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Abstract. In this work, we study space-like surfaces in the Minkowski
space Ef with pointwise 1-type Gauss map. We prove that a maximal
surface in E} has pointwise 1-type Gauss map of the second kind if and
only if it is an open part of a space-like plane. We also give a classification
of surfaces in E} with flat normal bundle, non-zero constant curvature and
pointwise 1-type Gauss map of the second kind.
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1 Introduction

The notion of finite type submanifolds of FEuclidean spaces was introduced by B.Y
Chen in late 1970’s, [6]. Since then many works have been done to characterize
or classify submanifolds of Euclidean spaces or pseudo-Euclidean spaces in terms of
finite type. Also, B. Y. Chen and P. Piccinni extended the notion of finite type to
differentiable maps, in particular, to Gauss map of submanifolds in [9]. A smooth
map ¢ on a submanifold M of a Euclidean space or a pseudo-Euclidean space is said
to be of finite type if ¢ can be expressed as a finite sum of eigenfunctions of the
Laplacian A of M, that is, ¢ = ¢¢ + Zle ¢;, where ¢ is a constant map, ¢1, ..., ok
non-constant maps such that Ag; = Aoy, \; e Ry i=1,... k.

If a submanifold M of a Fuclidean space or a pseudo-Euclidean space has 1-type
Gauss map v, then v satisfies Av = A(v+C') for some A € R and some constant vector
C. In [9], B. Y. Chen and P. Piccinni studied compact submanifolds of Euclidean
spaces with finite type Gauss map. Several articles also appeared on submanifolds
with finite type Gauss map (cf. [2, 3, 4, 5, 23, 24]).

However, the Laplacian of the Gauss map of several surfaces and hypersurfaces
such as helicoids of the 1st, 2nd, and 3rd kind, conjugate Enneper’s surface of the sec-
ond kind and B-scrolls in a 3-dimensional Minkowski space E3, generalized catenoids,
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spherical n-cones, hyperbolical n-cones and Enneper’s hypersurfaces in E’f“ take the
form

(1.1) Av=fr+0C)

for some smooth function f on M and some constant vector C ([13, 20]). A sub-
manifold of a pseudo-Euclidean space is said to have pointwise 1-type Gauss map if
its Gauss map satisfies (1.1) for some smooth function f on M and some constant
vector C. In particular, if C' is zero, it is said to be of the first kind. Otherwise, it is
said to be of the second kind (cf. [1, 7, 10, 12, 14, 19, 21]).

The complete classification of ruled surfaces in E$ with pointwise 1-type Gauss
map of the first kind was obtained in [20]. Recently, ruled surfaces in E3 with pointwise
1-type Gauss map of the second kind were studied in [11, 16]. Also, a complete
classification of rational surfaces of revolution in E$ satisfying (1.1) was given in [19],
and it was proved that a right circular cone and a hyperbolic cone in E$ are the only
rational surfaces of revolution in E$ with pointwise 1-type Gauss map of the second
kind. The first author studied rotational hypersurfaces in Lorentz-Minkowski space
with pointwise 1-type Gauss map, [13]. Moreover, in [22] a complete classification of
cylindrical and non-cylindrical surfaces in E7* with pointwise 1-type Gauss map of
the first kind was obtained.

In [1], the first author and G. G. Arsan gave some classification and characteri-
zation theorems on surfaces of the Euclidean 4-space satisfying (1.1). Recently, the
authors extended this study to Minkowski space and obtained some results on space-
like surfaces in the Minkowski space E{ with pointwise 1-type Gauss map of the first
kind, [18].

In this paper, we present some results on space-like surfaces in E} with pointwise
1-type Gauss map of the second kind. We focus on maximal surfaces and surfaces
with constant mean curvature in E}. First, we show that a maximal surface in E{ has
pointwise 1-type Gauss map of the second kind if and only if it is an open portion
of a space-like plane. Then, we give a complete classification of maximal surfaces
in E} with 1-type Gauss map. Finally, we classify all space-like surfaces in E} with
flat normal bundle, constant mean curvature and pointwise 1-type Gauss map of the
second kind.

2 Prelimineries

Let ET* denote the pseudo-Euclidean m-space with the canonical pseudo-Euclidean
metric tensor of index s given by

S m
g= deszr Z dx?,
i=1

j=s+1

where (21,22, ...,Z,) is a rectangular coordinate system in E7".

