Totally null surfaces in neutral Kahler 4-manifolds

N. Georgiou, B. Guilfoyle, W. Klingenberg

Abstract. We study the totally null surfaces of the neutral Kéhler met-
ric on certain 4-manifolds. The tangent spaces of totally null surfaces
are either self-dual (a-planes) or anti-self-dual (-planes) and so we con-
sider a-surfaces and (S-surfaces. The metric of the examples we study,
which include the spaces of oriented geodesics of 3-manifolds of constant
curvature, are anti-self-dual, and so it is well-known that the a-planes
are integrable and a-surfaces exist. These are holomorphic Lagrangian
surfaces, which for the geodesic spaces correspond to totally umbilic foli-
ations of the underlying 3-manifold. The S-surfaces are less known and
our interest is mainly in their description. In particular, we classify the
[p-surfaces of the neutral Kéahler metric on T'N, the tangent bundle to a
Riemannian 2-manifold N. These include the spaces of oriented geodesics
in Euclidean and Lorentz 3-space, for which we show that the S-surfaces
are affine tangent bundles to curves of constant geodesic curvature on S
and H?, respectively. In addition, we construct the 3-surfaces of the space
of oriented geodesics of hyperbolic 3-space.

M.S.C. 2010: 53B30, 53A25.
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1 Introduction

Neutral Kéhler 4-manifolds exhibit remarkably different behavior than their positive-
definite counterparts. The failure of the complex structure J to tame the symplectic
structure (2 means that 2-planes in the tangent space of a point can be both holo-
morphic and Lagrangian. Under favorable conditions (namely the vanishing of the
self-dual conformal curvature) such planes are integrable and there exist holomorphic
Lagrangian surfaces.

In the space L(M) of oriented geodesics of a 3-manifold of constant curvature M
(on which a natural neutral Kéhler structure exists) such surfaces play a distinctive
role: they correspond to totally umbilic foliations of M (see [2, 4, 5]).

Holomorphic Lagrangian planes are totally null, that is, the induced metric iden-
tically vanishes on the plane. Moreover, with respect to the Hodge star operator of
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the neutral metric, the self-dual 2-forms vanish on these planes. There exists however
another class of totally null planes, upon which the anti-self-dual forms vanish. The
former planes are referred to as a-planes, while the latter are S-planes.

In this note we consider the S-surfaces in certain neutral Kahler 4-manifolds, which
include spaces L(M) of oriented geodesics of 3-manifolds M of constant curvature.
In the cases of M = E3 E$, H3 we compute the S-surfaces explicitly and show that
they include L(E?), L(H?). In particular, we prove:

Main Theorem. A 3-surface in L(E®) is an affine tangent bundle over a curve of
constant geodesic curvature in (527gmd).

A B-surface in L(E?) is an affine tangent bundle over a curve of constant geodesic
curvature in (H?gpyp).

A B-surface in L(H?®) is a piece of a torus which, up to isometry, is either

1. L(H?), where H?> C H®, or

2.C xCy C S?x 8%~ A, where Cy is a circle given by the intersection of the
2-sphere and a plane containing the north pole, and Cq is the image of C1 under
reflection in the horizontal plane through the origin.

In the next section we discuss self-duality for planes in neutral Kahler 4-manifolds
and their properties. We then turn to the neutral metric on TN and the special case
L(E3) and L(E?}). In the final section we characterize the S-surfaces in L(H?3).

2 Neutral metrics on 4-manifolds

2.1 Self-dual and anti-self-dual 2-forms
Consider the neutral metric G’ on R* given in standard coordinates (z!, 22,23, 2*) by
ds® = (dz')? + (dz?)? — (d2®)? — (da*)?.

Throughout, we denote R* endowed with this metric by R??2.

The space of 2-forms on R?? is a 6-dimensional linear space that splits naturally
with respect to the Hodge star operator * of G into two 3-dimensional spaces: A% =
Aﬁ_ @ A2, the space of self-dual and anti-self-dual 2-forms. Thus, if w € A2, then
w=wy +w_, where xw; =w, and *w_ = —w_.

