Interpolating between Li-Yau and Chow-Hamilton
Harnack inequalities along the Yamabe flow
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Abstract. In this paper, we establish a one-parameter family of Harnack
inequalities connecting the constrained trace Li-Yau differential Harnack
inequality to the constrained trace Chow-Hamilton Harnack inequality for
a nonlinear parabolic equation with respect to evolving metrics related to
the Yamabe flow on the n-dimensional complete manifold.
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1 Introduction

Let (M™,g(¢)), t € [0,T), be a solution to the e-Yamabe flow on the n-dimensional
complete manifold M™ as follows:

0]
(1.1) 719 = —eR - gij,
where ¢ is a nonnegative constant and R is the scalar curvature of g(t). It is obvious
that when € = 1, the e-Yamabe flow becomes the Yamabe flow. Recall that along the
e-Yamabe flow, we have

(1.2) Ok _ (n —1)eAR + eR?.

ot
Using the maximum principle, one can see that R > ¢ for some ¢ € R is preserved
along the e-Yamabe flow.

In this paper, we will establish an interpolation between the constrained trace
Li-Yau differential Harnack inequality for a nonlinear parabolic equation with respect
to static metrics and the constrained trace Chow-Hamilton Harnack inequality for
the nonlinear parabolic equation with respect to evolving metrics related to Yamabe
flow.
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Recall that the research of Harnack estimates for parabolic equations originated
in Moser’s work [11], in which he treated the case of linear divergence-form equations.
In his paper, the inequality estimates a solution from below, in terms of the values
it attains on an earlier region of the parabolic domain. Inequalities of this type have
recently appeared for many geometric evolution equations. These new developments
began with the work of Li and Yau [9], in which they obtained a Harnack inequality for
the heat equation on a Riemannian manifold. Their proof relies only on the parabolic
maximum principle. From then on, their Harnack inequalities are often called Li-
Yau differential Harnack inequalities. Surprisingly, similar techniques were employed
by R. Hamilton, who proved Harnack inequalities for the Ricci flow [6] and [7], the
mean curvature flow [5] and a matrix Harnack inequality for the heat equation [4].
Moreover, Perelman [12] proved a Harnack estimate for the fundamental solution of
the conjugate heat equation under the Ricci flow without any curvature assumption.

On the other hand, differential Harnack inequalities for (backward) heat equations
coupled with the Ricci flow have become an important object, which were first studied
by R. Hamilton [6]. One of the excellent important work is that G. Perelman [12]
derived differential Harnack inequalities for the fundamental solution to the conjugate
heat equation coupled with the Ricci flow without any curvature assumption. Later
X. Cao [1], and S.-L. Kuang and Qi S. Zhang [10] both extended Perelman’s result to
the case of all positive solutions to the conjugate heat equation under the Ricci flow
on closed manifolds with nonnegative scalar curvature.

In order to make a clear statement of our Harnack inequalities, we need to recall
some known results. In [4], B. Chow and R. Hamilton extended Li-Yau differential
Harnack inequality [9] for the heat equation on a closed manifold, which they called
a constrained trace Harnack inequality.

Theorem 1.1 (Chow-Hamilton [4]). Let (M™,g) be a closed manifold with non-
negative Ricci curvature. If S and T are two solutions to the heat equations

oS oT
i AS and o= AT

with |T'| < S, then
0 n n |Vh|?
Ims— VS + L =Ams+ 2

Y nS—|VinS] +2t n5+2t>1_h2,

where h :=T/S.

Furthermore they generalized Hamilton’s trace Harnack inequality [6] for the Ricci
flow on surfaces with positive scalar curvature, and proved the following constrained
linear trace Harnack inequality.

Theorem 1.2 (Chow-Hamilton [4]). Let (M?,g(t)) be a solution to the Ricci flow

0
agij =—R" g,

on a closed surface with scalar curvature R > 0. If S and T are two solutions to

aS oT
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with |T'| < S, then

[Vh[?

9 2
5,08 = [VInsP? + f*AlnS+R+f T

0
where h:=T)/S.

