on (M,h) by (2.2) and (2.3).

If the vector field W = W%(9/0x?) is a Killing one and the Riemannian space
(M, h) is of constant curvature K, the Kropina space (M,a?/3) is of constant cur-
vature K.

From Theorems 4.6 and 4.8, we have

Theorem 4.9. Let (M,a?/f3) be an n(> 2)-dimensional Kropina space, where o =

a;j(@)y'y?, B = bi(x)y' and the matriz (a;j) is positive definite. For this Kropina
space, we define a new Riemannian metric h = \/hi;(x)y*y? and a unit vector field
W = W¥9/0x") on (M,h) by (2.2) and (2.3).

Then, the Kropina space (M, a?/83) is of constant curvature K if and only if the
following conditions hold:

1. Wy ; + Wy =0, that is, W = W(9/0x") is a Killing vector field.

2. The Riemannian space (M, h) is of constant curvature K.

Remark 4.1. Randers metrics of constant flag curvature are characterized by three
conditions: the Basic Equation, the CC Equation and the Curvature Equation [2].
By some supplementary computations we can find the correspondence between these
three conditions and our formulas, but it takes too much space to write them down
here.

Let (M,F = o?/8) be an n(> 2)-dimensional Kropina space. From Theorem
2.1, for this Kropina metric F = a?/3, we can define a Riemannian metric h =
Vhij(@)yty? and a unit vector field W = W¥(9/dx") on (M, h) by (2.2) and (2.3).
We suppose that the vector field W is a Killing one. Then, we have Rgg = 0. From
this assumption, we get the second equation of (4.6), that is, Sy = 0. Substituting
Roo = 0, Sp = 0 and F = hqo/(2Wp) in (3.6), we obtain the equation ®! = —FS?y.
Substituting this in (3.4), we get
Theorem 4.10. Let (M, a?/3) be an n(> 2)-dimensional Kropina space, where o =
a;j(@)y'y?, B = bi(x)y' and the matriz (a;j) is positive definite. For this Kropina
space, we define a new Riemannian metric h = \/h;;(x)y'y? and a unit vector field
W = W% 9/0x") on (M,h) by (2.2) and (2.3).

Suppose that the vector field W is a Killing one, then the coefficients G* of the
geodesic spray of the Kropina space (M,a?/B3) is written as 2G* = h'onO — 2F S,

where h*yjlk are Christoffel symbols of the Riemannian space (M, h).
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