Linear Weingarten hypersurfaces in
locally symmetric manifolds
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Abstract. In this paper, we discuss about the complete linear Weingarten
hypersurfaces in locally symmetric manifold and obtain a rigidity theorem.
More precisely, under a suitable restriction on the square norm of the
second fundamental form, we prove that such a hypersurface must be
either totally umbilical or an isoparametric hypersurface with two distinct
principal curvatures, one of which is simple.
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1 Introduction

Recently, many researchers studied the minimal hypersurfaces or hypersurfaces with
constant mean (or scalar) curvature in the locally symmetric manifolds and the J-
pinched manifolds, and obtained many rigidity results about these hypersurfaces
([4, 8, 9] and the references therein). As a natural generalization of hypersurface
with constant scalar curvature or with constant mean curvature, linear Weingarten
hypersurface has been studied in many places ([1, 2, 5]). Recall that a hypersurface
in a Riemannian manifold is said to be linear Weingarten if its (normalized) scalar
curvature r and its mean curvature H are related by » = aH + b for some con-
stants a,b € R. In this paper, we modify Cheng-Yau’s technique to complete linear
Weingarten hypersurfaces in locally symmetric manifolds and obtain some rigidity
theorems. More precisely, we have

Theorem 1.1. Let M™ be an n-dimensional complete orientable hypersurface im-
mersed in the locally symmetric manifold N"** (n > 3) satisfying % <I< Ky<l1
and Kpi1iny1i = co. Assume that M"™ has bounded mean curvature and r = aH +
bya,be R, a<0,b>1. If S < 2v/n—1(20 — ¢p), then either M™ is a totally umbili-
cal hypersurface or sup S = 2v/n — 1(26 — ¢p). Moreover, if sup S = 2v/n — 1(26 — ¢o)
and this supremum is attained at some point of M™, then M™ is an isoparametric
hypersurface with two distinct principal curvatures, one of which is simple.
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When 6 = ¢y = 1, N**! is the unit sphere S"*1(1), so we have the following
corollary.

Corollary 1.2. Let M™ be an n-dimensional complete orientable hypersurface im-
mersed in S"T1(1). Assume that M™ has bounded mean curvature and r = aH +
b,a,b € R, a <0,b>1. If S < 2v/n—1, then either M™ is a totally umbilical
hypersurface or sup S = 2v/n — 1. Moreover, if sup S = 2v/n — 1 and this supremum
1s attained at some point of M™, then M™ is an isoparametric hypersurface with two
distinct principal curvatures, one of which is simple.

2 Preliminaries

Let N**! be a locally symmetric manifold and M™ be an n-dimensional complete

orientable hpersurface in N*+!. For any p € M, we choose a local orthonormal frame

€1, ,ens1 in N around p such that ey, -- ,e, are tangent to M™ and e,

is normal to M"™. Let wi, -+ ,wn+1 be the corresponding dual coframe. Then the

Riemannian metric tensor h of N™"*! is given by h = Y. w4 ® wa. Here and in the
A

sequel, we use the following standard convention for indices:
1<ABC,---<n+1, 1<4,5,k---<n.

Associated with the frame field {e4}, there exist 1-forms {wap} which are usually

called as connection forms on N™*! so that they satisfy the structure equations of
Nn+1:

(2.1) dwop=—Y wapAwp, wap+wpa =0,
B
1
(2.2) dwap = — ;‘UAC ANwes + 5 CZDKABCD‘UC Awp,

where K pcp are the components of the curvature tensor of N™*1.
Restricting these forms to M"™, we have w,4+1 = 0 and the induced Riemannian
metric tensor g of M™ is given by g = ) w; ®@w;. Since 0 = dwp11 = — >, Wny1i Awi,
i

from Cartan lemma, we have

(2.3) Wn41i = Z hijwj, hij = hji.
J

The quadratic form B = ) hijwiwjen+1 with values in the normal bundle is called
i,J
the second fundamental form of M™. The mean curvature vector h is defined by

1
h = ﬁ Z hiien-i-l'

The length of the mean curvature vector is called the mean curvature of M™, denote
by H. When h # 0, we choose e, 41 such that H = |h| = 1 3" h;;.
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It follows from the structure equations of N™*1 that the structure equations of
M™ are

(24) dwi = — Zwij A\ (,Uj, wij + wji = 0,
j=1
n T
(25) dwij = — ’;wik AN 5 k;1 Rijklwk N wy,

where R;jr; are the components of the curvature tensor of M™. Then the Gauss
equations are

(2.6) Rijin = Kijer + (hichji — hithje),
(27) TL(TL - 1)7“ = ZKijij + TL2H2 - S,
i,J

where r and S = ) hfj are the normalized scalar curvature and the square norm of

i,
the second fundamental form of M™, respectively.
The Codazzi and Ricci equations are