A vector ¢ # 0 € T,(E™) = E7 is called space-like (resp., time-like or light-like) if
(¢,¢) > 0 (resp., (¢,¢) < 0or (¢,¢) =0), where T,,(E?") denotes the tangent space of
E? at p. A submanifold M of E?* is said to be space-like if every non-zero tangent
vector on M is space-like.
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Let M be an n-dimensional pseudo-Riemannian submanifold of a pseudo-Euclid-
ean space E7". We denote Levi-Civita connections of E7* and M by V and V, respec-
tively. In this section, we shall use letters X, Y, Z, W (resp., £, 1) to denote vectors
fields tangent(resp., normal) to M. The Gauss and Weingarten formulas are given,
respectively, by

(2.1) VxY = VxY +h(X,)Y)
(2:2) Vx¢ = —Ae(X)+ Dxg,

where h, D and A are the second fundamental form, the normal connection and the
shape operator of M, respectively.
The Gauss and Ricci equations are given, respectively, by

(2.3) (R(X,Y,)2,W) = (h(Y,2), (X, W)) = (X, Z), (Y, W),
(2.4) (RP(X,Y)Em) = ([Ae, A)X,Y),

where R, RP are the curvature tensors associated with connections V and D respec-
tively.

Now, we assume M is a space-like surface in Ef. Let {ey,es,e3,e4} with 4 =
(ea,ea) = F1 be a given local, orthonormal frame field on M and {wap} with
waB +wpa = 0 be the connection 1-forms associated to this frame field. Then we

have
_ 2 4
wei = Y ewijlen)es + ) ephies
=1 5=3
and

2 4
Ve, e = — Zé‘jhgjej + Z€uw5y(6k)ey
Jj=1 v=3

for i,k =1,2 and B = 3,4, where hfj’s are the coefficients of the second fundamental
form h. If {wi,ws} denotes the dual basis corresponding to {ei, ez}, then the first
structural equations of M become

(25) dw1 = w2 A wa, d’U.)Q = wo1 N W1.
The Codazzi equation of M is given by

=ns

B
h ki

. ij,k:12 B=34
(2.6) 5 2 8
h],“ = ez( 7,C + st ]kww e;) Z (w]g e; hék —I—wkg(ez)hje) .

y=3 (=1

On the other hand, a space-like surface M in E} is said to have flat normal bundle
if its normal curvature tensor R” vanishes identically. Note that the Ricci equation
(2.4) implies that if M has flat normal bundle, then the shape operators A., = As
and A., = A4 can be simultaneously diagonalized.

For a surface M in Ef, the squared length |h||? of the second fundamental form
h is defined by |h]|*> = Z & ajaghlj i~ Gradient of a smooth function f on M
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2
is defined by Vf = > e;e;(f)e;, and the Laplace operator acting on M is A =
i=1

[V

€i(vei€i — eiei).
i=1
Let G(m —n,m) be the Grassmannian manifold consisting of all oriented (m —n)-

planes through the origin of EI® and A™ "E the vector space obtained by the
exterior product of m—n vectors in E{*. Let fi, A---Af; . and g;; A---Agi,, _, betwo

vectors in A" " E*, where {f1, fa,..., fm} and {g1, 92, . .., gm} are two orthonormal
bases of E". Define an indefinite inner product (,) on A" " E" by

(27) <f11 ASEN /\fim,mgn AR /\gimfn> = det(<fingk>)'

Therefore, for some positive integer s, we may identify A" " E* with some pseudo-
Euclidean space Eév, where N = (m"jn) Let e1,...,€en,€n+1,--.,6m be an oriented
local orthonormal frame on an n-dimensional pseudo-Riemannian submanifold M in
EY with eg = (ep,ep) = 1 such that ey,..., e, are tangent to M and e,,11,...,epn
are normal to M. The map v : M — G(m — n,m) C EY from an oriented pseudo-

Riemannian submanifold M into G(m — n, m) defined by

(2.8) v(p) = (ent1 Aenta A ANem)(p)

is called the Gauss map of M that is a smooth map which assigns to a point p in M
the oriented (m — n)-plane through the origin of E}* and parallel to the normal space
of M at p, [21].

We put € = (v, V) = ept1€nt2 - Em = =1 and

~nN_ SN=1(1) in BN if e=1
N—-1 _ s s
M) = { HY'(=1)  in EN if e = —1.

