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Abstract. The purpose of this paper is to study n-dimensional Q)R-
submanifolds of maximal @) R-dimension isometrically immersed in a quater-
nionic space form and to classify such submanifolds under certain condi-
tions concerning the second fundamental form and the induced almost
contact 3-structure.
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1 Introduction

Let M be a connected real n-dimensional submanifold of real codimension p immersed
in a real (n+p)-dimensional quaternionic Kéhler manifold M with quaternionic Kihler
structure {F,G, H}. If there exists an r-dimensional normal distribution v of the
normal bundle TM~ such that

Fv, Cv,, Guvy Cv,, Hv, C vy,
FvtcT,M, Gv} c T,M, Hv}: c T,M

at each point x € M, then M is called a QR-submanifold of r QR-dimension, where
vt denotes the complementary orthogonal distribution to v in TM* (cf. [1], [5], [9],
[13], [14] etc.). Real hypersurfaces, which are typical examples of @ R-submanifold
with » = 0, have been investigated in many papers (cf. [15], [16] and [17] etc.) in
connection with the shape operator and the induced almost contact 3-structure (for
definition, see [11]).

On the other hand, for a @ R-submanifold M of maximal () R-dimension(that is,
(p—1) QR-dimension), we can take a distinguished normal vector field £ to M so that
vt = Span{¢}. Many authors (cf. [5], [8], [9], [13] and [14]) studied Q R-submanifolds
M of maximal @ R-dimension under the following additional condition:

The distinguished normal vector field & is parallel with respect to the normal con-
nection induced on the normal bundle of M.
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In this paper we shall determine @ R-submanifolds of maximal ¢ R-dimension iso-
metrically immersed in a quaternionic space form under the conditions given in (3.1)
without the additional condition mentioned above. In particular we have Theorems
3.3 and 5.3 which are improvements of theorems provided in [9, Theorem 1.1, p.656]
and [5, Theorem 2, p.588], respectively.

All manifolds, submanifolds and geometric objects will be assumed to be con-
nected, differentiable and of class C°°, and all maps also be of class C'*° if not stated
otherwise.

2 Preliminaries

Let M be areal (n-+p)-dimensional quaternionic Kihler manifold. Then, by definition,
there is a 3-dimensional vector bundle V' consisting of tensor fields of type (1,1) over
M satisfying the following conditions (a), (b) and (c):

(a) In any coordinate neighborhood U, there is a local basis {F, G, H} of V such
that

F?=—-1 G*=—-I, H>=—1I,

2.1
21) FG=-GF=H, GH=-HG=F, HF = —-FH = G.

(b) There is a Riemannian metric g which is Hermitian with respect to all of F,
G and H.
(c) For the Riemannian connection V with respect to g, we have

VF 0 r  —q F
(2.2) VG|l=|-r 0 »p G|,
VH g —-p O H

where p, g and r are local 1-forms defined in U. Such a local basis {F, G, H} is called
a canonical local basis of the bundle V' in U (cf. [6] and [7]).

For canonical local bases {F, G, H} and {'F,'G,"H} of V' in coordinate neighbor-
hoods U and 'U respectively, it follows that in U N'U

'F F
'G | =(say) | G |, (z, y=1, 2, 3),
'H H

where s;, are local differentiable functions with (s;,) € SO(3) as a consequence of
(2.1). Tt is well known that every quaternionic Kéhler manifold is orientable (cf. [6]
and [7]).

Now let M be an n-dimensional @) R-submanifold of maximal ) R-dimension,
namely, (p — 1) QR-dimension isometrically immersed in M. Then by definition
there is a unit normal vector field ¢ such that v;- = Span{¢} at each point x € M.
We set

(2.3) U=-F¢ V=-G¢, W=-—HE
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Denoting by D, the maximal quaternionic invariant subspace
T MNFT,MNGT,MNHT,M

of T,M, we have D D Span{U,V,W}, where D} means the complementary or-
thogonal subspace to D, in T,M. But, using (2.1) and (2.3), we can prove that
Dt = Span{U,V,W} (cf. [1] and [14]). Thus we have

T.M =D, ®Span{U,V,W}, Vae& M,
which together with (2.1) and (2.3) implies
FT,M, GT,M, HT,M C T,M @& Span{¢}.