We can easily find a basis for Ai and A2. First, define the double null basis of
1-forms:

0! = da' + da?, 0% = dz? — da*, 0% = —dz? — da*, 0t = dat — da?,
so that the metric is
ds* =0'®e*'- 02 6°.
Proposition 2.1. Ifw e A* =AY @ A%, withw = w; +w_, then
wy = a0 NO* + 1,03 N0 ¢ (0 N O - 0% A BP),
wo = a0t AO3 £ 0,02 A Ot + (0 A O+ 0% A B3,

for ai,bi,ci,a2,ba,c0 € R.
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Proof. This follows from computing the Hodge star operator acting on 2-forms:
«(O'A0Y) = —0% A 03, (02 N1 = —0%2 A0t +(O'AO3) = -0 A63,
(@2 n0Y) =% A0t x(©'A0%) =0'A07%

which completes the proof. O

2.2 Totally null planes

Definition 2.1. A plane P C R?? is totally null if every vector in P is null with
respect to G, and the inner product of any two vectors in P is zero.

A plane P is self-dual if wy (P) = 0 for all wy € A%, and anti-self-dual if w_(P) = 0
for all w_ € A2 . Self-dual planes are also called a-planes, while anti-self-dual planes
are called SB-planes.

Proposition 2.2. A plane P is totally null iff P is either self-dual or anti-self-dual.
Proof. Suppose all self-dual forms vanish on P and let {V, W} be a basis for P.
Let (e1,ez,e3,e4) be the vector basis of R%? that is dual to (6,02 6% ©%) and
V =Vie;, W = WYe;. Since all of the self-dual 2-forms vanish on P, we have from
the expression of wy in Proposition 2.1 that

(2.1) Viw? =wiv?, VAWt = w4

(2.2) VIwt - VWIS = wivt - w2y,

We can assume without loss of generality that V' and W are orthogonal: G(V, W) = 0,
which in frame components says that

VWt + wivt = vEWR 4 wRvE,
Combining this with equation (2.2) we have that
(2.3) Vit = vIws3, wivt = w2vs,

Multiplying the first equation of (2.3) by W' we have VIW4W! = VZW3W?!, which,
by virtue of the first equation of (2.1),is VW*W?! = W2W3V1. Thus

GW, W)V =2W'w* —w2w3 vt = 0.

Similarly, multiplying the first equation of (2.3) by W2, and the second equation by
W3 and W*, applying equations (2.1), we find that

GW,W)V? = GW,W)V3 = GW,W)V*=0.

Thus, either G(W,W) = 0 or V = 0. Since the latter is not true, we conclude that
W is a null vector.



30 N. Georgiou, B. Guilfoyle, W. Klingenberg

On the other hand, multiplying the second equation of (2.3) by V! and V2, and
the first by V2 and V*, utilizing equations (2.1), we have

GV,VYW! =GV, VW? =G(V,V)W3 = G(V,V)W* =0.

Thus V is also a null vector, and the plane spanned by V and W is totally null, as
claimed. An analogous argument establishes that a plane on which all anti-self-dual
2-forms vanish is totally null.

Conversely, suppose that a plane P is totally null. That is, in terms of a vector
basis V and W as before

(2.4) Vivi=Vv2VS, Wiwt = w2w?,
(2.5) VIt VAW - vEWE - vIW? = 0.

Multiplying equation (2.5) by V1, V3 W' and W3, yields, with the aid of equations
(2.4):

(2.6) V2(V3WE —vIW3) = vIVEW? — Vi),
(2.7) VAWVEW! — VW) = V3(VIW? — VI,
(2.8) WA(VIW? — VAW = WH(VEW? — VAW,
(2.9) WAHVIW3 —v3Wh = w3(VEWS — ViAW),

Now, adding V! times equation (2.8), W! times equation (2.6), V? times equation
(2.9) and W3 times equation (2.7) and using equation (2.5), we obtain

(2.10) (VW2 = VW 4 V3WA — VAW (VIWE — VW) = 0.
By a similar manipulation we find that
(2.11) (VW2 - VW VAW - VAW (VW — ViAW) = o,

Now suppose that P, in addition to being totally null, is Lagrangian. If J(V) is
not in P, then, since G(W, J(V)) = Q(W,V) = 0, the metric would be identically
zero on the 3-space spanned by {V, W, J(V)}. For a non-degenerate metric G' on R??
this is not possible. Thus J(V) € P and so P is a complex plane. It follows easily
that P is self-dual.