Recently, J.-Y. Wu and Y. Zheng [14] generalized Theorem 1.2 and Chow’s in-
terpolated Harnack inequality [3] and proved the interpolated and constrained linear
trace Harnack inequality.

Theorem 1.3 (Wu-Zheng [14]). Let (M?,g(t)) be a solution to the e-Ricci flow
9,
a7~
on a closed surface with R > 0. If S and T are solutions to the following equations

oS oT

with |T'| < S, then

(13) —SR-gij,

[Vh[?

9 2
;08— [Vins| +7:Aln5+5R+ > T

0
where h:=T)/S.

In Theorem 1.3, if let 7" = 0 , then the result of J.-Y. Wu and Y. Zheng recov-
ers the Chow’s interpolated Harnack inequality [3]. Very recently, J.-Y. Wu in [13]
also generalized Theorem 1.3, and established an interpolated phenomenon for the
nonlinear parabolic equation

of

(1.4) S

=Af—fInf+eRf

under the e-Ricci flow.

Theorem 1.4 (Wu [13]). Let (M?,g(t)) be a solution to the e-Ricci flow (1.4) on
a closed surface with the initial scalar curvature satisfying

21In Co

2
1—cj

R(9(0)) = - —-1>0,

where ¢y is a free parameter satisfying 0 < co < 1. If S and T are solutions to the
following nonlinear parabolic equations

%—f:AS—SlnS’—I—ERS and %—Z::AT—TlnT—I—ERT,

respectively with 0 < cpS < T < S (this condition preserved by the e-Ricci flow),
where ¢y is a free parameter satisfying 0 < co < 1, then

[Vh|?

1—h?%’

(1.5) %IDS |VlnS|2+lnS+f—AlnS—|—€R+ >

where h :=T/S.
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In this paper, using the approach of Chow, J.-Y. Wu and Y. Zheng, we will estab-
lish the following one-parameter family of interpolated Harnack inequalities connect-
ing the constrained trace Li-Yau differential Harnack inequality to the constrained
trace Chow-Hamilton Harnack inequality for the nonlinear parabolic equation

0S8

(1.6) 5 =AS - SIS +eRS,
(1.7) %{ = AT —TInT +¢RT,

with respect to evolving metrics related to the e-Yamabe flow (1.1). To establish our
main results, we need the following curvature condition used by Huisken in [8] and
by B.-L. Chen and X.-P. Zhu in [2]. Firstly recall the following facts.

Let M™ be an n-dimensional (n > 3) smooth complete Riemannian manifold. It
is well known that the curvature tensor Rm = {R;jx} can be decomposed into the
orthogonal components which have the same symmetries as

Rm=W+V +U,

where W = {W,;x;} is the Weyl conformal curvature tensor, and V = {V;;x} and
U = {U;;u} denote the traceless Ricci part and the scalar curvature part respectively.
When the following curvature condition is satisfied

(1.8) W+ V2 <8.(1—e)?|UP,

where € > 0,04 = %,55 = 1—10, and d,, ,n > 6, B.-L. Chen and X.-P. Zhu
in [2] proved that

Theorem 1.5 (Chen-Zhu [2]). Suppose M™, where n > 4, is a smooth complete
n-dimensional manifold with positive and bounded scalar curvature and satisfies the
pointwise pinching condition (1.8), then M™ is compact. Moreover, let M3 be a

3-dimensional complete noncompact Riemannian manifold with bounded and nonneg-
ative sectional curvature, suppose M?> satisfies the following Ricci pinching condition

R;j > eRg;j

_ 2
— (n—2)(n+1)

for some € > 0, then M? is flat.

Theorem 1.6 (Main result I). Let (M", g(t)), wheren >4, t € [0,T) be a solution
to the e-Yamabe flow (1.1) on a complete manifold M™ with the scalar curvature
satisfying

21
(1.9) R(g(0)) = ~{—5 =1>0
1—¢j

and the curvature tensor Rm (g (0)) satisfying the pointwise pinching condition (1.8),
where ¢y is a free parameter satisfying 0 < co < 1. If S and T are solutions to the
nonlinear parabolic equations (1.6) and (1.7) respectively with 0 < ¢oS < T < S (this
condition preserved by the e-Yamabe flow), then

1 |Vh]?

