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Abstract

_The Bianchi equations are determined for the deformed spinor bundle
SOM = SO M x R. Also, the Yang-Mills-Higgs equations are derived,
and a geometrical interpretation of the Higgs field is given.
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1 Introduction

In our previous works [1],[2] the concepts of spinor bundle S M as well as of
deformed spinor bundle S M of order two, were introduced in the framework
of a geometrical generalization of the proper spinor bundles as they have been
studied from different authors e.g. [3],[4],[8].

The study of fundamental geometrical subjects as well as the gauge covariant
derivatives, connections field equations e.t.c. in a deformed spinor bundle S M,
has been developed in a sufficiently generalized approach [2]. In these spaces the
internal variables or the gauge variables of fibration have been substituted by
the internal (Dirac) variables w = (&,€). In addition, another central point of
our consideration is that of the internal fibres C*.

The initial spinor bundle (S® M, x, F), 7 : S@ M — M was constructed from
the one of the principal fibre bundles with fibre F = C* (C* denotes the complex
space) and M the base manifold of space-time events of signature (4, —, —, —).
A spinor in 2 € M is an element of the spinor bundle S M [1],

(z", €0, 6%) € SP M.

A spinor field is section of SZ)M. A generalization of the spinor bundle S M
in a internal deformed system, has been given in the work [2]. The form of this
bundle determined as

Balkan Journal of Geometry and Its Applications, Vol.1, No.1, 1996, pp. 75-82
(©Balkan Society of Geometers, Geometry Balkan Press



76 P.C.Stavrinos

SOM =830 xR

where R represents the internal on dimension fibre of deformation. The metrical
structure in the deformed spinor bundle S M has the form:

(1.1) G = G (,€,€)dat @ da” + gap(, &, & N\ DE* @ DEP +

+9°° (2,€,& \)Déa @ D€ + goo(,€,€, ) DA ® DA.
where ”*” denotes Hermitean conjugation. The local adapted frame is given by:

] 6 6 0

1)
(12) W:{Mﬁ’@’@’ﬁ

}

and the associated dual frame:
(1.3) 8¢t = (DX = da®, DeyDEs, Doy}

where the terms 5%, 5%&, Do), Dz, D¢, DEP are provided by the relations
(6)-(7) of [2]. 3

The considered connection in S M is a d-connection [5] having with respect
to the adapted basis the coefficients (cf. [2]).
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The metric G of relation (1.1) could be considered as a definite physical appli-
cation like the one given by R. Miron and G. Atanasiu for Lagrange spaces [6]
for the case of spinor bundles of order two. According to our approach on S M
the internal variables & and € play a crucial role similar to the variables y),
y@ of the vector bundles of order two.

The non-linear connection on S M is defined analogously to the vector bundles
at order two (cf. [6]) but in a gauge covariant form:

(1.5) TSPM)=HSDM) s FOSOM)o FOSPDM) e R

where H, F(), F(2) R represent the horizontal vertical normal and deformation
distributions respectively.

In the following, in section 2, we study the Bianchi identities and Yang-Mills-
Higgs fields on S M bundle in section 3.

Bianchi Identities In order to study of Bianchi Identities (kinematic con-
straints) it is necessary to use the Jacobi identities:

(1.6) Sixvz (DS, DY), DY) = o.

There are forty-eight Bianchi relations derived from twenty-four different types of
Jacobi identities. Two of these relations are identically zero. Therefore remain
forty-six Bianchi relations. We will give now some characteristic cases of the
Bianchi identities.
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Similarly to our previous work [2], the gauge covariant derivative will take the
form

1

(% S *)a

(1.7) D) = 4 Swp
where ~

o 0 0 o O 0

— =—— —Ngyy=r — N — - NI~
dxk  Oxr " og, Hoge HON
or -
g Aa
i AL P,
with
Aa __ Aa Orkra
A=A}, — N, LyLj
0
P, =
Ox®
A% = hf, — Noutp™® — NJs.

After some calculations we get:

2 ry U 5Rn *)a

(D, (DY), DY) = (2 + R A), + Wl R P
1 5R;c;\ *)cd pe
(18) +(§W + WEL ) Rd,{)\)Jce
and w;(f)ab represent the Lorentz-spin connection coefficients. We define also:
N pce 15R26 *)cd pe

(19) DHRH)\ = B 51.“)\ +W£L) deK)\

. SR& N
(1.10) DyR2y = —52 + Ry AL + () RE,

dxH

By cyclic permutation of the independent generators J.., P, we get the following
Bianchi identities,

(1.11) DRy + D.RS, + DyRS, =
1.12 D, R + D.RSE, + DAR. =0
A K

Using the Jacobi identities Q4 3,+) [D((l*), [f)(ﬁ*), Dg*)]} = 0 the Bianchi identities
with respect to spinor quantities produce the relations,

(1.13) D.Q% + DpQ2t, + D,Q%, =
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(1.14) Do Q% + DsQ%, + D,Q%5 = 0.
The new Jacobi identity, due to A, has the form
(1.15) D5, (D7, Dg7)1 = 0

which yields us no Bianchi identity.