On the other hand, suppose that the totally null plane P is not Lagrangian. Then
QV, W) #0or

Vw2 —v2wt + v3Wt — viAw3 £ o.
By equations (2.10) and (2.11), we have VW3 — V3W?! = VZW* — V4W?2 = 0.
Moreover, substituting these in (2.6) to (2.9) we conclude that VIW? — VAW! +

V2W?3 — V3W?2 = 0. Then, by Proposition 2.1 we must have w_(V, W) = 0, which
completes the result. O
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2.3 Kaihler structures on R??

Up to an overall sign, there are two complex structures on R%?2 that are compatible
with the metric G:

J(Xl,Xz,X3,X4) = (—Xz,Xl,—X4,X3),
JI(XY, X2 X3 X4) = (—X2, X1, X4, —X3).
By compatibility we mean that G(J-,J-) = G(-,-), and similarly for J'.

We can utilize these and define two symplectic forms by Q = G(-,J-) and ' =
G(-,J'-). That is

Q =dat Ada? — dad A da?, QO = dat Ade? + da® A dat

Thus, the symplectic 2-form €2 is self-dual while Q' is anti-self-dual. Moreover, we
have the following result:

Proposition 2.3. An a-plane is holomorphic and Lagrangian with respect to (J,),
while a B-plane is holomorphic and Lagrangian with respect to (J',Q').

Proof. The proof follows from arguments similar to those of Proposition 2.2. O

Given a null vector V in R??2, the planes spanned by {V,J(V)} and {V,J'(V)}
are easily seen to be totally null. More explicitly, the set of totally null planes is, in
fact, the disjoint union S [ S*, which can be parameterized as follows. For a,b € R,
¢ € [0,27) and € = £1, consider the vector in R?*2 given by

Vi (a,b) = (acos ¢ + bsin g, asin g — bcos ¢, a, —eb) .

Let P§ be the plane containing V;(a, b) as a and b vary over R. Then a quick check
shows that PJ is self-dual, while Py is anti-self-dual.

An alternative way of visualising the null planes is as follows.

Definition 2.2. The neutral null cone is the set of null vectors in R?2:
C={XecR*»?|G(X,X)=0}.

The null cone is a cone over a torus, in distinction to the lorentz R3! case where
the null cone is a cone over a 2-sphere. To see the torus, simply note that the map
f:RxStxSt—C

f(a,01,62) = (acosby,asinby,acosby, asinby)

parameterizes the null vectors as a cone.
Since every vector that lies in a totally null plane is null, we can picture a null
plane as a cone over a circle in C. A straight-forward calculation shows that:

Proposition 2.4. A totally null plane is a cone over either a (1,1)-curve or a (1,-
1)-curve on the torus, the former for an a-plane, the latter for a B-plane.
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Totally Null Plane

The Structure
of the
Neutral Null Cone

By rotating around the meridian we see that the set of totally null planes is

SIS

2.4 Neutral Kahler surfaces

Let (M,G,J,2) be a smooth neutral Kéhler 4-manifold. Thus M is a smooth 4-
manifold, G is a neutral metric, while J is a complex structure that is compatible
with G and Q(-,-) = G(J+,-) is a closed non-degenerate (symplectic) 2-form.

The existence of a unitary frame at a point of M implies that it is possible to
apply the algebra of the last section pointwise on M, and we therefore have S' U S*
worth of totally null planes at each point. On a compact 4-manifold, the existence of
an oriented 2-dimensional distribution implies topological restrictions on M [6], and
so not every compact 4-manifold admits a neutral Kéhler structure. However, the
examples we consider are non-compact and the neutral Kéhler structure will be given
explicitly.

On any (pseudo)-Riemannian 4-manifold (M,G) the Riemann curvature tensor
can be considered as an endomorphism of A*(M). The splitting A*(M) = A% (M) &
A2 (M) with respect to the Hodge star operator * yields a block decomposition of the
Riemann curvature tensor

Weyl" + R Ric
Riem = ,
Ric Weyl™ + 5R

where Ric is the Ricci tensor, R is the scalar curvature and Weyl® are the self- and
anti-self-dual Weyl curvature tensors [1].

