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Abstract. We study extrinsic geometry of a codimension-one foliation F
of a Finsler space (M, F), in particular, of a Randers space (M, « + ).
Using a unit vector field v orthogonal (in the Finsler sense) to the leaves
of F, we define a new Riemannian metric g on M, which for Randers case
depends nicely on («, 3). For that g we derive several geometric invari-
ants of F (e.g. the Riemann curvature and the shape operator) in terms
of F; then under natural assumptions on  which simplify derivations,
we express them in terms of invariants arising from « and 5. Using our
approach of [13], we produce the integral formulae for F of closed (M, F')
and (M, a + B), which relate integrals of mean curvatures with those in-
volving algebraic invariants obtained from the shape operator of F and
the Riemann curvature in the direction v. They generalize formulae by
Brito-Langevin-Rosenberg (that total mean curvatures of any order for a
foliated closed Riemannian space of constant curvature don’t depend on
a choice of F).
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1 Introduction

Two recent decades brought increasing interest in Finsler geometry (see [2, 4, 15]
and the bibliographies therein), in particular, in extrinsic geometry of hypersurfaces
of Finsler manifolds (see the items above and, for example, [14]). Among all the
Finsler structures, Randers metrics (introduced in [9] and being the closest relatives
of Riemannian ones) play an important role.

Extrinsic geometry of foliated Riemannian manifolds is also of definite interest
since some time (see [11, 12] and, again, the bibliographies therein). Among other
topics of interest, one can find a number of papers devoted to so called integral for-
mulae (see surveys in [12, 1]), which provide obstructions for existence of foliations
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(or compact leaves of them) with given geometric properties. A series of integral
formulae has been provided in [13]. They include the formulae in [10] that the total
mean curvature of the leaves is zero, and generalize the formulae in [3], which show
that total mean curvatures (of arbitrary order k) for codimension-one foliations on a
closed (m+1)-dimensional manifold of constant sectional curvature K depend only on
K, k, m and the volume of the manifold, not on a foliation. One of such formulae was
used in [7] to prove that codimension-one foliations of a closed Riemannian manifold
of negative Ricci curvature are far (in a sense defined there) from being umbilical.

In this paper we study extrinsic geometry of a codimension-one transversely ori-
ented foliation F of a closed Finsler space (M, F'), in particular, of a Randers space
(M, o+ ), a being the norm of a Riemannian structure a and § a 1-form of c-norm
smaller than 1 everywhere on M. Using a unit normal v (in the Finsler sense) to the
leaves of F we define a new Riemannian structure g on M, which in Randers case
depends nicely on « and 8. For that g, we derive several geometric invariants of F
(e.g. the Riemann curvature and the shape operator) in terms of F'; under natural as-
sumptions on S which simplify derivations, we express them in terms of corresponding
invariants arising from « and some quantities related to 8. Then, using the approach
of [13], we produce the integral formulae for F on (M, F) and (M, « + 3); some of
them generalize the formulae in [3].

Our formulae relate integrals of o;’s with those involving algebraic invariants (see
Appendix) obtained from A, (p € M) — the shape operator of a foliation F, R, — the
Riemann curvature in the direction v normal to F, and their products of the form
(Rp)Ap, j = 1,2,... In fact, we get a bit more: we produce an infinite sequence
of such formulae for a smooth unit vector field ¥ on M involving these algebraic
invariants. To simplify calculations, we work on locally symmetric (VR = 0 with
respect to g) Finsler manifolds, where our approach can be applied with the full force
(Section 3). We show that our formulae reduce to these in [3] in the case of constant
curvature and to those in [13] in the Riemannian case. Using Finsler geometry of
Randers spaces we produce also (Section 4) integral formulae on codimension-one
foliated Riemannian manifolds which involve not only A,’s and R,’s but also an
auxiliary 1-form .

We discuss a number of particular cases and provide consequences of our new
formulae.