Therefore, for any tangent vector field X and for a local orthonormal basis {{4 }a=1,...p
(&1 := &) of normal vectors to M, we have the following decomposition in tangential
and normal components:

(2.4) FX = ¢X +u(X)¢, GX =¢X +o(X)¢, HX =0X +w(X)E,

p p p
(25) Fgazzplaﬁ§ﬁ7 Gga:ZP&xﬁgﬁa Hga:ZPSaﬁgﬁu a=2,...,p.
B=2 B=2 B=2

Then it is easily seen that {¢,,0} are skew-symmetric endomorphisms acting on
T, M. Moreover, from (2.3), (2.4), (2.5) and the Hermitian property of {F, G, H}, it
follows that
U’X):u(X)v g(V,X):U(X),
(2.6) wU)=1, vV)=1, wW)=1,
oU =0, 9V =0, 6OW =0.

g(W, X) = w(X),

Next, applying F' to the first equation of (2.4) and using (2.1), (2.3), (2.4) and
(2.6), we have
P*X = —X +u(X)U, u(¢pX)=0.

Similarly taking account of the second and the third equations of (2.4), consequently
we get

(2.7) ¢P*X=-X+uX)U, ¢*X=-X+vX)V, 6°X=-X+wX)W,

(2.8) u(@X) =g(eX,U) =0, v(¢X)=yg@X,V)=0, w®X)=g(0X,W)=0.

Applying G and H respectively to the first equation of (2.4) and using (2.1), (2.3)
and (2.4), we have

6X +w(X)E = —(6X) — v(dX)E +u(X)V,
PX + 0(X)E = 0(X) +w(@X)E — u(X)W,
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respectively. Thus we can see that

P(9X) = —0X +u(X)V, v(dX) = —w(X),

29) 0(6X) = ¥ X + u(X)W, w(@X) = o(X).

Therefore, according to similar method as the above, the second and the third equa-
tions of (2.4) also yield respectively

(2.10) P(YX) =X +o(X)U, u(¥X)=w(X),
' 0(X) = =X + (X)W, w(pX) = —u(X),
(2.11) P(0X) = —¢vX +wX)U, ubX)=—-v(X),

PY(OX) =X +w(X)V, v(0X)=u(X).
Moreover, from (2.8) joined with the skew-symmetry of ¢, ¢ and 6, it follows that
YyU=-W, oU)=0, U=V, w(U)=0,
(2.12) PV =W, w(V)=0, 0V=-U wlV)=0
oW = -V, U(W) =0, YW =U, U(W)

0,

where we have used (2.9), (2.10) and (2.11).

The equations (2.6)-(2.12) tell us that M admits the so-called almost contact 3-
structure (for definition, see [11]) and consequently it is seen that the dimension n of
M satisfies the equality n = 4m + 3 for some integer m.

On the other hand, since the normal distribution v is quaternionic invariant, we
can take a local orthonormal basis {&, &q, Ear, Earry Earrr } q=id of normal vec-
tors to M such that

(213) fa* = Ffav ga** = Ggaa ga*** = H£a~

a=1,..

Now let V be the Levi-Civita connection on M and let V-1 the normal connection
of TM* induced from V. Then Gauss and Weingarten formulae are given by

(2.14) VxY =VxY +h(X,Y),

q
Vx€=—AX + V&= —AX+ Y {sa(X)éa + 0= (X)ar

a=1

F Sque (X)Eqen + Squen (X)€qnes b,

(2.15)

ﬁXga - _AaX — Sa (X)f‘i' Z{Sab(x)gb + Sab* (X)gb*
(2.152) b=1

+ Sab*= (X)fb** + Sabr*= (X)Eb*** },

q
vaa* = _Aa"X — Sax* (X)€+ Z{Sa*b(X)gb + Sqxb* (X)gb*
(2.153) b=1

—+ Sgxp* (X)fb** + Sgrprrx (X)fb***}”
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q
Vixbare = —Agee X = 500+ (X)E+ > {8a=+5(X)& + Savvpe (X)Epr
(2154) b=1

+ Sa**p** (X)gb** + Sa**prr* (X)fb*** }’

q
Vixlares = —Ageer X — Squee (X)E+ D _{8ave6(X)& + Saverpr (X)Epr
(2.155) P

+ S g xoxx pror (X)fb** =+ Sgroknprorx (X)fb***}

for vector fields X and Y tangent to M, where s’'s are the coefficients of the normal
connection V+. Here and in the sequel h denotes the second fundamental form and
A, Ay, Ags, Ager, Ay« the shape operators corresponding to the normals &, &, &+,
Eqnn, Eq==x, Tespectively. They are related by

q
hX,Y) = g(AX,YV)E+ Y {g9(AaX,Y)& + 9(Aa X, Y ) -

a=1

+ g(Aa**Xa Y)ga** + g(Aa***X, Y)ga*** }

(2.16)