) , 1
(1.10) alnS—|VlnS| +1nS+¥—AlnS+€R+¥>1_h2,

where h :=T/S.
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In the two and three-dimensional cases, we can weaken the curvature operator
pinching condition (1.8) to an arbitrary Ricci curvature pinching condition as follows.

Theorem 1.7 (Main result II). Let (M",g(t)), where 2 < n < 3,t € [0,T) be
a solution to the e-Yamabe flow (1.1) on a complete manifold M™ with the scalar
curvature satisfying (1.9) and the Ricci curvature Re (g (0)) satisfying the pointwise
pinching condition

(1.11) Re(g(0)) > AR (g(0)) g(0)

for some X\ > 0,where ¢y is a free parameter satisfying 0 < c¢g < 1. If S and T
are solutions to the nonlinear parabolic equations (1.6) and (1.7) respectively with
0 < coS < T < S (this condition preserved by the e-Yamabe flow), then we also have
the Harnack inequality(1.10).

Remark 1.1. Recall the facts that when n = 2, the e-Yamabe flow is the same as
e-Ricci flow and 2-dim manifold is an Einstein manifold satisfying (1.11) clearly, thus
Theorem 1.7 is actually a generalization of Theorem 1.4 of J.-Y. Wu.

As the consequences of Theorem 1.6 and 1.7, we have classical Harnack inequalities
as follows.

Theorem 1.8 (Harnack inequality I). Let (M™, g(t)), wheren >4,t € [0,T) be a
solution to the e-Yamabe flow (1.1) on a complete manifold M™ with the initial scalar
curvature satisfying (1.9) and the initial curvature tensor Rm (g (0)) satisfying the
pointwise pinching condition (1.8). Let S and T be two solutions to (1.6) and (1.7)
respectively with 0 < ¢gS < T < S, and assume that (x1,t1) and (x9,t2), 0 <t < tg,
are two points in M™ x (0,T'), then we have
? 4
A

Theorem 1.9 (Harnack inequality IT). Let (M™,g(t)), where2 <n < 3,t € [0,T)
be a solution to the e-Yamabe flow (1.1) on a complete manifold M™ with the initial
scalar curvature satisfying (1.9) and the initial Ricci curvature satisfying the pointwise
pinching condition (1.11),. Let S and T be two solutions to (1.6) and (1.7) respectively
with 0 < ¢gS < T < S, then we also have the classical Harnack inequality (1.12).

1 t2
(1.12) e InS(zy,t) < e2InS(wa,ta) + ~ inf/ e @(t)
4 vy t1 dt

where v is any space-time path joining (x1,t1) and (z2,t2).

The paper is organized as follows. In Section 2, we will prove Theorem 1.6 and 1.7
following the approach in [13], which needs a lengthy but straight-forward computa-
tion and makes use of the parabolic maximum principle. In Section 3, using Theo-
rem 1.6 and 1.7, we will prove Theorem 1.8 and 1.9 by the standard arguments.

2 Proof of Theorem 1.6 and 1.7

Under the e-Yamabe flow (1.1), we can compute that

0 105 1
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and
2
AlnS+VlnS|2—1nS+ER=V<V§g>+ %S —InS+eR
AS VS.-VS |VS|?

f?*T‘F? *1HS+€R.

Thus we have
0
(2.1) alnS:AlnS+|VlnS|2—lnS+5R,
(2.2) Q(A)— RA
. 5 =¢
and
A

(2.3) %lnRz(n—l)efR—i-aR:(n—l)s(AInR+|VlnR|2)—|—£R,

111

where the Laplacian A is acting on smooth functions. Now we can complete the proof

of Theorem 1.6.