2 Preliminaries

Recall Euler’s Theorem: If a function f on R™*! is smooth away from the origin of
R™*! then the following two statements are equivalent:
— f is positively homogeneous of degree r, that is f(Ay) = A" f(y) for all A > 0;
— the radial derivative of f is r times f, namely, f,:(y)y* =rf(y).
The obvious consequence of Euler’s Theorem helps us to represent several formulae
in what follows:

Corollary 2.1. If a smooth function f on R™T1\ {0} obeys the 2-homogeneity con-
dition f(Ay) = N2f(y) for X > 0 then f(y) = % fyiys(¥)y'y? for smooth functions
fyiyi on R™HL\ {0}.
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Proof. By Euler’s Theorem, f,:(y)y* = 2f(y). Since f,i(Ay) = Af,i(y), by Euler’s
Theorem, we have fyi(y) = fyi,i(y)y’. O

2.1 The Minkowski and Randers norms

Definition 2.1 (see [15]). A Minkowski norm on a vector space R™*1 is a function
F :R™1 — [0, 00) with the following properties (of regularity, positive 1-homogeneity
and strong convexity):
M : F € C®(R™1\ {0}), Ma: F(\y) = AF(y) for all A > 0 and y € R™*1,
Mj : For any y € R™*1\ {0}, the following symmetric bilinear form is positive
definite on R™*1! :

1 02 5
(2.1) gy(u0) = 5 55 00 [F2(y + su+tv)] -

By (M2), gay = gy for all A > 0. By (M3), {y € R™T!: F(y) < 1} is a strictly convex
set. Note that

22) gus0) = 22 [Py rto)] Ly aulo) = 2.

20t
One can check that F(u+v) < F(u)+ F(v) (the triangle inequality) and F:(y) u’ <
F(u) (the fundamental inequality) for all y € R™*1\ {0} and u,v € R™*l. By
Corollary 2.1, we have F?(y) = g;;(y) y'y?, where g;; = 1 [F?],i,5 = FF,ii + FyiF
are smooth functions in R™*1\ {0} which, in general, cannot be extended continuously
to all of R™*!. The following symmetric trilinear form C for Minkowski norms is
called the Cartan torsion:

(2.3)
10 m m
Cy(u,v,w) = 25 quﬂw(u,fu)]‘t:(J where y € R™™1\ {0}, u,v,w € R™H!,
The homogeneity of F' implies the following:
C, I F? t Chy =210, (A>0
y(U,U,QU)—ZW [ (y+7‘u+5’l}+ w)h’r:s:tZO’ Ay — y ( > )

We have Cy(y,-,-) = 0. The mean Cartan torsion is given by I, (u) := Tr Cy(-,-, u).
Observe that

19 1

Cige = OO, 0,0.0) = 5 5 915 =

[FQ]yiyjyka I, = gijcijk-

Let (b;) be a basis for R™*! and (6%) the dual basis in (R™*1)*. The Busemann-
Hausdorff volume form is defined by dVr = op(x) 0 A- - -AO™ L where o = %.
Here B™*! := {y € R™*! : |ly|| < 1} is a Euclidean unit ball, and vol B"*! is the
Euclidean volume of a strongly convex subset B™1 := {y € R™T!: F(y'b;) < 1} (so
that for the unit cubic U = [0,1]™!, vol U = 1).

The distortion of F is defined by 7(y) = log(y/detg;;j(y)/or). It has the 0-
homogeneity property: 7(Ay) = 7(y) (A > 0), and 7 = 0 for Riemannian spaces.

The angular form is defined by hy,(u,v) = g,(u,v) — F(y)"2g,(y,u) g,(y,v). Ob-
serve that hy (u,u) > gy (u,u) — F(y) ~29y(y,y) gy (u,u) = 0 and equality holds if and
only if ul|| y.
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A vector n € R™*! is called a normal to a hyperplane W C R™*! if g, (n,w) =
0 (w € W). There are exactly two normal directions to W, see [15], which are opposite
when F is reversible (i.e., F(—y) = F(y) for all y € R™*1).

Definition 2.2. Let a(-,-) = {-,-) be a scalar product and a(y) = ||y|le = V¥, y)
for y € R™*! the corresponding Euclidean norm on R™*!. If 8 is a linear form on
R™ ! with ||3 o < 1 then the following function F is called the Randers norm:

(2.4) F(y) = a(y) + B8(y) = V{y,y) + B(y)

For Randers norm (2.4) on R™*1, the bilinear form g, obeys, see [15],

gy(u,v) = (y)(1 + B(y)) (u, v>+5( ) B(v)
(2.5) = a7 (y) Bly) (. w) (y, v) + a7 () (Bu) (g, v) + B(v) (y,u))
(2.6) detg, = (F(y)/a(y))™"*deta.