(2.8) hijie — Rikjg = —Knt1ijks

(2.9) Ktk = Knttine1ehji + Kngtijnsrhi — ZKmijkhmh

m

where the covariant derivative of h;; is defined by
(2.10) Z hijrwy = dhgj — Z N jwri — Z hipwrj -
k k k
Similarly, the components h;jj; of the second derivative V2h are given by
(2.11) > higrwr = dhige — Y b — Y hagwi; — > hijiwik.
1 1 1 1
The Laplacian Ah;; of h;; is defined by
Ahij = Z Pijhk-

k

By a simple and direct calculation, we have

Ahi; = Z [(hijik — hikjie) + (Rikgi — hikig) + (Rikkg — hiewig) + Piokis |
%

= Kngrinjk + O (hmiBkjk + Bk Roijie) + Y Knakkij + Y hikis
k km k ko

= (nH)ij + nHK 4 1in415 — Zhin'rH»lk:nJrlk + HHZ hirhig
k k

(2.12) — Shi; + Z (hni Kmkjie + g Kmkik + 2him Kmije] -
&
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Since (h;;) is symmetric, we may choose a local orthonormal frame {e;} such that at
arbitrary fixed point p on M™

(2.13) hij = )\iéija
where As are the principal curvatures of M™. Then it follows, at p, that

%AS ZEZAh =D Wt D hisShis

1,5,k 0,J

_thjk+z)\i nH)ii—SQ—&—nHZ)\?

0,5,k

+ nH Z )\ Kn+lzn+lz S Z K’I’L+lln+1l

(2.14) +Z X — X)) Kijij.
Set ¢;; = hij — Hd;j, it is easy to check that ¢ is traceless and
(2.15) |6° =Y _(¢3)° = S — nH?,

,J

where ¢ denotes the matrix (¢;;). Moreover, |¢|> = S —nH? > 0 with equality holds
if and only if M™ is totally umbilical.

Lemma 2.1 ([6]). Let uy,u2,--- ,u, be real numbers such that ) . u; = 0 and
S,u? = 3. Then

- Z u n7_2g3
\/n(n—l z_\/ n—1) '
and equality holds if and only if at least n — 1 of uls are equal.

Lemma 2.2. Let N™! be a locally symmetric manifold satisfying % << Ky<1
and M™ be an n-dimensional complete orientable hypersurface immersed in N™H!
with r = aH + b,a,b € R and (n — 1)a® + 4n(b— 1) > 0. Then we have

(2.16) > iy = n?|VHP,
.5,k
and equality holds if and only if |[VH|?> =0 or 4n%S = (2n’H — n(n — 1)a)?.
Proof. From Gauss equation (2.7), we have
S = ZKijij +n?H? — n(n - 1)7“
,J
(217) = ZKijij —|—n2H2 —n(n— 1)(&H+b)

4,3
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Since N"*! is locally symmetric, taking the covariant derivative on both sides of the
above equation, we have

2> " hijhije = 2n*HHg — n(n — 1)aHy.
4,3
Therefore,
(2.18) 453" 12, >4Z (Zhwhwk) (2n2H — n(n — 1)a)?|VH|?.
1,5,k
We know from 0 < 6 < Kjj3; < 1 that
(2n’H — n(n — 1)a)* — 4n*S
=4n*H? + n*(n — 1)%a® — 4n®*(n — 1)aH
- 47’L2 ( Z Kijij + n2H2 - n(n — 1)(CLH + b))
(2]
>4n*H? +n?(n — 1)%a® — 4n(n — 1)aH
— 4n? (n(n —1)4+n*H? —n(n—1)(aH + b))
=n?(n —1)%a* +4n*(n — 1)(b— 1)
(2.19) =n?(n — 1)((n — 1)a® + 4n(b — 1)) > 0.
It follows (2.18) and (2.19) that
48 " hZ, > (2n°H — n(n — 1)a)?|VH|* > 4n>S|VH|*.
i,k
Thus either S =0 and Y h;, =n*|VH|* or 3 hZ, >n*|VH|?.

1,5,k i,k

If Z % = n?|VH?, from (2.17) and (2.18), we have
0<n2(n—1) ((n —1)a2 + 4n(b — 1)) \VH|?