Proof of Theorem 1.6. Firstly, by using Theorem 1.5, the pointwise pinching condi-
tion (1.8) which the initial curvature tensor Rm (g (0)) satisfies implies that the man-
ifold (M™, ¢(0)) is compact, then Rec(g(0)) > AR(g(0))g(0), for some free parameter
A< % Thus the positive Ricci pinching condition is preserved along the e-Yamabe
flow (1.1), which is well-understood by R. Ye’s work in [15]. Hence for any 0 <t < T,
we also have Re(g(t)) > AR(g(t))g(t) for the free parameter A < 1, and the rest proof
follows from a direct computation and the parabolic maximum principle. Here we

mainly follow the arguments of [14]. Let

Q:=AlnS+ecR= %IHS— |VInS|? 4 1In S,

where S is a positive solution to the equation (1.6). Following [13], using (1.2), (2.1),

(2.2), (2.3) and Bochner formula, we compute that

0Q (0 0 OR

=A(AlnS+|VInS[>—InS+¢R) +5RAlnS+5%—f

=AQ+A|VInS|? + (eR — 1)Q+ER—€2R2+568—}:

= AQ+2/VVInS[?+2VAInS-VInS + Re(VInS, Vin S)

+(€R*1)Q+€R*€2R2+5887]:

>AQ +2|VVInS>+2VQ-VInS + AR|VInS|? —2eVR-VIn S

FER-1)Q R 2R 4O
2
=AQ+2VQ VInS +2:RAInS +2|VVIn S| + %RZ
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2 2
FAR|VInS] + %R\Vln]ﬂz ~2VR-VInS —2:RAInS — %RQ

+(eR-1)Q+eR—cR* +€R (gtlnR— ; |VlnR|2>

2 2
=AQ+2VQ - VInS - (sR+1)Q+2|VVins + %Rg’ +R[ﬁv1n5—sv1nR

1 —4
ver(n-neamr— (3 -nv1)ewmre i1 C50%5).

Hence

2
% >AQ+2VQ-VInS — (€R+1)Q+2‘VV1HS+%R9‘
(2.4)
1 —4
ver(n-neamr— (-nv1)ewmar - C50%5).
On the other hand, by (1.6) and (1.7), we can calculate that

% — Ah+2Vh-VInS — hinh,

which leads to the evolution equation of Vh as follows

%(w) _v (ZIZ)

(25) =V (Ah+2Vh-VInS — hinh)
h
= AVh+2(VVInS,Vh) +2(VIn S, VVh) — % — (1+1Inh)Vh.

Thus under the e-Yamabe flow, using (2.5), we have
9 2 9 ki 15 0

- -9 = —gkigli == . .
t|Vh\ Vh( ch) gg tgklvlhvjh

= 2Vh (AVh +2(VVInS, Vh) +2(VIn S, VVh) — @ ~ (14 h)Vh)

+eR|Vh|?
= A|Vh|? = 2|VVA]? + 4VVIn S, VhVA) +2(VIn S, V|Vh|?)
+((e=1)R—2(1+1nh)) |Vh|>.

We can also compute that

%(1 —h?) = A1 —h*) +2(VInS, V(1 - h?) +2|Vh]* + 2h* In h.

2
Then we shall compute the evolution equation of |1VJ;L|2. Recall the following

general result that if two functions F and F satisfy the heat equations of the form

OF oF
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where A and B are some functions, then
0 (E E 2 2F , A EB
pn (F> =A (F> + ﬁ<VE,VF> — ﬁ|VF| + == —.
Applying this result to
E:=|Vh?*, F:=1-h%
B:=2(VInS,V(1—h?)+2|Vh*+2r*Inh

and
A= —2|VVh|?> +4(VVInS,VhVh) +2(VIn S, V|Vh|?)
+((e=1)R—2(1 +1nh))|Vh|?
we get that
hl? hl? 2(V(1 — h? h? 2|Vh|?
O (VRN _ (VA n (V( ), VIVA]") — 2|Vh]| V(1 — 1)
ot \ 1 — h? 1—h2 (1 — h2)2 (1 — h2)3

1
+ 1=z - (F2VVA + 4(VVIn S, VAVA))