-2

Let N € R™*! be a unit normal to a hyperplane W in R™*! with respect to (-,-),
i.e.,

(Nwy=0 (weW), aN)=|Nl.= NN =1

Let n be a vector F-normal to W lying in the same half-space with N and such that
[In|le. = 1. Set
g(u,v) = gn(uav)a u,v € R™H
Then g(n,n) = F2(n), see (2.2), and F(n) = 1+ B(n).
The 'musical isomorphisms’ ff and b will be used for rank one tensors and symmetric

rank 2 tensors on (R™*! @) and Riemannian manifolds. For example, if 3 is a 1-form
on R™*! and v € R™*! then (8%, u) = f(u) and v"(u) = (v,u) for any u € R™+1,

Lemma 2.2. If the Randers norm obeys B(N) =0 (i.e., 8* € W) then

= ¢N - G%,

(2.7) n
(2.8) g(u,v) = ((u,v) = Bw) B(v)), wveEW,
(2.9) g(n,n) = ¢, g(n,v) =0,

where ¢ := (1 —||B||2)Y/? > 0. The vector v = ¢ 2n is an F-unit normal to W.

Proof. For arbitrary 8 and y = n and a(n) = 1, the formula (2.5) reads
(2.10)

9(u,v) = (14 5(n))(u, v) + B(u) B(v) = B(n) (n,u) (n,v) + B(u) (n,v) + B(v) (n, u).

Assuming v = n, from (2.10) we find

(2.11) g9(n,v) = (14 B(n)) (n+ 5, v).
Note that [8(n)| = [(B%,n)| < a( “a(n) < 1; hence, 1 + B(n) > 0. We find from
(2.11) with v € W that n + 3% = Nfrsomec > 0. Using 1 = (n,n) = &2 —

2¢B(N) + |82, we get two values

é=B(N) £ (B(N)?+c2)V/2.
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By condition 3(N) = 0 we have % € W, this yields ¢ = ¢ and (2.7). Thus,
B(n) = B(eN = f*) = —[Bl2, 1+ B(n) =c
Finally, (2.8) follows from (2.10). O

Lemma 2.3. Let the Randers norm obeys B(N) = 0 (i.e., B € W). Ifu,U € W
and

(2.12) g(u,v) = (U,v) forall veW
then B(u) = ¢ *B(U) and
(2.13) Au=U+c28U) B
Proof. By (2.8), we have
9(u,v) = u— Au)B, v),
Then from (2.12), since u, U and ¥ belong to W, we obtain
u— B(u)pf = 2U.

Applying 3 we get B(u) — B(u) |8 % = ¢ *B(U), B(u) = ¢~*B(U) and then (2.13). O

2.2 Finsler spaces

Let M™*! be a connected smooth manifold and T'M its tangent bundle. The natural
projection w : TMy — M, where TMy := TM \ {0} is called the slit tangent bundle.
A Finsler structure on M is a Minkowski norm F' in tangent spaces 71,M, which
smoothly depends on a point p € M. Note that 7, maps the double tangent bundle
T?M into TM itself.

A spray on a manifold M is a smooth vector field G on T'Mj such that

(2.14) 1(Gy) =v, Gy =A(h2):(Gy) (v TMy, \>0),

where hy : v — Ao is the homothety of TM. The meaning of (2.14); is that G is a
second-order vector field over M, and (2.14)9 is the homogeneous quadratic condition.
In local coordinates (z*), G is expressed as G(y) = y'0,i — 2G'8y:, where G'(Ay) =
N2Gi(y) (A > 0).

Using G we define the following notions: covariant derivative, parallel translation
(and parallel vectors) along a curve, geodesics and curvature. A curve ~y(t) in T My
satisfying v = G, is an integral curve of G; it is equal to the canonical lift of ¢ :=
7w o . The covariant derivative of a vector field u(t) along a curve c(t) in M is
given by Dsu = {4 +T};(¢) * u'} 0yi| . Here G* = 5T} y*y/ for smooth functions
T} = (G")yrys on T My, see Corollary 2.1. The following properties are obvious:

Di;(u4+v) =D u+ Dev, Dg(fu)=¢(f)u+ fDeu, Dyeu=ADzu

for any f € C°(M) and A > 0, see [15]. A vector field u(t) along c is parallel if
Dé u(t) = 0, i.e.7 ) ] .
W4Ty e) cFul =0 (i>1).
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A curve ¢(t) in M is called a geodesic of G if it is a projection of an integral curve
of G; hence, ¢ = G¢. A curve ¢(t) is a geodesic if and only if the tangent vector u = ¢
is parallel along itself: D¢ = 0. For a geodesic ¢(t) we have the following quasilinear
system of second order ODEs

¢ +2GHe) =0, i=1,...,m+1.