< (2n*H —n(n — 1)a)?|VH|?> — 4n*S|VH|?
<483 hZy — 4n’S|VH|® = 45( > Bk HQIVHI2) =0

1,5,k 1,5,k
Then we conclude that [VH|* = 0 or 4n?S = (2n?H — n(n — 1)a)?. O
Following Cheng-Yau [3], as in [2], we introduce a modified operator O acting on

any C2- function f by

(2.20) ) = X (= " =a)diy = i) £

2%}

where f;; is given by the following

Z fijwi = dfi + fjwi;.
J
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Lemma 2.3. Let N™*! be a locally symmetric manifold satisfying % << Ky<1
and M be an n-dimensional orientable linear Weingarten hypersurface withr = aH+b
immersed in N1, If a <0 and b > 1, then O is elliptic.

Proof. Since r = aH + b and K < 1, from Gauss equation (2.7), we have
n(n —1)(aH +b) <n(n—1) +n’*H* - S,

ie.
(2.21) S <n?H? —n(n—1)(b—1) —n(n—1)aH.
Then it follows from b > 1 that
(2.22) n?H? —n(n —1)aH — S >n(n—1)(b—1) > 0.
Therefore H # 0. Thus we can assume H > 0 on M. So O is elliptic if and only if
nH — "T_la —Ai>0fori=1,2,---,n, where A,s are the principal curvatures of M.
If, for some i, nH — *5= nlg— )\ <0 holds then 0 < nH — 251q < )\; and
-1
(annz a)? <A\ <8,

n?*H? —n(n —1)aH + i(n —1)%a® < S.
This together with (2.22) gives
S <n?H? —n(n—1)aH < S,
which is a contradiction. So [ is an elliptic operator. O
Proposition 2.4. Let N"*1 (n > 3) be a locally symmetric manifold satisfying 5 <
0 < Ky <1, Kpttint1s = co and M™ be an n-dimensional complete orientable

hypersurface immersed in N" "1 withr = aH+b, a,b € R and (n—1)a®+4n(b—1) > 0.
Then

(2.23) O(nH) > [S 2v/n — 1(26 — co)]|p|*

2\/n -
Proof. First, (2.20) gives

Q) = 3 (nH = 30— )iy — 15 ()
5] ) )
= (nH — i(n —1Da)A(nH) — Zhijﬂ(nH)ij

4,J

]. n+1
:(nH—i(n—l)a)A(nH—f (n—1)a Zh (nH);

= %A(nH - 1(n —1a)? — |V(nH + %(n —1a)]* - Zh?jf"l(nH)ij

2 —
i
1 1
(2.24) = §A(nH - i(n —1)a)® —n*|VH?* - E h?jﬂ(nH)ij

(2]
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Since the scalar curvature R of a locally symmetric manifold is constant. Then it
follows from

=2 Z Kn+lzn+lz + Z Kz_]u - 2nCO + Z szz_]7
i 4,7 %,

that >~ Kjji; is constant. Therefore, from Gauss equation (2.7) and r = aff + b, we
i

have
AS = A(ZKU'LJ +n2H2 — n(n — 1)7‘)
=A(n 2H2 —n(n—1)(aH +1))
= An*H? —n(n —1)aH)
(2.25) — A(nH — %(n ~1)a)’.

Combining (2.14) (2.24) and (2.25), we get

1
O(nH) =5 A8 ~ n?|VH[> = > hii (nH)y;

1,]
—Zh”k—nz\VH\z 52 TLHZ)\3+Z )2K””
1,5,k ]
(2.26) +nH Z MKt ting1i — SZ Knt1int1i-

i %

Set p; = \; — H, it is easy to check that
Swi=0, Y pl=I¢>=S-nH? > pi=> X -3HS+mH"
Then, for any € > 0, we have

~S*+nHY N =-5"+nH Z il + 3nH?S — 2n*H*

_M 3 2012
(71)|H|\¢| +nH?¢? — |¢|

1
2 (ne® + L1of) 0P + nE?lof? — 1o,

n—

2.27 e
( ) 2vn—1
where the second inequality uses the absorbing inequality 2ab < ca? + %bz. When
n > 3, taking € = ”“V — in (2.27), we get

2.28 24 nHS A > —— " (H? | + |0t 2
(2.28) +n;1_2m(n 0 +181') = — 5= Sl0l*
Since N is a d-pinched manifold, we have

(2.29) D (i = A Kijig zaz (A — Aj)2 = 2nd|0)?,

%,
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At the same time, using the curvature condition, we have

(230) TLHZ)\,‘K»,LJ,_UnJ,_u - SZKn+1in+1i = nco(n2H2 - S) = —’I’LCO|¢|2.

From (2.26) (2.28) (2.29) (2.30) and Lemma 2.2, we see that

n

O(nH) > —ncol¢|* + 2nd|p|* — ﬁSWF
(2.31) =[S —2vn —1(26 — co)]|o*.

2vn—1
O

We also need the well known generalized Maximum Principle due to H. Omori.