Definition 2.3. A (pseudo)-Riemannian 4-manifold (M, G) is anti-self-dual if the
self-dual part of the Weyl conformal curvature tensor vanishes: Weyl™ = 0.

A well-known result of Penrose states:

Theorem 2.5. [8] The a-surfaces of a neutral Kdihler 4-manifold (M,G) are inte-
grable iff (M,G) is anti-self-dual.
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3 Neutral Kahler metrics on T'N

Let (N, g) be a Riemannian 2-manifold and consider the total space T'N of the tangent
bundle to N. Choose conformal coordinates £ on N so that ds? = e?“dede for

some function u = u(€,¢), and the corresponding complex coordinates (£,7) on TN
obtained by identifying

o 0
(&m) <—>778f§+773*— €TeN.

€
The coordinates (£,7) define a natural complex structure on TN by
0 .0 0 .0
(o) ()

In [4] a neutral Kéhler structure was introduced on T'N. In the above coordinate
system, the symplectic 2-form is

(3.1) Q = 2e?“Re (dn A dE + 2n0gu dE A dg) ,
while the neutral metric G is
(3.2) G = 2¢**Im (did€ — 2nOeu dédE) .

Here we have introduced the notation 0 for differentiation with respect to &.
note:
When u = 0, we retrieve the neutral Kahler metric on R* = TR?, where

E=1[z" +2° +i(a® + )], n=1[2?—a"+i(—z' +27)],
or
=g+ Etin-n], 2 =3[-iE-O+n+a],
o =g[e+E—itn-n)], at=g[-i(-&-n-17].
Proposition 3.1. The double null basis for (I'N,G) is
0! = 2Re(d¢), 0? = 2¢?"Re (dn + 2ndeu d)
03 = 2Im(d¢), 0* = 2¢2"Im (dn + 2n0cu dE) .
Proof. A straight-forward check shows that
ds* =0' © 0" - 6?67,

as claimed. O

The coordinate expressions for self-dual and anti-self-dual 2-forms on T'INV are
Proposition 3.2. Ifw € A*>(TN) = A2(TN)® A% (TN), withw =wy +w_, then
wy = a1 (dE A dn + d€ A dif) + by[dE A dij + dE A dn + 2(70zu — ndeu)dE A dE]

+icy (dé N dn — dE A dRy),

w_ = iagdé N dE +ibo[dE A diy — dE A di + 2(70gu + ndgu)dE A dé]
+dco(dn A dif + 2n0gudé A dif + 2778§ud§_ A dn + 4nij0gudgud§ N df),

fO’I“ al,bl,cl,CLQ,bQ,CQ c R.
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3.1 «-surfaces in T'N
We first note that
Proposition 3.3. The neutral Kdhler metric G on TN is anti-self-dual.

Proof. A calculation using the coordinate expression (3.2) of the metric shows that
the only non-vanishing component of the conformal curvature tensor is

Wee "M = i(nOgk — NOgK),

where k is the Gauss curvature of (N, g). Thus, from Proposition 3.2, for any w; €
A% (TN), W(w4) = 0. That is, the metric is anti-self-dual. O

By applying Theorem 2.5 we have:
Corollary 3.4. There exists a-surfaces, i.e. holomorphic Lagrangian surfaces, in

(TN, J,Q).

3.2 [-surfaces in T'N

Proposition 3.5. An immersed surface ¥ C T'N is a 5-surface iff locally it is given
by (s,t) = (&(s,1),m(s,t)) where

g = SeiCO + 605 n= (teiCO + 770)672,“’
for Cy € R and &y, mp € C.

Proof. By Proposition 3.2 surface f : ¥ — TN is a S-surface iff

(3.3) frdend) =0, fH(d(ne*) Ad(e**)) =0,
and
(3.4) FH(dE A d(7e*™) — dE A d(ne®™)) = 0.

