On Tzitzeica equation and spectral properties of
related Lax operators

N. C. Babalic, R. Constantinescu, V. S. Gerdjikov

Abstract. We discuss the Tzitzeica equation and the spectral properties
associated with its Lax operator L. We prove that the continuous spec-
trum of L is rotated with respect to the contour of the Riemann-Hilbert
problem with angle 7/6. We also show that the poles of the dressing
factors and their inverses are discrete eigenvalues of L.
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1 Introduction

The famous Tzitzeica equation:

0%
1.1 —e2¢ —4¢
(1.1) 265877 e*? —e™1?,

was discovered more than a century ago [15, 16] and was first used to analyze special
surfaces in differential geometry for which the ratio K/d* is constant, see also [18, 17].
Here K is the Gauss curvature of the surface and d is the distance from the origin to
the tangent plane at the given point. At the end of 1970-is eq. (1.1) was established
to have higher integrals of motion [4]. Next Zhiber and Shabat [22] proved that it
is completely integrable Hamiltonian system. Finally Mikhailov constructed its Lax
pair [10, 11] which possesses highly nontrivial symmetry, known today as the group
of reductions. In fact along with the sine-Gordon eq., Tzitzeica equation (1.1) is one
of the simplest representatives of the well known by now 2-dimensional Toda field
theories [10, 11].

The present paper proposes a study of the Lax representation of (1.1) and of
the spectral properties of the relevant Lax operator. In Section 2 we start with
preliminaries concerning the well known facts about the Lax representation and the
reductions, proposed by Mikhailov, used to pick it up from the generic Lax operators.
In the next Section 3 we construct the fundamental analytic solution of L. We prove
that it has analyticity properties with respect to A in each of the sectors Q,, v =
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0,...,5, see eq. (3.4) and Figure 1. In the next Section 4, starting from a dressing
factor inspired by Zakaharov-Shabat-Mikhailov [21, 11], we outline the construction
of the generic N-soliton solutions of Tzitzeica eq. In Section 5 we analyze the spectral
properties of the Lax pair. We construct the kernel of the resolvent in terms od the
FAS of L, see eq. (5.2) below. The theorem 5.1 demonstrates that the continuous
spectrum of L is on the rays b, (5.4) and is rotated with respect to the contour of the
RHP on angle 7/6. We prove that the poles of the dressing factors and their inverse
are discrete eigenvalues of L.

2 Preliminaries

We start with the Lax representation of Tzitzeica equation found by Mikhailov [10,
11].

ov
L1\I/ = — — (UO + )\Ul)\:[l(57777 )‘) = 0’

o) oy
LoW = o (Vo + A7V W (&, m,A) = 0,
where
¢1e 0O 0 0 et =2 0
Uy = — 0 ¢27§ 0 R U, = 0 0 €¢2_¢3 )
0 0 eP1—¢3 0 0
(2.2) -
$1p 0O 0 0 0 e
Vb = 0 ¢2,71 0 5 Vl - €¢1_¢2 0 0
0 0 ¢34 0 et 0

It is easy to check that the compatibility conditions of L1 and Lo gives the equation:

o _ 2(pa-dar1) _ 2ba1-6a)
(2.3) 28587776 " Patl) _ pf(Pa—170a) a=1,2,3,

where a = 1 should be taken mod 3, which generalizes the Tzitzeica equation.
Following Mikhailov, we impose reductions of the Lax pair [10, 11]. We notice
that the Lax pair above satisfies identically a Zg-reduction of the form:
0 .
(2.4) QTIU(ENNQ =Y n,qN), Q= 0 ], a=em"m

q

S O =
o O

We also impose two Zs-reductions, as follows.

1. The first Zs-reduction is

W (&, m, A7) = W (&,m, ),

(2.5) ) : . .
U():Uo, U1:U1, VO:Vba Vi:V17

i.e., the fields ¢, = ¢} are real functions.
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2. The second Zs-reduction

0
(26) Aaqur(é-7 7, _A*)AO = W71(§7 7, )‘)7 AO = 0
1

O = O
O O =

2.7)  AFWUSAg = ()"0, AFWVIA = (-1, k=1,2

These conditions lead to:

(2.8) o1 =—¢3 =9, P2 =0,
and
0 € 0 0 0 e 2
29 wvi=| 0o 0 e Vi=| e 0 0
e72 0 0 e? 0

After the last reduction Tzitzeica equation acquires its classical form (1.1). There is
another form of (1.1) which we will call Tzitzeica II:

¢

(2.10) 2 ae0n

—e2 419,

which is obtained from (1.1) by replacing £ — £ and n — 7.