Lemma 2.5 ([7]). Let M™ be an n-dimensional complete Riemannian manifold
whose sectional curvature is bounded from below and f : M™ — R be a smooth func-
tion which is bounded from above on M™. Then there is a sequence of points {px} in

M™ such that

Jm f(pr) =sup f; hm [V f(py)[ = 0; limsup(Af(pk)) < 0.

k—oo

Proposition 2.6. Let M™ be a n-dimensional complete orientable hypersurface of lo-
cally symmetric manifold N"*1 (n > 3) satisfying % << Ky <1and Kpi1int1i =
co. If M has bounded mean curvature and r = aH + b,a,b € R, a <0, (n — 1)a® +
dn(b—1) > 0. Then there is sequence of points {pr} € M"™ such that

klim nH (pi) = nsup H; klim |[VnH (pi)| = 0; limsup(O(nH)(pr)) < 0.
—00 —00

k—oo

Proof. Choose a local orthonormal frame field eq,...,e, at p € M"™ such that h;; =
/\iéij. Thus

Ont) = 3 [(H - %(n —1)a) — As| (nH)s.

If H = 0 the proposition holds trivially. Now we may assume sup H > 0 if H is not
identically zero by choosing the appropriate orientation of M™. From

)\% < S = TL2H2 +ZK”” 771(717 1)((1H+b)

= (nH)? — (n — a(nH) —n(n — 1)b+ Z Kijij
< (nH - %(n - 1)a)2 - i(n —1)((n — 1)a* + 4nb — 4n)
< (nH — %(n - 1)a)2,

we have

1
(2.32) Ai| < |nH — 5(n—l)a|.
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Then
1
(2.33) Rijij = Kijij + AiXj > ¢ — (nH — §(n — 1)a)2.

Since H is bounded, it follows from (2.33) that the sectional curvatures are bounded
from below. Then we may obtain a sequence of points {py} € M", by applying
Lemma 2.5 to nH, such that

(2.34) klim nH (py) = nsup H; klim |VnH (pg)| = 0; limsup((nH):;(pxk)) <O0.

k—oo

Since H is bounded, taking subsequences if necessary, we can arrive to a sequence
{pr} € M™ which satisfies (2.34) and such that H(pj) > 0. This together with (2.32)
gives

0= 0 (k) — 50— o~ Nilp)| < (pe) = 5(n = Da-+ Ni(pw)|

(2.35) < 2nH(pg) — (n — 1)a.

Using once more the fact that H is bounded, from (2.35) we infer that nH (py) —

%(n — 1)a — X\i(pg) is non-negative and bounded. By applying O(nH) at pg, taking

the limit and using (2.34) and (2.35), we have

limsup(H(nH)(pk)) < Zlimsup {(nH - %(n = Da) = Ai| (pr)(nH)ii(pr) < 0.

k—oo k—o0

3 Proof of Theorem 1.1

From the assumption of theorem 1.1, we may assume that H > 0 on M™. Then
Proposition 2.6 gives that there exist a sequence of points {p;} € M™ such that

(3.1) lim sup(O(nH)(px)) <0, klim H(py) =sup H > 0.
—00

k—oo
On the other hand, from Gauss equation (2.7), we have
(3.2) 6> =S —nH? =n(n—1)(H* —aH —b) + Y _ Kijij.
i
In view of klim H(py) =sup H and a < 0, (3.2) implies that klim |62 (pr) = sup |¢|?
and klim S(pr) = sup S. Evaluating (2.23) at the points pg of the sequence, taking
the limit and using (3.1), we obtain that

n
0>1 O(nH >

Then it follows that either sup|¢|> = 0 and M™ is totally umbilical or sup S =

2v/n — 1(20 — ¢o).

[sup S — 2v/n — 1(26 — co)] sup|¢|* > 0.
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From Gauss equation (2.7), (2.23) and sup § < 2y —1(26 — co), we have
0(S) = O(n*H?) — n(n — 1)0O(aH +b)
— 2nH — (n — 1)a]O(nH) + 2(nH — %(n ~1)a— A (nH;)?
— L[S —2vn—1(26— )]l > 0.

2v/n—1

On the other hand, from lemma 2.3, we know that O is an elliptic operator. If
sup S = 2v/n — 1(26 — ¢g) and this supremum is attained at some point of M™, then,
by maximum principle, S mus be constant and S = 2v/n — 1(26 —¢p). Then H is also
constant by using Gauss equation. Thus (2.23) become an equality and all inequalities
in the proof of Proposition 2.6 must be equalities. By lemma 2.1 and (2.27), we obtain
that M™ is an isoparametric hypersurface with two distinct principal curvatures, one
of which is simple.

> —[2nH — (n — 1)d]
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