By means of (2.1)-(2.4), (2.13) and (2.151_5), it can be easily verified that

AeX = —Ag- X + 5= (X)U

2.17
(2.171) = Y Agr X + Sqer (X)V = —0Agees X + Sqees (X)W,
Age X = AX — 5,(X)U
(2.175)
= ’(j)Aa***X — Sa***(X)V = —GAG**X =+ Sa**(X)VV,
2179 Ager X = —¢Agees X + 8g0ex (X)U
o = YAX — $0(X)V = 040- X — 5= (X)W,
Ageee X = GAger X — $q-- (X)U
(2.174)
= —Au X + 54-(X)V = 04, X — s,(X)W,
(2.184) $a(X) = —u(Ag= X) = —v(Ag X) = —w(Ag=X),
(2.182) Sax(X) = u(AgX) = v(Ag= X) = —w(Ag=~ X),
(2.18) Saer (X) = —u(Agee X) = 0(Ax X) = w(Ay- X),

(2.184) S (X) = u(AgX) = —v(Ag+ X) = w(AgX).
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Moreover, since ¢, ¥, 0 are skew-symmetric and A,, Ay, Agsx, Agw are sym-
metric, (2.171_4) together with (2.6) yield

g((Aa¢ + CbAa)Xv Y) = Sa(X)u(Y) - Sa(Y)u(X)7
(2.191) 9((Aath + 1 A.) XY ) = sa(X)v(Y) = s4(Y)0v(X),
g((A0+0A4,)X,)Y) = so(X)w(Y) — s.(YV)w(X),

~

9((Aa-¢ + 0Aa-) X, V) = 50 (X)u(Y) = sa- (V)u(X),
(2-192) g((Aa*qu + wAa*)X7 Y) = Sa* (X)U(Y )
9((Agx 0+ 0A4,)X,Y) = 54« (X)w(Y) — 54+ (Y)w(X),

v
|
VA

IS)
%
—
~
S~—
<

9(Ag=+ ¢ + 9 A0 ) X, Y) = s00- (X)u(Y) = 5=+ (Y)u(X),

((
(2.193) J((Ags+ ) + P Age ) X, Y) = 500+ (X)0(Y) — S+ (V)0 (X),
g((Aa**H + GAQ**)X,Y) = Sa**(X)U)(Y) — Sa**(Y)U)(X),
G((Agrirnd + PAGn ) XY ) = geen (X)u(Y) — sqex (YV)u(X),
(2.194) G((Agrrst) + P Agen ) X, Y) = sg0 (X)0(Y) — sgnx (YV)0(X),

G((Agrrn0 + A=) X, Y) = sgmnn (X)W(Y) — 5= (Y)w(X).

On the other side, since the ambient manifold is a quaternionic Kéhlerian manifold,
differentiating the first equation of (2.4) covariantly and using (2.2), (2.4), (2.14),
(2.151) and (2.16), we have

(Vy9)X =r(Y)9X —q(Y)0X +u(X)AY — g(AY, X)U,

(2.20)
(Y)o(X) — q(V)w(X) + g(¢AY, X).
Similarly, from the second and the third equations of (2.4), we also get respectively

(Vy)X = —r(Y)oX +p(Y)0X +v(X)AY — g(AY, X)V,

(2.21) (Vyv)X = —r(Y)u(X) 4+ p(Y)w(X) + g(AY, X),

(Vy0)X = q(Y)pX — p(Y) X + w(X)AY — g(AY, X)W,

(2.22) (Vyw)X = q(Y)u(X) — p(Y)(X) + g(0AY, X).

Next, differentiating the first equation of (2.3) covariantly and making use of (2.2),
(2.3), (2.4), (2.14) and (2.151), we obtain

(2.23) VyU =r(Y)V — q(Y)W + ¢AY,
From the other equations of (2.3), similarly we obtain

(2.24) VyV =—=r(Y)U +p(Y)W + ¢ AY,

(2.25) VyW = q(Y)U — p(Y)V + A, Y.

Finally if the ambient manifold is a quaternionic space form M(c), namely, a
quaternionic Kéahlerian manifold of constant (Q-sectional curvature ¢, its curvature
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tensor R satisfies

R(X.Y)Z = Hg(Y. 2)X — g(X, 2)Y

+g(FY,Z)FX — g(FX,Z)FY —29(FX,Y)FZ

+ 9(GY, Z2)GX — g(GX, Z)GY —29(GX,Y)GZ
+g(HY,Z)HX — g(HX, Z)HY — 29(HX,Y)HZ},

for vector fields X,Y, Z tangent to M (cf. [6] and [7]). Hence equations of Gauss,
Codazzi and Ricci imply

R(X,Y)Z = {{g(Y. 2)X — (X, Z)Y

+9(oY, Z2)9X — g(¢ X, Z)pY —29(¢X,Y)pZ

+ (WY, 20X — g X, Z)Y —29(¢v X, Y )V Z
+ 9(0Y, 2)0X — g(0X, 2)0Y — 29(6X,Y)0Z}
+9(

(2.26) AY, Z)AX — g(AX, Z)AY

q
+ Z{Q(Aa}/a Z)AaX - g(AaXv Z)AaY
a=1
+ g(Aa*Ya Z)Aa*X - Q(Aa*Xa Z)Aa*Y
+ g(Ag Y, Z)Agin X — g(Agex X, Z) A Y
4+ g(Agenr Y, Z) Ageer X — g(Ageee X, Z) Ague Y},

g((VxA)Y — (Vv A)X, Z)
=H{g(oY. Z2)u(X) — g(6X, Z)u(Y) = 29(6X, Y )u(2)