Then the Gauss image v(M) can be viewed as v(M) C ]\A/[/stl(s).
In [18], the authors gave the following Lemma

Lemma 2.1. [18] Let M be an n-dimensional oriented submanifold of a pseudo-
FEuclidean space Ef”. Then the Laplacian of Gauss map v = €,41 A €42 iS given
by

Av = ||h|*v+2 Z EjakRD(ej, €k} Ent1,nt2)€5 N e+ V(trdn1) Aento
1<j<k<n
n
(2.9) +ent1 AV(trd,o) +n Z €jWint1)(n+2)(€5) H Nej,
j=1

where ||h||* is the squared length of the second fundamental form, RP the normal
curvature tensor and VtrA, the gradient of trA,..

We will also use the following theorems, proposition and remark:

Theorem 2.2. [18] Let M be an oriented non-mazimal space-like surface in ES. Then
M has pointwise 1-type Gauss map of the first kind if and only if M has parallel mean
curvature vector.
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Theorem 2.3. [18] An oriented mazimal surface with harmonic Gauss map in the
Minkowski space E} is either an open part of a space-like plane or congruent to a
surface given by

(2.10) z(u,v) = ($(u,v), u, v, ¢(u, v)).
for a smooth harmonic function ¢ : Q2 C R?> — R, where  is an open set in R2.

Proposition 2.4. [18] Let M be an oriented mazimal surface in the Minkowski space
E}. Then M has (global) 1-type Gauss map of the first kind if and only if the Gauss
map v of M is harmonic.

Remark 2.1. [18] The Gauss map v of a plane M in Ef is a constant vector in E§
and Av = 0, i.e., it is harmonic. For f = 0 if we write Av = 0 - v, then M has
pointwise 1-type Gauss map of the first kind. If we choose C' = —v, then (1.1) holds
for any non-zero smooth function f. In this case M has pointwise 1-type Gauss map
of the second kind. Therefore, a plane in E{ is a trivial surface with pointwise 1-type
Gauss map of both the first kind and the second kind.

3 Space-like surfaces with pointwise 1-type (Gauss
map of the second kind

In this section, we study space-like surfaces in the Minkowski space E} with pointwise
1-type Gauss map of the second kind.

Let M be a space-like surface in Ef. We choose a local orthonormal frame field
{e1,e2,e3,e4} defined on M such that ey, eq are tangent to M, and es, e4 are normal
to M. Let C be a vector field in A’E] = E§. Since the set {ea Aep|l < A< B <4}
is an orthonormal basis for ES, C can be expressed as

(3.1) C= > eacpCapeales,

1<A<B<4
where Cap = (C,ea Aep). As ey, eg are space-like, we have e;1 = e3 = 1 and
Eq = —E3.

By a direct calculation using the Gauss and Weingarten formulas, we obtain that

62‘(0) = Z 5A£B€i(CAB€A/\€B)
1<A<B<4

= (e; (Cr2) — e3h,Crs + e3hyCha + 303, Cog — e3hi; Cag) €1 A es
(C13) + hi,Cha + e3w3a(e;)Cra — wi2(e;)Caz — e3hi1C34) €1 A3
ei (C14) + hjyCh2 + e3wsa(e;)Crz — wiz(e;)Cas — e3hd Caa) e A ey
ei (Cas) — b C12 + wi2(e;)Cis + eswsale;)Cas — e3hiyCay) ea A eg
ei (Ca1) — hj1C12 + wi2(e;)Cra + eswsa(e;)Cag — e3hhCaa) ea A ey
(C34) —

hi1C13 4+ hd Cra — hjyCas + hi,Cos) €3 A ey

+ (e
+(
+(
+(

+ (e (Csa

Hence we state
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Lemma 3.1. A vector C in A2Ef = ES written by (3.1) is constant if and only if the
following equations are satisfied for 1 =1,2
e3h3Ch3 — e3hi,C1a — e3hd Cog + e3h}, Coa,
= —h}Cha — e3wsa(e;)Cra + wiz(e;)Cog + 30}, Csa,
= —h}Cha — e3wsa(e;)Chs + wia(e;)Cos + 303, Caa,
= h?1012 - w12(€i)013 - 63w34(€i)024 + 63h§2034,
= h}Ci2 — wi2(e;)Cra — e3wsa(e;)Cas + e3hiyCay,
= h}Ciz — h},Cra + hi,Coz — hi,Coy.

W W W w w w
~N O O s W N
S N N N N N
@
S0
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Q
S

(
(
(
(
(
(

Now, we focus on maximal surfaces in Ef. In the Euclidean space E*, there exist
non-planar minimal surfaces with pointwise 1-type Gauss map of the second kind (cf.
[15, 17]). However, in the Minkowski space E we obtain the following theorem:

Theorem 3.2. Let M be an oriented maximal surface in the Minkowski space Ef.
Then M has pointwise 1-type Gauss map of the second kind if and only if it is an
open portion of a space-like plane.

