The Spectra and the Symmetric Structure on a
Compact Symmetric Space

Grigorios Tsagas and Apostolos Kobotis

Abstract

In this paper we study the influence of the spectra of different second or-
der elliptic differential operator on fibre bundles over a compact Riemannian
manifold (M, g).
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1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n. Let V be a fibre bundle
over M. We consider a second order elliptic differentiable operator of the cross section
C> (V) of M. We consider the Laplace operator A, Laplace-Beltrami operator A and
the one-parameter operators D(e) = eA + (1 — €)A, where 0 < ¢ < 1. We study the
influence of the spectra of D,V and D(g) on the symmetric structure on (M, g).

The whole paper contains four paragraphs. Each of them is analyzed as follows.

The second paragraph has basic notions for some second order elliptic differential
operator. We set some of the basic problems between the spectra and geometry.

The symmetric Riemannian manifold are studied in the third paragraph. We also
study the influence of some spectra on the Riemannian symmetric structure on a
compact manifold.

In the last paragraph we determine the symmetric manifolds which are determined
by some spectra.

2 Second order elliptic differential operator

Let (M, g) be a compact Riemannian manifold of dimension n. From this we obtain
the exterior algebra on M, that is

AM) = @ A (M)
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where AF(M) is the space of exterior k—forms k = 0,1,2,...,n and A°(M) = C>®(M)
the space of differential functions on M.

On these vector space /\’“(M7 R), k=0,1,2,...,n we consider the Laplace operator
A, that is

A:AF(M,R) — A*(M,R), A:a— Aa,k=0,1,2,...,n.
Therefore we obtain (n + 1) spectra denoted by
SpF(M,g,A) ={0=...< A\ = ..\ <..o0| Aa =\, A € R}.

We also have the Laplace—Beltrami operator

A=AF(M,R) — A¥(M,R), A:a—Aa, k=1,..,n—1,
and hence we get n — 1 spectra, denoted by
SpF(M,g,A)={0=..<A =..\ <..<oo|Aa=I,\eR}.

From these operators we can construct one—parameter family D(e) of differentiable
operators defined by

D(e) =eA+ (1 —e)A: AF(M,R) — AF(M, R), D(¢) : a — D(e)a

k=1,2,..,n—1and 0 < e <1 and therefore we obtain n spectra denoted by

SpF(M,g,D(e)) ={0=... <A\ = ..\ <..<o0|D(E)a= I\ € R}

The above notions can be considered with different and more general views.

Let V be a vector bundle over a compact Riemannian manifold. The second order
elliptic differential operator D can be considered as a linear mapping of C*°(V), that
is

Dy : C®(V) — C™(V),
where C*° (V') the set of cross sections of V. The leading symbol of D; is given by the
metric tensor g.
The above cases are obtained by taking

V =A"M,R)=C>(M), or V=AY M,R), or ,..V =A"(MR)

and the second order elliptic differential operator to be A, A and D(e) respectively.
Now, we state three basic problems between spectra of second order elliptic dif-
ferential operator and the geometry of a compact Riemannian manifold.
1 st Let (M,g) be a compact Riemannian manifold of dimension n. Determine the
spectra
SpF(M,g,A) k=0,1,....n

Sp*(M,g,A), Sp*(M,g,D(e)), k=1,...,n—1

This problem can be put for any other second order elliptic differential operator
or other differential operator.
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2 nd Let (M, g) be a compact Riemannian manifold of dimension n. Do some of the
spectra Sp*(M, g, D1), maybe with different Dy, determine some special structure on
(M, g)?
Such structures are Einstein, symmetric, contact structure etc.

This problem can be put as follows
Let (M, g) and (N, h) be two compact Riemannian manifold, with

Spk(Magle) = Spk(Na h7D1)

for some k and maybe with different operators D;. If (M, g) is an Einstein, then is

(N, h) an Finstein, or any other structure.

3 rd Let (M,g) be a compact Riemannian manifold of dimension n. Do some of the

spectra Sp*(M, g, D1), maybe with different Dy, determine the geometry on (M,g) ?
This problem can be put as follows

Let (M, g) and (N,h) be two compact Riemannian manifolds of dimension n. If we

have

Spk(M’gle) = Spk(nah/7D1)

for some k, and maybe with different operators Dy, then is (M,g) isometric onto
(N,h)?

3 Basic theorems for symmetric manifolds

Let (M, g) be a compact Riemannian symmetric manifold. We state basic theorems
concerning of the compact Riemannian symmetric manifolds.

Theorem 3.1. (My,g1), (Ma,g2),...,(Mg,gx) be compact Riemannian manifolds.
If their Riemannian product (M7 X ... X My, g1 X ... X gi) is a Riemannian symmetric
manifold, then each of (M;,g;), i =1,...,k is a Riemannian symmetric manifold.
Theorem 3.2. Let (M, g) be a compact irreducible Riemannian symmetric manifold.
Then M is Einstein.