+ (WY, Z)u(X) = g(¥X, Z)o(Y) — 29($X, Y )v(Z)

+g(0Y, Z)w(X) — g(0X, Z)w(Y) — 2g(0X,Y )w(Z)}
(2.27) q
+ Y {9(AuX, Z)sa(Y) = g(AsY, Z)sa(X)

a=1
+ g(Aa*X7 Z)Sa* (Y) — g(Aa*}/’ Z)Sa* (X)
+ g(Aa**X, Z)Sa**( ) — g(Aa**K Z)Sa**(X)
+ g(Ags X, Z)8q0e (V) — g(Agenr Y, Z)Sqnen (X) },

(2.28) 9(R(X,Y)Ea, &5) = 9(R™(X, Y )éa, ) + 9([Ap, Aa] X, Y)

for any vector fields X,Y,Z tangent to M, where R and R denote the curvature
tensor of V and V-, respectively (cf. [1] and [3]).
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3 Fundamental aspects concerning the conditions

Let M be an n-dimensional () R-submanifold of maximal QR dimension in a quater-
nionic Kéhler manifold. From now on we assume that the equalities

(3.1) WX, 0Y) + h(6pX,Y) =0, h(X,0Y)+h@X,Y)=0,
h(X,0Y) +h(6X,Y) =0

hold on M. Then it follows from (2.16) and (3.1) that

(3.2) Ap = ¢pA, Ap=pA, Af=0A,

(3.31) Aap = 0Aa, Ao =0As, Adl =0A,,

(3.32) Aar @ = QAgr, Agth = Age, Al = 0A,,
(3.35) Agerd = GAger,  Ageeth = hAger,  Agerld) = 0 Agev
(3.34) Agered = GAgeve,  Ageeeth = hAgere,  Ageesld) = O Ague- .

Furthermore, taking account of (2.6), (2.10), (2.12) and (3.2), we can easily obtain
that

(3.4) AU = \U, AV =\V, AW =)\W,

where A 1= u(AU) = v(AV) = w(AW).
Next, applying ¢ to the first equation of (3.31) and using (2.6) and (2.7), we have

AU =u(AU)U.

On the other hand, since (2.183) gives u(A,U) = s4+(U), consequently we get
AU = s« (U)U.

Similarly, we also have

(3.5) AU =80« (DU, AV =54 (V)V, AWV = 500 (W)W,

By the same method as the above, from (3.3)2_4, we can easily verify that

(3.61) AgeU = =5,(U)U,  AgeV = —$00ex(V)V,  AgeW = $qes (W)W,

(3.62) Ager U = $quen (UVU,  AgenV = —34(V)V,  AgeeW = —50 (W)W,

(3.63)  AgeeclU = =50 (U)U, AgensV =50+ (V)V, Agew-W = —s5,(W)W.
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Hence (2.181) and (3.6;_3) reduce to
Sa(X) = 54 (U)u(X) = s54(V)o(X) = s0(W)w(X),

from which together with (2.12), it follows that s, = 0. Likewise, taking account of
(2.185_4) and (3.6;_3), we also obtain

which also yield s« = Sg++ = Sg+++ = 0. Summing up, we have
(37) Sq = Sg* = Sg¥x = Sgx¥x = O’
or equivalently V+¢ = 0. Thus we get

Lemma 3.1. Let M be an n-dimensional QR-submanifold of mazimal QR-dimension
in a quaternionic Kdahler manifold. If the equalities appeared in (3.1) hold on M, then
the distinguished normal vector field € is parallel with respect to the normal connection.

By means of Lemma 3.1, we can see that the distinguished normal vector field £
is parallel with respect to V+, namely, that (3.7) establishes on M. Hence it is clear
from (2.172_4) and (35) that

(3.8) DAy = Age, YA, = Ager, Ay = Ageee, a=1,--- g,

(39) AaUZO, AaV: 0, AaW:O’ a=1,--- ,q.
On the other hand, it follows from (2.19), (3.31) and (3.7) that
pA. =0, YA, =0, 6A,=0,

which together with (2.7) and (3.9) gives A, = 0. Then this equation combined with
(3.8) yields

(3.10) Ay = Age = Agex = Ageer =0, a=1,---,q.