Proof. Let M be an oriented maximal surface in E{, i.e., H = 0. Then there exists a

frame field {eq, €2, e3, e4} defined on M such that e3 = —e4 = 1 and the corresponding
shape operators are of the form
h3 0 ht,  hi
3.5 R ) and A:( b 12).
(38) = (8 =

Thus, (2.9) implies
(3.9) Av = ||h|?v +2RP (e1,ez5e3,e4)e1 Aes.

Now, we assume M has pointwise 1-type Gauss map of the second kind. Then there
exist a smooth function f and a non-zero constant vector C' € E§ such that (1.1) is
satisfied. From (1.1), (3.1) and (3.9), we get f(v+C) = ||h|>v+2RP (e1, e2; e3,e4)e1 A
eo which implies

(3.10) C13 = C1q4 = Cz3 = Cay = 0.

Since C' is a constant vector, the functions Cyp, A, B = 1,2,3,4. satisfy (3.2)-(3.7)
because of Lemma 3.1. By using (3.8) and (3.10) in equations (3.3) and (3.6) for
i = 1,2, we obtain

(3.11) Cizhiy = Caahiy =0,
(3.12) Clgh?l + 034h‘112 = Cl2h‘112 — C34h‘;’1 =0.
Since C' is non-zero, one of the functions Ci2 and Csy4 is non-zero. Therefore, (3.11)
and (3.12) imply h3; = hi; = hi, = 0. Hence, we have A3 = A4 = 0 which yields M

is an open portion of a space-like plane in Ef.
The converse follows from Remark 2.1. |

Considering Proposition 2.3, Proposition 2.4 and Theorem 3.2, we state following
classification theorem:
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Theorem 3.3. Let M be an oriented maximal surface in the Minkowski space E}.
Then M has (global) 1-type Gauss map if and only if M is either an open part of an
space-like plane or congruent to the surface given by (2.10).

Next, we study space-like surfaces in Ef with constant mean curvature. First, we
have some examples of space-like surfaces with pointwise 1-type Gauss map of the
second kind.

Example 1. Let M be a helical cylinder in B} given by
(3.13) x1(s,t) = (ays,by cos s, by sin s, t),

where a; and by are some non-zero constants with b3 —a? > 0. Then M is a space-like
surface with constant mean curvature and flat normal bundle. Moreover, its Gauss

map v satisfies (1.1) for the smooth function f = ﬁ and the constant vector
1 1
2
C = bza_ilazv + 6‘51_’32 e1 N es. Therefore, M has pointwise I-type Gauss map of the
1 1 1 1

second kind.

Example 2. The same arguments hold for the helical cylinders given by

(3.14) xa(s,t) = (bacoshs,bysinhs, ass,t)
and
(3.15) x3(s,t) = (bgsinhs,bscoshs,ass,t),

for some non-zero constants as, as, by, bz with a§ - b§ > 0.
We need the following lemma for later use:

Lemma 3.4. Let M be an oriented space-like surface in the Minkowski space Ei.
If there exists an orthonormal frame field {ey,eq, es,e4} defined on M such that the
corresponding connections forms satisfy

(3.16) w13 = —0wy, w34 = fwi, Wiz =wig = w3z =wy =0

for some constants a # 0 and 3 # 0 with e3a® — 3% # 0, then M is congruent to one
of the helical cylinders given by (3.13), (3.14) and (3.15).

Proof. Let the connection forms of M relative to an orthonormal frame field {e1, €2, e3, €4}
be given by (3.16). Then, we have wss(e1) = 3, wza(ez) = 0, A3 = diag(a,0) and
Ay = 0. The first structural equation (2.5) implies dwy = dws = 0 as wi2 = 0. Thus,
the dual forms w; and wy are exact, i.e., there exists a local coordinate system {u, v}
such that w; = du and we = dv which imply e; = 0,, and e; = 9,

Let z = z(u, v) be the position vector of M in E} defined on an open set 2 of R%.
Since wis = 0, we have 65161 = Ty = h(er,e1), 65162 = §6261 = Tyy = h(ey,e2)
and Ve, es = Ty = h(es, e2). From these equations, (2.1) and (2.2) we obtain