The first equation of (3.3) implies that the map (s,t) — &(s,t) is not of maximal rank,
and as it cannot be of rank zero (as this would mean that 3 is a fibre of 7 : TN — N,
and is therefore an a-surface) it must be of rank 1. By the implicit function theorem
either

E(s,t) =&(s,t(s))  or  £(s,1) = &(s(D),1).

Without loss of generality, we will assume the former: & = £(s).
Similarly, the second equation of (3.3) implies that either

ne’t =p(s,t) = (s, t(s))  or  me® = (s, t) = p(s(t),1).

Here, we must have the latter ne?® = 1(t), or else the surface 3 would be singular.
Turning now to equation of (3.4), we have

g dp _ dg dy
ds dt  ds dt’
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By separation of variables we see that

dg _ 621'60‘@ dp _ 621‘00@
ds ds’ ds ds’

for some real constant Cj. These can be integrated to
E=h(s)e' + &0, 0= (ha(D)e' +mo)e”>",

for complex constants &y and 7y and real functions hy; and hs of s and ¢, respectively.
Finally, we can reparameterize s and ¢ so that h; = s and hy = ¢, as claimed. |

3.3 The oriented geodesic spaces T'S? and T H?

In the cases where N = S? or N = H? endowed with a metric of constant Gauss
curvature (e2* = 4(14£€)~2), the above construction yields the neutral Kihler metric
on the space L(E?) of oriented affine lines or on the space L(E3}) of future-pointing
time-like lines, in E® or E} (respectively) [5].

In what follows we consider only the Euclidean case, although analogous results
hold for the Lorentz case. We define the map ® which sends L(E?) x R to E? as
follows: ® takes an oriented line v and a real number r to that point in E® which lies
on v and is an affine parameter distance r from the point on 7 closest to the origin.

Proposition 3.6. [4] The map can be written as ®((&,n),7) = (2,t) e CHR = E3
where the local coordinate expressions are:

— 20-mE)+2 (DT —20€n€)+(1-€2E)r
(1+€¢)2 ’ (14£¢)2 ’
etaz%(z—2t§—2£2)7 r:%&f&)t.

For a-surfaces, we have

Proposition 3.7. A holomorphic Lagrangian surface in T'S? corresponds to the ori-
ented normals to totally umbilic surfaces in E® i.e. round spheres or planes.

On the other hand:

Proposition 3.8. A -surface in T'S? is an affine tangent bundle over a curve of
constant geodesic curvature in (82, grna)-

Proof. By Proposition 3.5, the -surfaces are given by
¢ =€ + &, n = (1+ &)t + ).

Clearly this is a real line bundle over a curve on S?. By a rotation this can be
simplified to 4 - '
E=s+&e ', n= 1+t +n0e”"),

and after an affine reparameterization of s and ¢t we can set

E=s+iCy, = (142t +iCy).
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Projecting onto S$? we get the curve £ = s + iC; with unit tangent T and normal
vector N (with respect to the round metric)

Considered as a set of vectors on S?, the B-surface is

o 9 o, d )
ngg +igg = (1 &2 +iC) g + (14 €6 —i0h)

= 2V2(1 + E6)(tT + C3N).

o o¢

These form a real line bundle over the base curve - which do not pass through the
origin in the fibre of T'S? for Cy # 0. For Cy = 0, this is exactly the tangent bundle
to the curve. The geodesic curvature of this curve is

g(N,VzT) = NT9(9;T* + 5T
= NyT70;T* + N*TITH (20, g11. — Orgj1) = V2C1,
which completes the proof. O
A similar calculation establishes:

Proposition 3.9. A B-surface in TH? is an affine tangent bundle over a curve of
constant geodesic curvature in (H?, gnyp)-

We also have the following:

Corollary 3.10. Given an affine plane P in E3, the set L(E?) of oriented lines
contained in P is a B-surface in T.S2.

Proof. By Proposition 3.5, the S-surfaces are given by
¢ = s’ + &, n = (1+ &) (te" + o).