Now, we state some theorems, which connect spectra and symmetric structure.
Theorem 3.3. ([1]) Let (M, g), (N, h) be two Einstein manifolds, with Sp*(M, g, A) =
Sp*(N,h,A), k=0,1,2. If (M, g) is locally symmetric so is (N, h).

We have improved the Theorem 3.3. The new theorem can be stated as follows
Theorem 3.4. ([3], [4]) Let (M, g),(N,h) be two compact Riemannian manifolds.
We assume that Sp*(M,g,A) = Sp*(N,h,A) for at least two values of k, where
k =0,1,2. Then if (M,g) is an Finstein so is (N, h). If (M, g) is an Einstein and
locally symmetric, so is (N, h).

If we assume that the manifold (M, g) is not Einstein then we have
Theorem 3.5. ([5]) Let (M, g) and (N, h) be two orientable Riemannian manifolds.
If Sp*(M, g, A) = SpF(N, h, A) fork = 0,1,2 and Sp* (M, g, D(e)) = Sp" (N, h, D(¢))
for three distinct values of € # 0, then if (M, g) is locally symmetric, so is (N, h).

From the above we conclude that the spectra of some second order elliptic differen-
tial operators determine the symmetric structure on a compact Riemannian manifold.
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4 Symmetric manifolds determined by Spectra

Problem 4.1. Let (M,qg), (N,h) be two compact Riemannian manifolds. If (M, g)
is Riemannian symmetric and Sp*(M, g, A) = Sp¥(N,h,A), k = 0,1, then is (M, g)
isometric onto (N,h) ?

Solution. The answer to the general case is very difficult. It can be solved only in
special cases. We assume the Riemannian manifolds (M, g) and (N, h) are irreducible.
Now we consider only the compact irreducible Riemannian symmetric manifolds which
are:

(I) Compact simple Lie groups with the Riemannian metric coming from the
Killing—Cartan form on its Lie algebra. These Lie groups are

Lie group G: Center Z(G): dim G:
A, =SUn+1), n>1 Lyt n(n +2)
B, =502n+1), n>2 Zy n(2n +1)
C, =5(2n), n>3 Zs n(2n+1)
Dn = 50(n), n 24 { Zy GZ;Zzlf Tilf n idjven n(2n +1)
Ga Zn 14
F, Z 52
Eg A 78
B, Zs 133
Fq Zs 248

(I) The irreducible compact symmetric Riemannian manifolds M = & whose

Riemannian metric on each of them comes from the restriction in m of the Killing—
Cartan form on k, where m and k are the tangent space of M at origin and k the Lie
algebra of G which are connected by the relation & = t @ m, and k the Lie algebra
of G which are connected by the relation k =t @ m, where t is the Lie algebra of H.
These are the following:
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Symmetric manifolds: Rank: Dimension:
SU(n)/SO(n) n—1 1(n-1)(n+2)
SU(2n)/Sp(n) n—1 n(n —1)
SU(p+q)/SUp x Uy) min(p, q) 2pq
SO(p+q)/SO(p) x SO(g) min(p,q) Pq
SO(n)/U(n) [n/2] n(n —1)
Sp(p+q)/Sp(p) x Sp(g) ~ min(p, q) 4pq
G2/SU(2) x SU(2) 2 8
F,/SU(q) 1 16
Fy/Sp(3) x SO(2) 4 28
Es/Sp(4) 6 42
Ee/SU(6) x SU(2) 4 40
Es/SO(10) x SO(2) 2 32
Es/Fy 2 26
E1/SU(8) 7 70
E+/S0(12) x SO(2) 4 64
Es/S0(16) 8 128
Eg/E7 X SU(2) 4 112

Now, we shall prove the following theorem

Theorem 4.2. Let (E7,g) be the exceptional Lie group with the Riemannian metric
coming from the Killing—Cartan form on the Lie algebra e;. Let (M, h) be a com-
pact simply connected irreducible Riemannian manifold with property Sp*(E7, g, A) =
Sp*(M, h,A) for k =0,1. Then (M, h) is isometric onto (E7,g).

Proof. It is known that (F7,g) is compact simply connected Einstein symmetric
manifold of dimension 133. From this and the conditions

(41) SPO(E'ngvA) = Spo(Ma h,A)v Spl(E%gaA) = Spl(MvhaA)

we conclude that (M, h) is an Einstein locally symmetric manifold. Since (M, h) is
compact simply connected, we conclude that (M, h) is a symmetric manifold. From
the condition (4.1) we conclude that

dimFE7; = dimM = 133

Therefore the symmetric manifold (M, h) is E7; or S'33 because there are the
only irreducible symmetric manifolds as we can see from the above list of irredicuble
Riemannian symmetric manifolds with this dimension 133 which is a prime number.
Because Sp°(M,h, A) # Sp°(S5133, g9, A), we conclude that (M, h) is isometric onto
(E7,9) q.ed.

From the above we have the corollary
Corollary 4.3.. The Spectra Sp*(FEz,g9,A), k = 0,1, where Ey is the exceptional Lie
group with metric g coming from the Killing— Cartan form on the Lie algebra e; of
E7, determine the geometry of (E7,g).
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