2 5 (E=1R—-2(1+1nh) 9
2|Vh|?
- (1|—Vh?)2 -((VInS, V(1 — h?)) +|Vh|*> + h®Inh).
Rearranging terms yields
o (VR |Vh|? |Vh|?
at (1h2 =A\roe) A \ViTe ) Vs
2
— = |2hVhVh + (1 - h?)VVh|®
(2.6) (1—h2)
' 4 2|Vh|*
(e—1)R—-2(1+1nh) 2 2h%Inh 9
+ 72 |Vh| A=y h2)2|Vh| .
Thus we define
o |Vh|? |Vh|?
(2.7) P:=qQ 1_h2_AlnS+5R e
Combining (2.4) and (2.6), we conclude that
or

2
5 ZAP+2VP-VlnS—(5R+1)Q+2‘VV1HS+§RS,}

1 -4
+eR ((n—l)sAlnR— <)\—n+1>5|VInR|2+1—(n)ER>

2 2 2 4
e [2hV RV + (1= ) VVA[" — - (VVIn S, VAVh)
2Vh*  (1—e)R+2(1+Inh) _ , 2h%Inh ,
(1 — h2)? 152 [Vh|™+ mWM
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VhVh|?

AP+2VP«V1nS(5R+1)Q+2‘VVIHS+;R91_hz

1 —4
+eR ((n—l)eAInR— <)\ —n+1> e|[VInR]* +1— (712)5R>

2h2Inh _
a—n2e VH

2
gy [PVRR (1 h2)VVh|.

Hence we have

P 2 2 21
8—2AP+2VP.V1nS+EP2—(eR+1)P+|Vh| <R+1+ nh)

L (A+9R+2(1+Inh)

T |Vh|? +

—h2
(2.8) ot 1—-h

1 —4
+eR ((n—l)sAlnR— (/\—7”L—&—1)<€|VlnR2—i-1—(n2)€R>7

where we used the following elementary inequality

VhVh|?

1—h2

> l (AlnS’—i—sR—

2\ 2 2
P
‘VVlnS—i—;Rg— VA ) _r
n

1—h2

n

Since 0 < ¢y < h < 1 and the function 2154 is increasing on (0, 1), then 2124 >

21137520_ By the assumption of the theorem, using the maximum principle, we can see
0

that the inequality (1.9) still holds under the e-Yamabe flow. Hence

2Inh 21
R4l4—" >R414-——20

>0
1—h2 1—¢3

for all time ¢. Therefore, (2.8) becomes
oP

2
E2AP+2VP-VIHS+—P2—(5R+1)P
n

1 —4
teR ((n—l)ﬁAlnR— (/\—n+1>s|V1nR|2+1_(”>ER).

Adding % to P yields
(2.9)

()
ot t
ZA<P+1>+2V<P+1> ~V1nS+<P+1) <P1) —(eR+1) (P+1>

1 —4 1
+eR ((n— 1)eAlnR — <)\ —n+1> e|[VInR]* +1— WR—F t) .
Noting that we have the following relation
(n—4)e

R
2

1
(n—1)eAlnR — <)\n+1>€|V1nR|2+l

(n—2)e

R
2

1
=(n—1)e (AlnR—i— |V1nR|2> +eR—1e[VInR[* +1-
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0 1 2 (n—2)e
=—mhR-—- InR 1——
P nR 3e |VInR|” + 5
then as the approach of the trace Harnack inequality for the e-Ricci flow on a closed
surface proved by B. Chow in [5] (see also Lemma 2.1 in [14]) implies that

(n—4)e 1
—X—R+ - 2>0.
2 +t_

R,

1
(n—1)eAlnR — (A—n+1>5|V1nR|2+1—

Since g(¢) has positive scalar curvature, we have

(2.10) ;<P+1) >A<P+1)+2V <P+1) .VlnS+(P+1> (P_D

1
It is clear to see that P + 1/t > 0 for very small positive ¢. Then applying the
maximum principle to the above evolution formula, we conclude that P+ 1/t > 0 for
all positive time ¢, and hence the desired theorem follows. O

Proof of Theorem 1.7. Firstly, by using Theorem 1.5, the pointwise pinching condi-
tion (1.11) which the initial Ricci curvature tensor Re (g (0)) satisfies implies that the
manifold (M™,¢(0)) is compact, then the positive Ricci pinching condition is pre-
served along the e-Yamabe flow (1.1), which is well-understood by R. Ye’s work in
[15]. Hence for any 0 < ¢t < T, we also have Re(g(t)) > AR(g(t))g(t) for the free
parameter \ < %, and the rest proof is the same as the proof of Theorem 1.6. O