A Finsler metric F' on M induces a Finsler spray G on T My, whose geodesics
are locally shortest paths connecting endpoints and have constant speed. Its geodesic
coefficients are given by

i L e k 2 L 0991 0giky ;4
G :Zg ([F ]mkyly _[F ]wl):Zg (QW_ 8:vl)yjy )

see [15]. Here g;;(y) = 3 [F*],:,: (y), compare (2.1). Then INE %g”(gij}f + %i’“j -
99,k

ST ) are homogeneous of 0-degree functions on T'Mj.

Remark 2.3. A Finsler metric on a manifold M is called a Berwald metric if in any
local coordinate system (z,y) in T My, the Christoffel symbols F; . are functions on
M only, in which case the geodesic coefficients G* = %F};j (x)y*y? are quadratic in
y = y'0,:. On a Berwald space, the parallel translation along any geodesic preserves
the Minkowski functionals; thus, such spaces can be viewed as Finsler spaces modeled
on a single Minkowski space. Berwald metrics are characterized among Randers
ones, F' = a + f3, by the following criterion: § is parallel with respect to «, see [15,
Theorem 2.4.1]. If § is a closed 1-form, then Finslerian geodesics are the same (as
sets) as the geodesics of the metric a.

A Finsler manifold is positively (resp. megatively) complete if every geodesic ¢(t)
on (0,tp) can be extended for (0,00) (resp. (—o0,0)), and F' is complete if it is both
positively and negatively complete. This property is satisfied by all closed Finsler
manifolds. Let (M, F') be positively complete; hence, for any p,q € M there exists a
globally minimizing geodesic from p to ¢, see also Hopf-Rinov theorem [15, p. 178].
Let ¢, be a geodesic with ¢,(0) = p and ¢,(0) = y € T, M. The exponential map is
defined by exp,(y) = ¢,(1). By homogeneity of G one has c,(t) = cy,(1) for ¢ > 0;
hence, exp, (ty) = ¢, (t). Recall [14] that exp, is smooth on TMy and C* at the origin
with d(expp)‘ 0= idTpM-

Consider a geodesic ¢(t), 0 <t < 1. A C* map H : (—e,e) x [0,1] = M is
called a geodesic variation of ¢ if H(0,t) = ¢(t) and for each s € (—¢,¢), the curve
cs(t) == H(s,t) is a geodesic. For a geodesic variation H of ¢, the variation field
Y(t):= %—?(O,t) along c satisfies the Jacobi equation:

(2.15) DiD:Y + Rs(Y) =0

for some (y € T'M)-dependent (1,1)-tensor R,. Jacobi equation (2.15) serves as the
definition of curvature. A vector field Y (¢) satisfying (2.15) along a geodesic ¢(¢) is
called Jacobi field. We have g.(Y (t),é(t)) = A?(a + bt) and ge(De Y (t),é(t)) = A%
for some constants a, b and A=F(¢). The orthogonal component Y *(t) = Y (t) — (a +
bt)é(t) of the Jacobi field Y (t) along c(t) is also a Jacobi field such that Y+ (¢) and

D;Y*(t) are ge-orthogonal to ¢(t). Define R&Z) cTeyM — ToyM by R&g) (u(t)) =
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D[Ry (u(t))], where u(t) is a parallel vector field along c. Similarly, we define

Rgt)), Rgz’g) etc. Thus, by (2.15), a spray defines transformations R, : T,M — T,M
called the Riemann curvature in a direction y € T,M \ {0}, and we have R,(y) =0
and Ry, = A2R, (A > 0). In coordinates, R, = R', dx*9,, and R!, (y) y* = 0, where

R}’s depend on the Finsler spray only [14]:
R =2(G)pr =y (G)as g +2G7 (G)yi g — (G (GY)

yk.