Owing to Lemma 3.1 and (3.10), we can use the codimension reduction theorems
provided in [4, Theorem, p.339], [10, Theorem 4.3. p.32] and [12 Theorem 3.4, p.115]
and therefore prove

Theorem 3.2. Let M be an n-dimensional Q R-submanifold of mazimal Q R-dimension

. Lo = 4 .
in a quaternionic space form M(n+p)/ (c) of constant Q-sectional curvature c. If the

equalities appeared in (3.1) hold on M, then there exists a real (n + 1)-dimensional
totally geodesic quaternionic space form M(HH)M(C) such that M C M(n+1)/4(c).

Proof. Lemma 3.1 and (3.10) imply that the first normal space of M is contained in
Span{¢} which is invariant under parallel translation with respect to the normal con-
nection V+. Thus we can apply to M the codimension reduction theorems provided
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in [12, Theorem 3.4, p.115] (in the case of ¢ = 4), [4 Theorem, p.339] (in the case of
¢ =0) and [10, Theorem 4.3, p.32] (in the case of ¢ = —4) and verify that there exists

a real (n + 1)-dimensional totally geodesic submanifold " such that M c A

Tentatively we denote ! by M’ and by i; the immersion of M into M’ and

M(n+p)/4( )

by io the totally geodesic immersion of M’ into ¢). Then it is clear from

(2.16) that
(3.11) Vi xiY =iiVxY +1/(X,Y) =i, VxY + g(AX,Y)¢,

where V' is the induced connection on M’ from that of M(n+p)/4(c), h' the second

fundamental form of M in M’ and A’ the corresponding shape operator to a unit
normal vector field & to M in M'.

Since i = i3 043 and M’ is totally geodesic in M(n+p)/4(c), we can easily see that
(3.12) E=ixt, A=A,

where we have used (2.16) and (3.11). Moreover, since the tangent space of the totally
geodesic submanifold M’ at x € M is T, M @ Span{¢}, it is clear from (2.3) and (2.4)
that M’ is a quaternionic invariant submanifold of Q(™*?)/4 namely, a quaternionic
space form with constant Q-sectional curvature c. O

Furthermore, owing to Lemma 3.1 and the theorem([9, Theorem 1.1, p.656]) due
to the present authors, we immediately have

Theorem 3.3. Let M be a complete n-dimensional @ R-submanifold of mazimal QR-
dimension in a quaternionic projective space QP TP)/4 If the equalities appeared in
(3.1) hold on M, then M is congruent to a tube of some radius r € (0,7/2) around
the canonically (totally geodesic) embeded quaternionic projective space QP* for some

ke{0,....,(n+p)/4—1}.

Remark. In the proof of Theorem 3.2, M’ is a quaternionic invariant submanifold
of M(n+p)/4(0) and hence, for any vector field X tangent to M,

(3.13) FioX = isF'X, GigX = isG'X, HizX = igH'X

are valid, where {F’',G’, H'} is the induced quaternionic Kéahler structure on M’.
Thus it follows from the first equation of (2.4) and (3.13) that

FiX = Figoiy X = isF'iy X = ig(i10/ X + v/ (X)¢')
=i’ X +u/(X)ig¢ =i¢' X +u'(X)E,

for any vector field X tangent to M. Comparing this equation with the first equation
of (2.4), we have ¢ = ¢’ and v = «/. Similarly, we have

(3.14) p=0¢, v=9,0=0 u=u,v=0, w=2u'

In this sense, by means of (3.2), Theorem 3.2 and the theorem ([17, Theorem 10,
p.57]) due to the second author, we can also prove Theorem 3.3.
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4 The case of ambient quaternionic hyperbolic space

In this section we specialize to the case of an ambient quaternionic hyperbolic space
QH™+P)/4 namely, to the case of a complete simply connected quaternionic Kéhler
manifold of constant ()-sectional curvature —4, and assume that M is an n-dimensional
QR-submanifold of maximal Q R-dimension in QH("*P)/4 and the equalities appeared
in (3.1) hold on M. As was already shown in Theorem 3.2 and Remark, M can be
regarded as a real hypersurface of QH (™ T1/4 which is totally geodesic in QH ("+r)/4,

In what follows, we study the QR-submanifold M as a real hypersurface of QH " +1)/4
and use the same notations and related equations as in §1 and §2 in the sense of (3.12)
and (3.13) .

A real hypersurface of a Riemannian manifold M is said to be curvature-adapted if
the shape operator A of M with respect to a unit normal vector field £ and the normal
Jacobi operator K(-) := R(-,£)¢ are simultaneously diagonalizable (i.e. K o A =
Ao K), where R denotes the curvature tensor of M.