Isometries of E3 induce isometries on T'S? and hence preserve B-surfaces. Thus we
can translate and rotate P so that it is vertical and contains the t-axis. Thus we can
consider the g-surface ¥ with £y = g = 0, and then using the map ® we find the two
parameter family of oriented lines in E3 to be

2[(1 — st + s7] #iCo ‘o —4s(1 4+ 82)t+ (1 — s?)r

z= 1+ 52 1+ s2

This is a vertical plane containing the t-axis, and X consists of all the oriented lines
in this plane. O
4 Oriented geodesics in hyperbolic 3-space

We briefly recall the basic construction of the canonical neutral Kahler metric on the
space L(H?) of oriented geodesics of H? - further details can be found in [2].
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Consider the 4-manifold P! x P! endowed with the canonical complex structure
J = j @ j and complex coordinates pu1 and po. If we let A = {(uy, po) : pajio = —1}
then L(H?) = P! x P! — A. We introduce the neutral Kéhler metric and symplectic
form on L(H?) by

1
41 G —i|—— dp @dfiy — ———dpy © d ]
“y {(1 F i) T T 2
and
(4.2) Q- [ld N dfiy + —————djiy Ad ]
: (1 + i1 fia)? 1 /A Gt FETBE K1 /A G2 .
Proposition 4.1. A double null basis for (L(H?), G) is
d d d d
@1Re( mo b ) ®2Re< AR >
L+ ppe 1+ pape L4+ pipe 1+ pflape
d d d d
@3:—Im( Nl_ — /fz ), @4:—Im( 'ul_ + /fz >
14+ ppiz 14 fipe 14+ ppre 14 e

Proof. A straight-forward computation shows that
ds* =0'® 0" - 6’ 67,
as claimed |

The coordinate expressions for self-dual and anti-self-dual 2 forms on L(H?) are
easily found to be:

Proposition 4.2. Ifw € A?(L(H?)) = A3 (L(H?))® A% (L(H?)), withw = w} +w_,

then
W+ = (a1+ic1)m+(a1—101)m 1 [ dp A dfio dpa A dp }
’ 11+ firpel? 11+ f1pa]? (1 +pap)? (14 fape)?
dp 1 di dp A dii dp ANdpis dj A d
w- = *i(a2+02)M7i(az—c2)M ibo [ pa A 7“22 _ Nli\ M22]
|1+ fi1pia |1+ g po| (1 + 1 fio) (1+ firpiz)

4.1 a-surfaces in L(H?)

Once again, the neutral metric on L(H?) is anti-self-dual, indeed, it is conformally
flat, and so there exists a-surfaces in L(H?). These are found to be the normal
congruence to the totally umbilic surfaces in H3:

Proposition 4.3. [3] A smooth surface ¥ in L(H?) is totally null iff ¥ is the oriented
normal congruence of

1. a geodesic sphere, or
2. a horosphere, or

3. a totally geodesic surface

in H3.
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4.2 B-surfaces in L(H?)

Proposition 4.4. Let X be a 3-surface in L(H?). Then ¥ is a piece of a torus which,
up to isometry, s either

1. L(H?), where H?> C H®, or

2. C1 xCy C 8?x8%—A, where the Cy is a circle given by the intersection of the
2-sphere and a plane containing the north pole, and Cy is the image of C1 under
reflection in the horizontal plane through the origin.

Proof. Let f : X — L(H?) be an immersed B-surface. Then for every anti-self-dual

2-form w_ we have f*w_ = 0. Then we obtain the following equations
(4.3) f(dpa N dpin) =0, f(dp2 A dpg) =0,

dur AN dp dipa N d
(44) f* ( /'[/1 _/1122 _ :u’l _ M22> — O

(I +pip2)* (1 + firpo)

The first equation of (4.3) implies that the map (u,v) — p1(u,v) is not of maximal
rank and since it cannot be of rank zero (otherwise ¥ would be an a-surface) it must
be of rank 1. By the implicit function theorem either

p(u,0) = pa(u,o(w) or pa(u,v) = pa(u(v), v).

Without loss of generality, we will assume the former: pq = pq(u).
Similarly, the second equation of (4.3) implies that

p2(u, v) = po(u, v(u)) or p2(u, v) = p2(u(v),v).

Here, we must have ps = pa(v), or else the surface ¥ would be singular.
The equation (4.4) yields

(4.5) In pp = Infig +In(1 + firpiz) — (1 + pafiz) = ha(u) + ha(v),

(4.6) Infiy —Inpy + (1 + fapz) — In(1 4 pafiz) = wi(u) + wz(v),
for some complex functions h1, hg, w1, wa.