In what follows we will construct the fundamental analytic solutions (FAS) of the
Lax pair. For the sake of convenience we will apply to the Lax pair a simple gauge
transformation after which the new Lax operator takes the form:

.0
(2.11) Lx =i +(QO) = M)x(EN) =0,
where we have replaced ‘A by A and
(2.12)
0 .
X(ga )‘) = f067¢H1\I}(£7 A)a Q(f) = 7287?(‘7 - jT)v J = dlag (Qa qu)v
1 0 1 0 1 g 1 ¢
J=—10 0 1 ], fo=— 1 1 1
V3 1 0 0 V3 @ 1 q

3 The FAS of the Lax operators with Z,-reduction.

The idea for the FAS for the generalized Zakharov-Shabat (GZS) system has been
proposed by Shabat [14]. However for the GZS J is with real eigenvalues, while our
Lax operator has complex eigenvalues.

The Jost solutions of eq. (2.11) are defined by:

(3.1) Jim e (E N =1, T e (6 A)e ™0 =1



14 N. C. Babalic, R. Constantinescu, V. S. Gerdjikov

They satisfy the integral equations:

3
(3:2) V(@A) =1+ [ dye” ™00y Ya(y, \)e ),
+oo
where Y1 (€, \) = x+ (€, \)e*/¢. Unfortunately, with our choice for J = diag (¢, 1, ¢?)
this integral equations have no solutions. The reason is that the factors e*/¢—%) in
the kernel in (3.2) can not be made to decrease simultaneously.

Following the ideas of Caudrey, Beals and Coifman, see [3, 2, 8] we start with
the Jost solutions for potentials on compact support, i.e. assume that Q(£) = 0 for
€ < —Lg and & > Lg. Then the integrals in (3.2) converge and one can prove the
existence of Yy (&, ).

Our next step will be to determine the continuous spectrum of L. As we shall
show below, the continuous spectrum of L consists of those points A, for which

(3.3) ImA(Jy, — J;) = ImA(¢* % —¢*7) = 0.

It is easy to check that for each pair of indices k # j eq. (3.3) has a solution of the
form arg A = const ;. The solutions for all choices of the pairs &, j fill up a pair of
rays [, and [, 3 which are given by:

m(2v 4+ 1)
6 )
where v = 0,...,5, see Fig. 1.

Thus the analyticity regions of the FAS are the 6 sectors Q,, v = 0,...,6 split
up by the set of rays l,,, v = 0,...,5, see Fig. 1. Now we will outline how one can
construct a FAS in each of these sectors.

Obviously, if ImAa(J) = 0 on the rays I, Ul 43, then ImAa(J) > 0 for A €
Q, U Q41 UQyio and ImAa(J) < 0 for A € Q,_1 UQ,_o UQ,_3; of course all
indices here are understood modulo 6. As a result the factors e=*/&~%) will decay
exponentially if Ima(J) <0 and £ —y > 0 or if Ima(J) > 0 and £ — y < 0. In eq.
(3.5) below we have listed the signs of Im a(J) for each of the sectors ,,.

To each ray one can relate the root satisfying Im Aa(J) = 0, i.e.

(34) 1I,: arg(\) =

lo, :|:(€1 — 62) Qo a; <0, as >0 az >0
(35) ll, :|:(61 — 63) 04 ay >0, as >0 az <0
lo, i(eg — 63) Qo a; <0, as <0 ag < 0.

There are two fundamental regions: ¢ and ;. The transition from Q4 and ; to
the other sectors is realized by the automorphism Cj:

(36) C()QV = Qu+2, C()l,, = ly+2, V= 07 1, 2.