On the other hand, for a real hypersurface M in a quaternionic Kihler manifold M,
TM can be decomposed into subbundles D @ D+ by use of the maximal quaternionic
invariant subbundle D. J. Berndt([2]) pointed out that a real hypersurface in a non-
flat quaternionic space form is curvature-adapted if and only if one of the following
two conditions holds:

(i) the subbundle D is invariant under the shape operator A,

(i) the subbundle D+ is invariant under the shape operator A.

Moreover, from this fact, in [2] J.Berndt provided the following theorem:
Let M be a connected curvature-adapted real hypersurface in QH™(n > 2) with

constant principal curvatures A1, Ao and ;.

(B1) If \y and )Xo (resp. ay) belong to A|D (resp. A|DY), then M is congruent
to an open part of a tube of some radius r € (0,00) around a canonically embedded
totally geodesic quaternionic hyperbolic space QH® for some k € {0,...,n —1}.

(By) If \i = Ao (resp. o) belongs to A|D (resp. A|DL), then M is congruent to
a horosphere in QH™.

Conwversely, these model spaces are curvature-adapted in QH™ and their principal
curvatures are constant.

In our case, we first notice that

(4.1) Ap = A, AYp=9A, A0 =0A,
which implies

(4.2) AU = U, AV =)V, AW =)W,

where A\ 1= u(AU) = v(AV) = w(AW). Since Dt = Span{U,V,W} (see §2) is
invariant under the shape operator A because of (4.2), M is curvature-adapted in
QH(*+1/4 Hence, owing to this fact and Berndt’s theorem([2], Theorem 2, p.10),
we can verify

Theorem 4.1. Let M be a complete n-dimensional Q R-submanifold of mazimal QR-
dimension in a quaternionic hyperbolic space QH™TP)/4 If the equalities appeared
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in (3.1) hold on M, then M is congruent to a tube of some radius r € (0,00) around

a canonically embedded totally geodesic quaternionic hyperbolic space QH" for some
ke{0,...,(n+p—4)/4} or a horosphere in QHP)/4,

Proof. Tt suffices to show that M has two or three constant principal curvatures. We
first notice that, in our case, the Codazzi equation (2.27) reduces to

9(VxA)Y = (VyA)X, Z)
=2{9(8Y, Z)u(X) - g(9X, Z)u(Y) — 29(6X. Y )u(Z)

+9(WY, Z)o(X) — g(¥X, Z)v(Y) = 29(4 X, Y)v(Z)
+9(0Y, Z)w(X) — g(0X, Z)w(Y) = 29(0X,Y)w(Z)},

(4.3)

with ¢ = —4 because of (3.7) or (3.10).
Differentiating the first equation of (4.2) covariantly and taking account of (2.23),
(4.1) and (4.2) itself, we have

9(VxA)Y,U) + g(pA?X,Y) = u(Y) XX + Ag(9AX,Y),

from which, taking the skew-symmetric part and using (4.3) with ¢ = —4 and (4.1),
it follows that

= 2{g(¢X.Y) — w(Y)o(X) + w(X)v(Y)} - 29(¢A°X,Y)

(4.4) = w(X)Y A —u(Y)X\ - 20g(pAX,Y).

Now we put Y = U in (4.4). Then the skew-symmetry of ¢, (2.6), (2.12) and (4.2)
imply XA = (UX)u(X). Similarly, we also have

X\ = (UNu(X) = (VA)u(X) = (WA w(X)

and consequently it is seen that UAN = VA = WA = 0. Therefore we can see that A is
constant. This fact combined with (4.4) gives

PA?X = —{pX + w(X)V —o(X)W} + \pAX,

from which, applying ¢ and taking account of (2.7), (2.12) and (4.2), it turns out to
be

(4.5) A?X = AMAX — {X —u(X)U —v(X)V — w(X)W}.

If X is a non-zero vector field with X € D and AX = pX, then it follows from (4.5)
that
PP —Ap+1=0,

and thus we get p # A. Consequently we have the following:

(1) If A2 # 4, then M has three constant principal curvatures (A + VA2 —4)/2,
(A= VA2 —4)/2 and X with multiplicities 4k, 4(m — k) and 3, respectively.

(2) If A2 = 4, then M has two constant principal curvatures \/2 and A with
multiplicities 4m and 3, respectively.
Hence owing to (1) and (2), the table([2], p.11) provided by J. Berndt implies our
assertion. (]
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5 The case of ambient quaternionic number space

In this section we specialize to the case of an ambient quaternionic number space
QtP)/4 namely, to the case of a quaternionic Kihler manifold of constant Q-
sectional curvature ¢ = 0, and suppose that M is an n-dimensional () R-submanifold
of maximal QR-dimension in Q™ *?)/4 and the conditions (3.1) hold on M.

In this case, by means of Theorem 3.2 the submanifold M can be regarded as a
real hypersurface of Q™ T1/4 which is totally geodesic in Q("+P)/4,

In what follows, we study the QR-submanifold M as a real hypersurface of Q(n+1)/4
and use the same notations and related equations as in § 1 and § 2.