Moreover, R'; = R, 47y for local functions {R},,;} = 5 (R'}),i,0 on TMy (see
Corollary 2.1) and
Rjikl = (%)) or — (Fék)xl + 17 ok — i Yl -

For the Finsler spray, R, is g,-self-adjoint: g,(R,(u),v) = gy(u, Ry(v)), u,v € T, M.
For a plane P C T,,M tangent to M and a vector y € P\ {0}, the flag curvature
K(P,y) is given by

_ gy(Ry(u)’u)
K(Py) = 9y (Y, 1) gy (U, u) — gy (y, 1) gy (y,u) '

where u € P is such that P = span{y,u}; certainly, the value of K(P,y) is in-
dependent of the choice of u € P. If K(P,y) is a scalar function on T'M, (that
holds in dimension two) then F' is said to be of scalar (flag) curvature, in this case,
Ry(u) = K(m(y)){gy (v, y)u — gy(y,9)y} (y,u € TMy). If K = K(n(y)) (ie., the flag
curvature is isotropic) and m > 2 then K = const, see [5, Lemma 7.1.1]. For each
K € R there exist many non-isometric Finsler metrics of constant scalar curvature K.

Let {e; }1<i<m+1 be a gy-orthonormal basis for T,, M such that e,,+1 = y/F(y), and
let P; = span{e;,y} for some y € T,M. Then K(P;,y) = F~2(y) g,(Ry(e;),e;). The
Ricci curvature is a function on T'Mj defined as the trace of the Riemann curvature,

Ric(y) = ZT::l gy(Ry(ei)7 ei) = Fz(y) Zm

1=

1 K(P27 y)

with the homogeneity property Ric(\y) = A2 Ric(y) (A > 0). In a coordinate sys-
tem, by Corollary 2.1 we have Ric(y) = R}";, v/ y* = Ricji ¥/ y*. A Finsler space
(M™*1 F) is said to be of constant Ricci curvature \ (or, Einstein) if Ric(y) =
mA F2(y) (y € TMy), or Ricjr, = mAgjx in coordinates.

3 Codimension-one foliated Finsler spaces

Given a transversally oriented codimension-one foliation F of a Finsler manifold
(M™*+1 F), there exists a globally defined F-normal (to the leaves) smooth vector
field n which defines a Riemannian metric g := g,, with the Levi-Civita connection V.
We have g(n,u) =0 (u € TF) and g(n,n) = F%(n), see (2.9). Then v = n/F(n) is
an F-unit normal.

3.1 The Riemann curvature and the shape operator

In this section we apply the variational approach to find a relationship between the
Riemann curvature of F' and g. It generalizes the following.
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Proposition 3.1 (see [15]). LetY be a geodesic field on an open subset U in a Finsler
space (M, F) and g := gy the induced metric on U. Then the Riemann curvature of
F and F = VG obey Ry = Ry. Moreover, Y is a geodesic field ofﬁ’ and for the
Levi-Civita connection we have Dy X = DyX.

For a codimension-one Riemannian foliation, a unit normal v is a geodesic vector
field; hence, by Proposition 3.1, transformations R, defined for F' by (2.15) coincide
with the Jacobi operator R(-,v)v of the metric g. Recall that the second differential
is defined by Vi,v =V,V, — Vy,, for any u,v.

Let Y; (|t| < ¢) be a smooth family of F-unit vector fields on an open subset U in
(M, F). Put Y; = 0;Y; and g = O:g:, where g := gy, is a family of metrics on U. By
definition (2.3) of the Cartan torsion, we have

(31) gt:2CYt(7 7)/15)
Note that §,(Y;, -) = 2Cy, (Y3, -, Y;) = 0.

Proposition 3.2. Let Y; (|t| < €) doesn’t depend on t at a point p € U and u,v €
T,M. Then

—0iRy(u,Y;,Yy,v) = Cy(u, VLY, ViY3) + Cy (VLY;, v, VYY)
+ Cy (VLY 0, VYD) + Cy (u, V4 Y, VEY,)
(3:2) + Oy (u,0, (V)3 y Y1) + 2(VyCy, ) (u, v, V3 Yy).

The shape operators A, (when'Y, = v,) of F with respect to g, and the volume forms
dV; at p obey

(33) gt(atAt(u)v U) = _Cu(uv v, Vf/ Y;f)7 at(d‘/t) =0.
Proof. Put II(u,v) = 8, V!, v for t-independent vector fields u,v. Then, see [16],
(3.4) 2 go(T(u, v), w) = (V5 ge) (u, w) + (V3 §e) (v, w) = (V4 §e) (u,v),
and for arbitrary t-dependent vector fields X; and Z; we obtain
VY, Ze = W(Xy, Zy) + V%, (0:Zy) + Vi, x, 2t
By definition,
Ri(u, Z0)Y: = V', (V%,Ye) = V%, (ViYe) = Vi 2, Ve