The next step is to construct the set of integral equations for FAS which will be
analytic in €2,. They are different from the integral equations for the Jost solutions
(3.2) because for each choice of the matrix element (k, j) we specify the lower limit
of the integral so that all exponential factors e*(/x=7i)(€=¥) decrease for &,y — +o0,

T

(37 XU(EN) =8y +i /

€fj 00

h
dye—i)\(Jk—Jj)(g_y) Z Qk:p(y)X;j (ya )‘)’
p=1
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by bo

Figure 1: The contour of the RHP with Zg-symmetry fills up the raysl,, v =1,...,6.
By x and ® (resp. by + and @) we have denoted the locations of the discrete
eigenvalues corresponding to a soliton of first type (resp. of second type).

where the signs €;; for each of the sectors €2, are collected in the table 1, see also
[19, 7, 9]. We also assume that for k = j ex, = —1.

The solution of the integral equations (3.7) will be the FAS of L in the sector Q,.
The asymptotics of X (x,\) and X”~!(z,)\) along the ray [, can be written in the
form [8, 9]:

lim eMEXY (1, Me0)e TN = §F(N), Arel,,
lim e?2XY (2, Ae0)e™ ™™ =T (N)DF(N), Ael,,
(3.8) " et 0y —ixJ
lim e XY 7 (2, Ae™)e ™M = S (N), rel,,
r——0Q
lim e X" (2, Ae”0)e= M = THND, (\), A€,

r—00

where the matrices SF and TF belong to su(2) subgroups of sl(3). More specifically
from the integral equations (3.7) we find:

Sar()\) =1+ Sar;zlEZlv T(;()\) =1+ ’7'(;;12E12,

(3.9) Sy (AN) =1+ 56?12E127 TO+()‘) =1+ T&21E217

1 _ 1
—Es + E33, Dy ()= e —— B+ dy Eaa + Ess.
0:1

D (\) = dar;lEn + s
0;1
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(kg) | (12) | (13) | (2,3) | (1) | (3:2) | B,1)
Qo - + + + — —
0 - + - + - +
Qy - + - + - +
Qs + + + - - -
Q4 - + - + - +
Qs - + — + + —

Table 1: The set of signs €; for each of the sectors €2,,.

and

(3.10)

DY(\) = dfy B + Boa + = Fas, Dy (\) = =B + Bao + diy, B,
11 1;1
where by Ej; we mean a 3 X 3 matrix with matrix elements (Ex;)mn = Sum0jn-

The corresponding factors for the asymptotics of X¥(z, \e?®) for v > 1 are obtained
from egs. (3.9), (3.10) by applying the automorphism Cy. If we consider potential on
finite support, then we can define not only the Jost solutions W4 (x, ) but also the
scattering matrix T'(\) = x—(z, \)x; ' (2, A). The factors S;¥(\), T;F(\) and DE())
provide an analog of the Gauss decomposition of the scattering matrix with respect
to the v-ordering, i.e.:

(3.11) T,(\) =T, (MDD (NS (A) = T,F(ND, (NS, (A), A€l

The Z,-symmetry imposes the following constraints on the FAS and on the scat-
tering matrix and its factors:

CoX" (2, w)Cyt = XV 2(x, \), CoT,(\w)Cyt =T, _a(N),

3.12
12 CoSy (Mw)Cy ' = S5, (N), CoDy (Ww)Cyt = Dy5(N),
where the index v — 2 should be taken modulo 6. Consequently we can view as
independent only the data on two of the rays, e.g. on [y and [y; all the rest will be
recovered using the reduction conditions.
If in addition we impose the Zs-symmetry, then we will have also:

(3.13)

a) K()_l(Xy(‘ra _)‘*))TKO = XN+1_V(£?A)5 KO_l(S;t(_)‘*))KO = Sj:l:f-i-l—l/()‘)a

b) Ko (XY (2, A7) Ko = XV (2, ), Ky Y (ST (V) Ko = 8% 412, (N,

where by ‘hat’ we denote the inverse matrix. Analogous relations hold true for T:F ()
and DX (). One can prove also that D (\) (resp. D; ()\)) allows analytic extension
for A € Q, (resp. for A € Q,_;. Another important fact is that D;(X\) = D, () for
all A € Q.
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The next important step is the possibility to reduce the solution of the ISP for
the GZSs to a (local) RHP. More precisely, we have:
SN PVED SR CRPIENCRPI A€y,

3.14 . 1 . 1 .
( ) Gl,(ﬂf,'r],)\) _ ezAJE—A V2tG07V(A)€_,L>\JE+)\ Vgt’ GO,I/(/\) — Sy_S:_(A)

t=0

The collection of all these relations for v = 0,1,...,5 together with

(3.15) )\lim XY (z,m,\) =1,

can be viewed as a local RHP posed on the collection of rays ¥ = {I,}2Y, with
canonical normalization. Rather straightforwardly we can prove that if X (z,\) is a
solution of the RHP then x”(z,\) = X" (z,\)e~**¢ is a FAS of L with potential