We first notice that in this case (4.1) and (4.2) are also established on M. Differ-
entiating the first equation of (4.2) covariantly and using (2.23), (4.1) and (4.2) itself,
we have

g(VxA)Y,U) + g(pA*X,Y) = (XNu(Y) + Ag(¢AX,Y),

thus taking the skew-symmetric part of the last equation and making use of (4.3)
with ¢ = 0 and (4.1), it turns out to be

(5.1) 29(pA%X,Y) = (X Nu(Y) — (Y A)u(X) + 20g(pAX,Y).

Now we put Y = U in (5.1). Then the skew-symmetry of ¢ and (2.12) imply X\ =
(UN)u(X). Similarly, we also have

XA = (UNu(X) = (VA)o(X) = (WA w(X)

and consequently we get
UN=VA=WA=0,

which yields that X is constant. This fact combined with (5.1) gives ¢(A?X —AAX) =
0, and thus applying ¢ and using (2.7) and (4.2), the last equation implies 42 = \A.
Therefore we have

Lemma 5.1. Let M be a real hypersurface of a quaternionic number space Q"+1/4
on which the equalities appeared in (3.1) are valid. Then

(5.2) A% =)\A
and A is locally constant.

In particular, from Lemmma 5.1 we can prove
Lemma 5.2. Let M be as in Lemma 5.1. Then
(5.3) VA =0.

Proof. Differentiating (5.2) covariantly and making use of the fact that A is constant,
we get

(5.4) (Vy A)AX + A(Vy A)X = \(Vy A)X,

thus taking the skew-symmetric part of the last equation and using (4.3) with ¢ = 0,
we find
(VyA)AX = (VxA)AY
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and hence we get
9(VyA)AX, Z) = g(Vx A)AY, Z) = g(A(Vx A)Z,Y).

On the other side, sine we see that

9(Vy A)AX, Z) = g((VzA)AX,Y),
which together with the last equation gives

9(Vy A)AX, Z) = g(A(Vx A)Y, Z),
that is, (Vy A)AX = A(Vy A)X. Hence (5.4) reduces to

2A(Vy A)X = MVyA)X,

thus applying A to the last equation and using (5.2), we have AMA(Vy A)X = 0 and
therefore we obtain A\(Vy A)X = 0, which completes our assertion because of the fact
that A is constant. ]

By means of Lemma 5.1, the eigenvalues x of the shape operator A satisfy
k(K —A) =0.

Moreover it is clear from (4.1) and (4.2) that the multiplicity of A must be 4m + 3
for some integer m at each point in M. Since A is constant and traceA is continuous,
the multiplicity r of A is constant. Hence it suffices to consider the following 3-cases

(i) r=0, (15) r=n, (1it) 3<r<n.

We will start with the first case of (i). In this case A = 0 and consequently M is
contained in a totally geodesic hyperplane R™ of Q(+1)/4,

Next, we consider the case of (i7). In this case A = AI. Let T be the position
vector of M and put p:=Z + A~1¢. Then, since V%&£ = 0,

Vxp=Vx(@Z+1X1)=X-214X) =0,

which means that p is a fixed point in Q™*1)/4, Moreover, it is clear that |z — p| =
|A|=! and consequently M is contained in a hypersphere S™(|]A\|~!) of radius |[A\|~! and
centered at p.

Finally we consider the case of (¢iz). Since the multiplicity r of A is constant,
the eigenspaces corresponding to A and 0 determine distributions of dimension r and
n — r, which will be denoted by Dy, and Dy, respectively. Furthermore, by means of
Lemma 5.2, VA = 0 and consequently it is easily verified that Dy and Dy are both
involutive and that D) is parallel along Dy and vice versa. Denoting by M) and M,
the integral submanifolds of Dy and Dy, respectively, we can see that M is locally
the Riemannian product My x M.

From now on we shall study M), and M, more precisely and start with M.

Let Zy,--- , Z,_, be orthonormal vector fields belonging to Dy. Since M) is totally
geodesic in M, the shape operators Aj,---, Al . corresponding to those normal

vectors vanish. On the other hand we may consider My as a submanifold of Q("+1)/4,
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Then the vector fields Z7,- -+ , Z,,_,,£ form an orthonormal set of local vector fields
normal to M)y. In this case the shape operators corresponding to Zi,--- , Z,_, also
vanish. Hence it is clear from (2.28) that

(5.5) 'RYX,Y)Z; =0, i=1,....n—1,

where 'R denotes the curvature tensor of the normal connection 'V* of M, in
Q(t1/4 Thus, by the same method as that used in the proof of Proposition 1.1
in [3, p.99], we may show that the equation (5.5) yields the existence of the normal
vector fields Zy,--- , Z,,_, such that