For Theorem 1.6 and 1.7, if we let ¢ = 0, then

Corollary 2.1. Let (M™, g), where n > 4, be a complete manifold M™ with the scalar
curvature satisfying (1.9) and the curvature tensor Rm (g) satisfying the pointwise
pinching condition (1.8), where cq is a free parameter satisfying 0 < c¢o < 1. If S and
T are solutions to the nonlinear parabolic equations (1.6) and (1.7) respectively with
0<cpS<T<S, then

9 1 _ VAP

1
N — 2 - = —
(2.11) 8t1n5 [VInS|*+1nS + ; AlnS + ;T

where h :=T/S.

Corollary 2.2. Let (M™,g), where 2 <n < 3, be a complete manifold M™ with the
scalar curvature satisfying (1.9) and the Ricci curvature Re (g) satisfying the pointwise
pinching condition (1.11) for some A > 0,where ¢ is a free parameter satisfying
0<coy<1l. IfS and T are solutions to the nonlinear parabolic equations (1.6) and
(1.7) respectively with 0 < ¢oS < T < S, then we also have the Harnack inequality
(2.11).

If we set
1

g=¢c g and a=c¢e"
in Theorem 1.6 and 1.7, then
A=c¢eA and R =c¢R.

Hence Theorem 1.6 and 1.7 can be rephrased as follows:
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Corollary 2.3. Let (M™,§(t)), where n > 4, t € [0,T) be a solution to the Yam-
abe flow (1.1) on a complete manifold M™ with initial the scalar curvature satisfying
aR(g(0)) > 7215’7529 —1>0, and the curvature tensor Rm (g (0)) satisfying the point-

(0]
wise pinching condition (1.8), where « is a positive constant and cg is a free parameter
satisfying 0 < c¢g < 1. If S and T are solutions to the nonlinear parabolic equations
(1.6) and (1.7) respectively with 0 < coS < T < S (this condition preserved by the
Yamabe flow), then

) 1 «a|Vh?

_ 1 _ _
2 —
atlnS—oz|VlnS| +lnS+Z—ozAlnS—|—R+;> TR

where h :=T/S.

Corollary 2.4. Let (M™,§(t)), where 2 < n < 3, t € [0,T) be a solution to the
Yamabe flow (1.1) on a complete manifold M™ with the scalar curvature satisfying
aR(g(0)) > —21111—%9 —1 >0, and the Ricci curvature Re (g (0)) satisfying the pointwise
pinching condition (1.11) for some A > 0, where o is a positive constant and cq is
a free parameter satisfying 0 < cog < 1. If S and T are solutions to the nonlinear
parabolic equations (1.6) and (1.7) respectively with 0 < ¢oS < T < S (this condition
preserved by the Yamabe flow), then we also have the Harnack inequality (2.11).

3 Proof of Theorem 1.8 and 1.9

In section 3, we prove Theorem 1.8 and 1.9 by using Theorem 1.6 and 1.7. Note that
the proof of Theorem 1.9 is the same as Theorem 1.8, thus we only prove Theorem 1.8
which is quite standard by integrating the inequality (1.10).

Proof of Theorem 1.8. We pick a space-time path y(z,t) joining (21,%1) and (zo,t2)
with ¢ > t; > 0. Along v, by Theorem 1.6 we have

d 0 dy
2 o L VA Ay
>|VInS)® —InS 75+1_h2+V1nS 7t
1ldy, ? 1
> =L —InS—=-.
z2-3|@ W] "S-

2
Hence 4 (eflnS(z,t)) > —et (}1 d—v(t)’ + 1) . Integrating this inequality from the

t
2
1
— | dt
o3

which completes the proof of Theorem 1.8. O

time t1 to to yields

ta 1
e InS(z1,t1) — e InS(wa,ta) < / et ( ﬂ(t)
O\ ar
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