(3.16) Q&) = lim A (J = X¥(&n. NIX"(E,n.2)

4 The dressing method and the N-soliton solutions

There are several methods for effective calculations of soliton solutions for Tzitzeica

eq., see [12, 20, 13]. It is also well known that Tzitzeica eq. has two types of one-

soliton solutions, see below. The dressing method that we will use below [21, 11, 10]

allows us also to find how the spectral properties of L change due to the dressing.
Let us consider dressing factor of the following form:

(4.1)
2 N, _ N _ N _
QAQ° QAQ° QAR
=1 e a—— R —— s e———
wenn =1+ (S 9AL L 5 N, 5 G
s=0 \Il=1 r=Ni1+1 r=N1+1

with 3IV; 4+ 6N poles and A, is real if p € 1, Ny and complex if p € Ny + 1, Ny + No.
Then we write down the residues Ay (€, 1) as degenerate matrices of the form:

(42) Ak(fﬂ)) = |nk(§777)><m£(5771)|7 (Ak)lj(gvn) = nki(gan)mk](gan)

Thus u(&,n, A) has 9 poles located at A;¢* with \; real and A\ag”, AN5¢¥, with k = 0,1, 2
and Ay complex. From the second Zy-reduction, Ay 'uf(&,n, —\*)Ag = u=(&,n, ),
after taking the limit A — Az, we obtain algebraic equation for |ny) in terms of (ml|:

(4.3) V) = M),
Below for simplicity we write down the matrix M for Ny = Ny = 1:

In1) Aglmy)
44) [={| In2) |, ) =1 Aolma2) |, M
n3) Aolms3)
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1
A= 2A3d1ag(Q(”,Q(2),Q(3))7 B = ggdine (PO, PP, PP,
1 .
(4.5) D= 2/\3d1ag (P, p2 pB)y), E = Wchag(K<1>,17<(2>,K<3>),
’ 2
QU = (mT A (\, ) lma), KO = (my T[S (A1, A3)[ma),

PO = (mI A5 (ha, M)lma),
with
(46) AP = NN By + A Bayjamj + A2 By, j=1,2,3.

For example, in order to obtain the 2-soliton solution of the Tzitzeica equation we
take the limit A — 0 in the equations satisfied by the dressing factor u(§,n, A) and
integrate. The result is:

* *
ni1mi1 ng1mey Mg 1Mo

1
4, (&) =—=ln|1 — LD T2LTEL
(47) Oxe(6m) = — 5 In 1 - T . v

The above formulae can be easily generalized for any N; and Ns.

For the sake of brevity we skip the details, which allow one to obtain the explicit
form of the N-soliton solutions. We just mention that along with the explicit expres-
sions for the vectors |ng) in terms of (m;| that follow from (4.3)—(4.6) and take into
account that |m;) are solutions of the ‘naked’ Lax operator with vanishing potential

¢ = 0.

5 The resolvent of the Lax operator

The FAS can be used to construct the kernel of the resolvent of the Lax operator L.
In this section by x” (&, \) we will denote:

(5.1) X"(6,A) = u(§, Mxo (&, M),
where x§ (&, \) is a regular FAS and u(&, M) is a dressing factor of general form (4.1).

Remark 5.1. The dressing factor u(£, \) has 3N7 + 6N, simple poles located at A\jqP,
ArgP and NfqP where [ =1,... Ny, r=1,..., Ny and p = 0,1,2. Its inverse u=1(&, \)
has also 3N1+6N2 poles located —A\;¢?, —A-¢P and —\’¢P. In what follows for brevity
we will denote them by A;, —A; for j =1,...,3N; + 6N>.

Let us introduce

(52) RY(6,€,0) = X" (6 N0y (€~ )5 (€M),

(5.3) ©4(¢ —¢) = diag (V0 (€ — €)), 00D (€ — €)),nP6MP (€~ €))),
where 6(§ — &') is the step-function and nl(,k) = +1, see the table 2.