Bianchi identities of mixed type give us the kinematic constraint which encom-
pass space-time, spinors and deformed gauge covariant derivatives. In that case
from the Jacobi identities

QuaO [13,8*)7 [Dgx*)a D(()*)]] = 0.
we get the relations:
S Py

s+ Ploa AL, + wpid Poa) Pat

(1.16) (DG, (D), DS = (

16Pgd .
5 g ek Pi) ea
pd

e - oP _ _
(1.17) (D), DS, DY) = (?f;‘) + B A+ x0$)4 P Pt

10P;

*)c pad
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1pa )P+

1OPS (e pad
+(§87>\ + Woq Pau)JCd

where, ~
™ (* J 1 *)ab
D‘(‘ '= 53;‘7“ + 5 L : Ja

y(* 0 1 *)a
D’ = g 3O

- B .
D(() ) = a +w0bJab
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0
—— =P,
55 = Ve

Now we put,
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N D gpdoz D c *)d pa
(1.19) D,Pg, = 5; + P oA+ wi)iPs,
- oP%, .
(1.20) D.Pd = ( agf; + PLoAS + W) P,
. opPd, . O 5
(1.21) DoFy, = —53 + P 46 Fwi)iPe,
in virtue of [14],[15],[16] we get the identity
(1.22) D, Pg, + Do Pl + Do PL, = 0.
Similarly we define
- 1 0Pge -
cd __ 0 *)c pad
(123) DMPOa - 5 axua +w;(u1) POa
L 10Pcd _
cd __ 0 *)c pad
(124) aP,Ll.O = 5@ +w((m) P[LO
_ o 19pcd e =
(1.25) DoPgy = 553" + Wit pad
From (1.18)-(1.20) we get
(1.26) D, P§t+ Do Py + DoPS = 0

2 Yang-Mills-Higgs equations. A geometrical in-
terpretation of Higgs Field.

The study of Yang-Mills-Higgs equations within the framework of the geomet-
rical structure of S)(M)-bundle that contains the one-dimensional fibre as an
internal deformed system can characterize the Higgs field which is studied in
the elementary particle physics. In our description we are allowed to choose a
scalar from the internal deformed fibre of the spinor bundle S®)(M). Its con-
tribution to the Lagrangian density provides us with the generated Yang-Mills-
Higgs equations.

In the following we define a gauge potential A = (A,, An, A%, ¢) with space-time
and spinor components, ¢ : R — ¢ which takes its values in a Lie Algebra g.

A:S(M)—g

i ; k
Ax = Ay, 7] = O
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AX = {Ay,7Aa7Aa7¢}

where the elements 7; are the components which satisfy the commutation rela-
tions of the Lie algebra. Then A is called a g-valued spinor gauge potential.
We can define the gauge covariant derivatives:

D, =D, +iA,

(2.1) Dy =Dy +iAy

D*=D" +iA,.

In virtue of the preceding relations we can get the following theorem:
Theorem 2.1. The commutators of gauge covariant derivatives on a S M
deformed bundle are given by the relations:

a) [f);mf)u} = [DuaDu] +iFuV

[aye? f;ﬁ ~x :ﬁ zotﬁ
£Yy[D ,D]=[D ,D | +iF

The curvature two-forms ny,ﬁ'XY7F§ XY = {«a,B,u,v} are the g-valued
field strengths on S M and they have the following form:

F.,=D,A, —D,A, +i[A,, A

Fuo = DAy — Do Ay 4 i[An, AL

(2.3) F, = DA% — DA, +i[A,, A%

Faﬁ = DaAg — DBAQ —+ i[Aa, Ag}

~af Qo =0 _ — _

F" =D"4° — D A, +i[A~, AP]
The appropriate Lagrangian density of Yang-Mills (Higgs) can be written in the
form

~ ~ ~ ~ ~ po ~ ~af =B ~a
(2.4) L= tr(BpW B" 4 tr(Fpo ' +tr(FagF +tr(FFy
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+3mA — Surl(D,0) (D6)] ~ Sirl(Dad)(D6)]

In our case the Yang-Mills(Higgs) generalized action can be written in the form
(2.5) Ty vy = / Ld zd*¢d* EdN.
From the Euler-Lagrange equations

6L oL oL

(26) iy - P Gheayy) oAy =0

the variation of L with respect to Ay is

=5 0L oL
8(D5A)\) a(DgA,\) A

oL - oL
O(DyAy)

(27)  Dil

and it will give us after some straightforward calculations the equation:
A kA A ZAB 2B A
(2.8) DyF™* + DgF + D Fz +[¢,D"¢] =0

Similarly from the variation of L with respect to A, and AP we associate the
equations:

L =k o=y 20 =~y N
(2.9) DiF '+ DsFy+D Fy +[6,D7¢] =0

A ~ A ~ ’;5 ~ o
(2.10) DiFF + DsF) + D Fsy + [¢, D] =0

So we can state the following theorem: :
Theorem 2.2. The Yang-Mills-Higgs equations of S M-bundle are given by
the relations [2.4]-[2.5].

3 Conclusions

1. In this paper we studied the Bianchi identities choosing a Lagrangian density
that contains the component ¢ of a g-valued spinor gauge field of mass m € R.
Also we derived the Yang-Mills-Higgs equations on S®?)M x R. When mg € R
the gauge symmetry is spontaneous broken which is connected with Higgs field.
2. The introduction of d-connections in the internal (spinor) structures on
S@ M -bundle provides the presentation of parallelism of the spin components
constraints which satisfy by the field strengths.

3. In the metric G (relation (1)) of the bundle S® M, the term g“ﬁDfang has
a physical meaning since it expresses the measure of the number of particles to
same point of the space.

4. The above mentioned approach can be combined with the phase transforma-
tions of the fibre U(1) on a bundle S M x U(1) in the Higgs mechanism. This
will be the subject of our future study.
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