(317) Tyy = €300€3, Tyy =0, Ty =0,
(318> 66163 = (63)u = —QTy — 535647 %6264 = (63)11 = 07
(3.19) Ve e = (ea)u = —e308e3, Ve,eq = (€4)y = 0.
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The second and third equations in (3.17) imply
(3.20) x =vLy + B(u),

where L; € E} is a constant vector and B is a vector-valued function into E}. Note
that (3.18) and (3.19) show that the vector fields e and es depend only on w. In
addition, from the first equation in (3.17) we obtain that

(321) <-ruu7 xuu) = 83062
and
(3.22) B" = e3ae3

where ’ denotes derivative with respect to u.
By differentiating the first equation in (3.18) and using (3.19), (3.20) we obtain

(3.23) ey + (e30® — B%)ez = 0.

Considering the sign of the constant e3a? — (32, the general solution of (3.23) can be
written in terms of hyperbolic or trigonometric functions. Therefore, we have two
cases:

Case 1. e30® — 3> = —a® < 0. By solving (3.23) we obtain e3 = cosh (au) Ly +
sinh (au) L3 for some constant vectors Ly, Ly € Ef. Thus, (3.22) becomes

B"(u) = e3a (cosh (aw) Ly + sinh (au) Eg)
from which we have
(3.24) B(u) = cosh (au) Ly 4 sinh (au) L3 + uL4 + Ls

for some constant vectors Ly, L3, L4, Ls € E}. Without loss of generality, we may
take Ls = 0. Thus, from (3.20) and (3.24) we get

(3.25) x = Lyv + cosh (au) Ly + sinh (au) L 4+ uLy.

From (24, z,) = 1, (x4, ) = 0, (24, 2,) = 1 and (3.21) we obtain that Ly, Lo, Ls
and L, are mutually perpendicular and that

e a2 2
<L1aL1> = ]-a <L23L2> = 7<L33L3> = (530;77&2)2; <L4;L4> = BT—eza?"
Considering €3 = 1 or €3 = —1, we see that there are exactly two different choice of

Lo, Lz and Ly, up to linear isometries of E}. Thus, we have two subcases:
Case 1a. e3 = 1. After a suitable isometry of E}, we may assume that L; =

(07 Oa 07 1)7 L2 = 042%52(07 1a Oa 0)7 L3 = ﬁ_ﬂ?(la Oa 070)7 L4 = \/%(Oa 0) 170)
Hence, by choosing suitable coordinates, putting /3% — a?u = s, ﬁ = a3 and

(67

2 -3 bz and replacing v by t, we obtain (3.15).
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Case 1b. e3 = —1. Up to isometries of E, we may choose L; = (0,0,0,1),
_ _« _ _« _ B :
Ly = m(l,0,0,0), L; = W(O’ 1,0,0), Ly = W(O,O, 1,0). After a suitable

choice of Minkowskian coordinate system {s, ¢} and constants as, bs, we can see that
M is congruent to the surface given by (3.14).
Case 2. e30” — 32 = a? > 0. In this case, the general solution of (3.23) is

es = cos (au) Ly + sin (au) Ls

for some constant vectors Lo, Ly € E} and we have only €3 = 1. By a similar way to
Case la, we can see that M is congruent to the surface given by (3.13). ]

Theorem 3.5. Let M be an oriented space-like surface in the Minkowski space E} with
flat normal bundle and non-zero constant mean curvature. Then, M has pointwise
1-type Gauss map of the second kind if and only if it is congruent to one of the helical
cylinders given by (3.13), (3.14) and (3.15).

Proof. Since M has non-zero constant mean curvature, there exists a local orthonor-
mal frame field {es,es} of normal bundle of M such that the mean curvature vector
H of M is proportional to e3. Moreover, since M has flat normal bundle, shape
operators can be simultaneously diagonalized by choosing a proper basis {e1,ea} of
tangent bundle of M. Therefore, the shape operators are of the form

(3.26) Az = diag(hiy, h3,),  As = diag(hiy, —hi,).
Let a = h$, + h3, # 0 which is a constant. From (2.9) and (3.26) we obtain that
(3.27) Av = ||h||21/ — egawsg(er)er A ez — esawsq(ea)es A es.

We assume M has pointwise 1-type Gauss map of the second kind. Now, we are
going to determine the connection forms of M. According to the assumption, (1.1) is
satisfied for some function f # 0 and non-zero constant vector C' € ES. From (1.1),
(3.1) and (3.27) we have

(3.28) (1 =Cs) = ||
(3.29) fCi3 = —awsa(er),
(3.30) JCo = —awsy(es),
(3.31) Cia=Clu=0Cu = 0.