If h; = a;e’® for i = 1,2, where a1 = ay(u), ¢1 = ¢1(u) and ay = az(v), ¢o =
¢2(v) are real functions, we obtain

hl(u) = ’iCLl hz ('U) = iaz.

By a similar argument, there are real functions by = b1(u) and by = ba(v) such that
(4.5) and (4.6) become

(4.7) Inpe — Infio + In(1 + Gy pe) — In(1 + pifiz) = i(a1(v) + az(v)),

(4.8) Ingy —Inpy +In(1+ frpe) — In(1 + pyfie) = i(by(u) + ba(v)).
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Finally from combining equations (4.7) and (4.8) we have

L+ s = —-2i(f(u v
n(ZH—M)_ 2i(f(u) +g(v)).

We are thus led to consider the curves Ci,Co on S? given locally by non-constant
functions g : R — S? 1w py(u) and pg : R — S? 1 v+ ps(v) which satisfy

L+ pufio = (1+ i pg) VU9,

for f = f(u) and g = g(v).
If we switch to polar coordinates p; = Aj(u)e?® (™ and py = Ao(v)e?2(Y) this
reduces to

(4.9) sin[f (u) + g(v)] = A1 (u) Az (v) sinfb (u) — f(u) = O2(v) — g(v)].

By a rotation we can set uo to zero for some v = v, that is, Aa(vg) = 0. We find
from equation (4.9) that
sin[f (u) + g(vo)] = 0,

and so letting go = g(vo), we conclude that f = —gg. Putting this back into (4.9) we
have

(4.10) sinfg(v) = go] = A1 (u)A2(v) sin[0h (u) — O2(v) — g(v) + gol-

Thus for a fixed u = ug we have

A1 (o) Az(v) sin[61 (uo) — O2(v) — g(v) + go] = A1(u)A2(v) sin[fy (u) —O2(v) — g(v) + gol,
or, for v # vy

(4.11) A1 (uo)sinf01(uo) — b2(v) — g(v) + go] = A1 (u) sin[0y (u) — O2(v) — g(v) + go]-
Differentiating this relationship with respect to v yields

A1 (uo) cos[f(ug) — O2(v) — g(v) + go] 0u(02 + g)
= A

(4.12) 1 (u) cos[f (u) — 62(v) — g(v) + go] D(0: + g).

If 8,(02+ g) # 0, then we can cancel this factor and square both sides of equations
(4.11) and (4.12) to find that Ay = A1(up). However, from the functional relation
in equation (4.10), this means that 6 is also constant. Thus p; would be constant,
which is not true.

We conclude that 9,(62+¢g) = 0, or equivalently, g(v) = —62(v) +g1. Substituting
this back into equation (4.10) we have

sin[f2(v) + Co] = A1 (u)A2(v) sin[b; (u) + Co],

where Cy = go — ¢1-
One solution of this equation is §; = 03 = —Cp, which is the case ¥ = L(H?),
where H? C H?. Otherwise, we can separate variables

sin[f2(v) + Cp)]

(o) = A1 (u) sin[6y (u) + Cy] = Cy £ 0.
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This yields _ _
_ Cret () _sin[fz(v) + Cple?®=(®)
M=+ T Cy '
By a rotation of S? we can set Cy to zero, and with a natural choice of parameteri-
zation of the curves, the final form is

Chet sinv e’
M1 = — H2 =
sinw ’ c,

for u,v € [0, 27).
These are the tori of part (2) in the statement. To see that they are circles note
that if we view S2 in R3 given by

Bt R D) Sy
b 1+uﬂ’

T = ) = —
L+ pp Y I+ pp

then the first curve parameterizes the intersection of S? with the plane y+Cj (2 —1) =
0, while the second is the intersection with the plane y — C1(z2+ 1) = 0. (]

In the ball model of H? these 2-parameter families of geodesics can be visualized
as the set of geodesics that begin on a circle on the boundary and end on another
circle of the same radius on the boundary, the two circles having a single point of
intersection, as illustrated below.

08 T

06 [

0.4
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