(5.6) 'NV%Zi=0, i=1,....,n—r

for any tangent vector X to M.
Now let Z be the position vector of My in Q*+1/4 and put § := Z+ A\~&. Then,
for X € D,, it follows that

Vxp=X-A'4AX=0 and |Jz—p| ="',

which means that M) belongs to the hypersphere of radius |A|~! centered at p. Fur-
ther, using (5.7) and A, =0, i=1,---,n—r, we have

Xg(F Z)=9(X, Z)=0, i=1,-- ,n—r

that is,
(5.7) 9, Z;)=c¢y i=1,--- ,n—r
for X € Dy, where ¢;(i = 1,--+,n — r) are constants. Hence M) belongs to the

intersection of the hypersphere of radius |A\|~! centered at p and the n—r hyperplanes
defined by (5.7). We notice that P is contained in the n — r hyperplanes.

In a similar way it can be shown that M; belongs to the intersection of the r + 1
hyperplanes given by

g(jag)zca g(‘faZS):Csa Szn—r—i-l,---,n,
where ¢ and ¢s(s =n —r+1,--- ,n) are constants. Summing up, we yield

Theorem 5.3. Let M be a complete n-dimensional Q R-submanifold of mazimal QR-
dimension in QUP)/% on which the equalities appeared in (3.1) are valid. Then M
is isometric to  R™, 8™ or ST xR"7".

Acknowledgements. This work was supported by the 2011 Inje University
research grant.

References

[1] A. Bejancu, Geometry of CR-submanifolds, D. Reidel Publishing Company,
Dordrecht-Boston-Lancaster-Tokyo, 1986.

[2] J.Berndt, Real hypersurfaces in quaternionic space forms, J. Reine Angew. Math.
419 (1991), 9-26.



46

3]
[4]

[

Al

ey

[17]

Hyang Sook Kim and Jin Suk Pak

B. Y. Chen, Geometry of submanifolds, Marcel Dekker Inc., New York, 1973.

J. Erbacher, Reduction of the codimension of an isometric immersion, J. Diff.
Geom. 5 (1971), 333-340.

S. Funabashi, J. S. Pak and Y. J. Shin, On the normality of an almost contact
3-structure on QR-submanifolds, Czecho. Math. J. 53 (2003), 571-589.

S. Ishihara, Quaternion Kaehlerian manifolds, J. Diff. Geom. 9 (1974), 483-500.
S. Ishihara and M. Konishi, Differential geometry of fibred spaces, Publication of
the study group of geometry, Vol. 8, Tokyo, 1973.

H. S. Kim, J.-H. Kwon and J. S. Pak, Real n-dimensional QR-submanifolds of
mazimal QR-dimension immersed in QP™*P)/4 Commun. Korean Math. Soc.
24 (2009), 111-125.

H. S. Kim and J. S. Pak , QR-submanifolds of mazimal QR-dimension in quater-
nionic projective space, J. Korean Math. Soc. 42 (2005), 655-672.

H. S. Kim and J. S. Pak, Codimension reduction for submanifolds of quaternionic
hyperbolic space, Acta Math. Hungar. 121(1-2) (2008), 21-33.

Y. Y. Kuo, On almost contact 3-structure, Tohoku Math. J. 22 (1970), 325-332.
J.-H. Kwon and J. S. Pak, Codimension reduction for real submanifolds of quater-
nionic projective space, J. Korean Math. Soc. 36 (1999), 109-123.

J.-H. Kwon and J. S. Pak, Scalar curvature of QR-submanifolds immersed in a
quaternionic projective space, Saitama Math. J. 17 (1999), 47-57.

J.-H. Kwon and J. S. Pak, QR-submanifolds of (p—1) QR-dimension in a quater-
nionic projective space QP™P)/4 Acta Math. Hungar. 86 (2000), 89-116.

H. B. Lawson, Jr., Rigidity theorems in rank-1 symmetric spaces, J. Diff. Geom.
4 (1970), 349-357.

R. Niebergall and P. J. Ryan Real hypersurfaces in complex space forms, Tight
and Taut Submanifolds, T. E. Cecil and S. S. Chern, eds., Cambridge University
Press, 1998

J. S. Pak, Real hypersurfaces in quaternionic Kaehlerian manifolds with constant
Q-sectional curvature, Kodai Math. Sem. Rep. 29 (1977), 22-61.

Author’s address:

Hyang Sook Kim

Department of Applied Mathematics, Institute of Basic Science, Inje University,
Kimhae 621-749, Korea.

E-mail: mathkim@inje.ac.kr

Jin Suk Pak
Kyungpook National University, Daegu 702-701, Korea.
E-mail: jspak@knu.ac.kr