Since C is a non-zero constant vector, its components satisfy (3.2)-(3.7) for ¢ = 1,2
because of Lemma 3.1. From (3.4) and (3.6) for ¢ = 1,2, we obtain that

(3.32) —ws34(e1)Ciz +hiCsy = 0.
(3.33) wsa(e2)Ciz = 0,
(3.34) wsa(e1)C23 = 0,
(3.35) —wsa(e2)Cas + h3,Cs4 = 0.

Note that if wss(e1) = wsq(e2) = 0, then M has parallel mean curvature vector
which is a contradiction because of Theorem 2.2. Therefore, without loss of generality,
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we may assume wsq(e1) # 0. So, (3.29) implies that Ci3 # 0. From (3.33) we get
ws4q(ea) = 0. Thus, (3.30) implies Cy3 = 0. Hence, C' becomes

(336) C = eg3C13e1 A eg — Csues A ey.

On the other hand, (3.35) gives C34h3, = 0 as Ca3 = 0. Note that if C34 = 0,
then (3.32) implies w34(e1)C13 = 0 which is a contradiction. So, we have h3, = 0.
Therefore, from (3.26) we have

(3.37) Az = diag(e,0), Ay = diag(ht,, —h1,).

Thus, the Codazzi equations h}, 5 = hi, |, hiy, = hly, and h3, ; = hfy, become,
respectively,

(3.38) awiz(er) = 0,
(339) €4h%1w34(€1) = awlg(eg),
(340) 61(7h41k1) = Qh%lwu(eg).

In addition, the Gauss equation (R(eq,es)eq,es) = e3(det Az — det A4) implies

(341) €1 (wlg(eg)) = €3 (h%1)2 — (wlg(ez))2.

From (3.38) we obtain wi2(e;) =0 as a # 0.
Now, we will show that h{; = 0. Suppose that h}; # 0. Multiplying (3.29) by
w34 (e1) and using (3.32), we obtain that

(3.42) fC31 = — (w3aler))”
as h$; = a # 0. Thus, (3.28) implies
(3.43) f=es(@® = 2(h1)?) = (wsaler))?.

From (3.29), (3.36) and (3.42) we obtain that

(3.44) C = M (ezaer N eg —wsg(er)es Aey).

f

Next, we define a vector field C = ezae; N eg — wsq(er)es A eq and a function f =
—wsq(e1)/f. Then (3.44) infers C' = fC. Since C is a constant vector, we get

(3.45) e1(C) = e1(f)C + fer (C) = 0.

Note that if ¢' and el(é) linearly independent, (3.45) implies f = 0 which is a con-
tradiction. In addition, by a direct calculation using Gauss and Weingarten formulas
(2.1) and (2.2), we obtain that

(346) 61(6’) = 7h%1w34(61)61 A\ es + (Oéh%l — e1 (W34(61)))63 N ey

which implies e1(C) # 0 as h%, # 0 and ws4(e1) # 0. Thus, C and e;(C) are linearly
dependent. By differentiating (3.39), we obtain

ese1(h))wsa(er) + eshiier (waa(er)) = aer(wia(ez))
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from which and (3.39)-(3.41) we get
(347) hzlll (61 (w34(€1)) + Ozhélll — w12(62)W34(€1)) =0.
As hiy #0, (3.47) implies

(348) el (w34(€1)) = —Oéhzlll + w12(€2)UJ34(61).

From (3.39), (3.46) and (3.48) we obtain

(349) 61(0) = (.«)12(62)@ + 20&h411163 N eyq.

Since e, (C) and C linearly dependent, (3.49) implies 2}, = 0 which is a contradiction.

Therefore, we proved hj; = 0. As ht; = 0, (3.39) implies wi2(e2) = 0. On the other

hand, from (3.43) and (3.44) we have e3a2(C,C) = (14 (C, C))ws4(e1) which implies

wsq(e1) = B, where

5 e302(C, C)
- 1+(C,0)

Moreover, (3.43) implies f = e3a? — 32 # 0.
Consequently, we have the connection forms of M in Ef as

£0.

w1z = —ow1, w3g = PBwi, wiz = wig = wez = way = 0.

Considering Lemma 3.4, the connection forms of M and helical cylinders given by
(3.13), (3.14) and (3.15) coincides. Therefore, considering the fundemental theorem
of submanifolds, M is congruent to one of the helical cylinders given by (3.13), (3.14)
and (3.15). O
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