Theorem 5.1. Let Q(&) be a Schwartz-type function and let /\ji be the simple zeroes
of the dressing factor uw(&, \) (4.1). Then
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To | Ty | To | T3 | Ty | X5
a1 -1 -1+]+]+
o B U R R e
okl I e e e e

Table 2: The set of signs 75" for each of the sectors T, (5.4).

1. The functions R"(£,£',\) are analytic for X € T, where

(v+2)

m(v+1) TV'W(V_FI)SaTg)\Sﬂ- 2

(5.4) b,: arg\ = T : 3

having pole singularities at :I:)\Ji;
2. RY(&,&', ) is a kernel of a bounded integral operator for A € Tp,;

3. R”(£,&', ) is uniformly bounded function for X € b, and provides a kernel of
an unbounded integral operator;

4. RY(&,&', ) satisfy the equation:
(5.5) LNR"(&,€,\) = 16(§ = €).

Idea of the proof. 1. First we shall prove that R”(£,£’,\) has no jumps on the
rays [,. From Section 3 we know that X* (£, \) and therefore also x¥ (&, \) are
analytic for A € ,. So we have to show that the limits of R¥(&,&’',A) for A — 1,
from Y, and Y,_; are equal. Let show that for v = 0. From the asymptotics
(3.8) and from the RHP (3.14) we have:

(5.6) &N =X ENGLR), G =5 NST(N), Ael,

where G1(A) belongs to an SL(2) subgroup of SL(3) and is such that it com-
mutes with ©1(£ — ¢’). Thus we conclude that

(5.7) Ri(&,€2e™) = Ri(&,€ A7), Xelr

Analogously we prove that R, (£,¢', Ae™0) has no jumps on the other rays [,.

The jumps on the rays b, appear because of two reasons: first, because of the
functions 0, (¢ — ¢’) and second, it is easy to check that for A € b, the kernel
R,(&,&, \) oscillates for &, ¢ tending to £0o. Thus on these lines the resolvent
is unbounded integral operator.

2. Assume that A € T, and consider the asymptotic behavior of R”(£,£’, \) for
£,& — oco. From equations (3.8) we find that

(5.8) Ry(EEN) = D XL(ENe M0, (e — )XY (€ N).
p=1
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Due to the fact that x, (£, A) has the special triangular asymptotics for £ — oo
and A\ € T, and for the correct choice of ©,(£ —&’) (5.3) we check that the right
hand side of (5.8) falls off exponentially for £ — oo and arbitrary choice of &'.
All other possibilities are treated analogously.

3. For A € b, the arguments of 2) can not be applied because the exponentials
in the right hand side of (5.8) Im A = 0 only oscillate. Thus we conclude that
RY(&,&', ) for A € b, is only a bounded function and thus the corresponding
operator R(A) is an unbounded integral operator.

4. The proof of eq. (5.5) follows from the fact that L(X)x, (£, A) =0 and

90§ -¢)

(5.9) e

= ]]‘5(6 - 5/)7

which concludes the proof. O

Lemma 5.2. The poles of R”(£,&',\) coincide with the poles of the dressing factors
w(€, ) and its inverse u=1 (€, \).

Proof. The proof follows immediately from the definition of R”(£,£’,A) and from
Remark 5.1. 0

Thus we have established that dressing by the factor w(£, A), we in fact add to
the discrete spectrum of the Lax operator 6/N; + 12N, discrete eigenvalues; for Ny =
Ny =1 they are shown on Figure 1.

6 Conclusions

We have constructed the FAS of L which satisfy a RHP on the set of rays [,. We
also constructed the resolvent of the Lax operator and proved that its continuous
spectrum fills up the rays b, rather than [,. From Figure 1 we see that the eigenvalues
corresponding to the solitons of first type lay on the continuous spectrum of L. This
explains why the solitons of first type are singular functions.

Using the explicit form of the resolvent R (&,£', ) and the contour integration
method one can derive the completeness relation of the FAS. One can derive also the
soliton solutions of the other NLEE in Tzitzeica hierarchy [5, 6]. These equations
also have Lax representation with the same Lax operator L, but with different M-
operators; usually they are taken to be polynomial in A. So in deriving their soliton
solutions we will need to change only the n-dependence of the vectors my.

Similarly one can construct the N-soliton solutions also of the Tzitzeica-II equation
and analyze the spectral properties of the relevant Lax operator. This, along with
the details of calculating the N-soliton solutions will be published elsewhere.
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