So,
O Ry(u, Z0)Yy = 0, (V' (V, V1)) = 0(V, (Vi Y1) — 0u(V], 2, Yo)-

Deriving the terms of the above,

0V, (Vi Yh)) = IU(Z,, Vi, Yy) + Vi, (IL(u, Y1) + Vi, (Vi Vi) + VY (VL YY),
O(ViL(VY, Vi) = TM(u, VY, V) + Vi(II(Z, V7)) + Vi (VY Y1) + V5 (VY Ya),

0e(ViuzgYe) = Wu, Z),Ye) + Vi, 2, Ve + Vi, 7, Vi
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with Z, = 01 Z;, we obtain a ‘time-dependent’ version of [16, Proposition 2.3.4],
O Ry (u, Z,)Y: = (Vi ID)(Ze, Y3) — (Vi 1D (w, V) + Re(u, Z,)Y; + Ri(u, Zi)Yy.

We shall compute ;R (u, Y, Yy, v) := Opge(Re(u, Y)Y, v) at p; thus, terms with Y
will be canceled at the final stage. Assume at a ‘time’ ¢ of our choice, V = V* and
Vu = Vv =0 at p. Then perform the following preparatory calculations at p:

Y (V5 g0 (Vi,v)) = Y (u(Cy,(Yi,0, 7)) = Oy, (V5 V3,0, 7))
= —Cy(V.Yi,0,VyYy),
SY((V3, 40)(w,0)) = Y (Vi (Cy,(u,0,Y2))) = Y(Cy, (VY, u,v,Y7))
—Y(Cy,(u, V¥, v, Y7))
= Cy(u,v,VyVy, V}) +2(VyCy)(u,v, VyY;),
Y((Vha)(w, V) = Y (0(Cy,(u, Y3, Y2) = Oy, (u, Vo V3, V7))
= —Cy(u,V,Y;, Vy V),
(Voyy, 96)(u,v) = 2Cy(u,v,Vvyy, Yr),

(Vu 1) (VyYi,v) = 20y (VyY:, v, V,Y7),
(Vo ge)(u, VyYy) = 2Cy(u,VyY;, Vi Y5).

1

Using all of that and (3.1) we obtain at p:

(Vy ) (u, Y1), v) = (Vy (I(u,Yy)) = Il(u, Vy Y1), v)
= < ( Y) > < (’U,,VYY;),?»

Y [V g0)(Ye,v) + (Vy, g)(u,0) — (V5 ge) (u, Yy) |

l\J\»—t
—_

— = [(Voyy, 90)(u,0) + (Vu 30) (VyYe,0) = (Vo 1) (u, Vy'Y7) |

= Cy(u,V,Y;, VyYs) — Cy (V. Yi, 0, Vy ;)
+2(Vy Cy,)(u, v, Vy'Y) + Oy (u,v, Vy VY Y;) — Cy (u,v, Vyyy, Yr)
— Cy (VyYy,v,V,Y3) + Cy (u, Vy Yy, V., V7).

[\

Here the terms with Cy (Y, -,-) were canceled on U, and the identity [Y;,v]' =
—(V!Y;)T at p (where " is the orthogonal to Y at p component of a vector) was
applied. Similarly, we use at p

u[(VY, 40)(Ye,0)] = =20y (Vy Yo v, VuYh),  u[(V] 6) (Y2, Yo)] = 0,
(vvuyt g) (Yv ’U) =0, (vv g)(Y, vu}/f) =0,
(Vy 9)(VuYi,v) =2Cy(Vy Yy, v, VyYy)
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to find
(Vo ID(Y, Ye), v) = (Vo (1LY, Yy)) = 210(Y, Vi Y3), 0)
= U<H(}/t7y;f)av> -2 <H()/t7 vuYt)7v>
= u[(V4; 60)(¥irv) — 5 (V430) (¥, ¥0)]
—(Vv.v 9)(Ye,v) = (Vy 9)(VuYe,v) + (Vo 9)(Y, Vo Y7)
= —2Cy(VyYy, v,V Y;) — 20y (VY v, VyYy).

Since Y = 0 at p, we have

ath(u7 )/tv 5/;5’ U) = (atg)(Rt(uv }/t)na ’U) =+ g(ath(u, Yt)}/ta U)
=2 CY (Rt(ua }Q)Y;a v, Y) + g(ath(ua Yrt)i/ta U) = g(ath(% }/t)}/fm U)'

Finally, we have (3.2) at p for all ¢ > 0. For the second fundamental form b; of F
(with respect to g;), as in the proof of [12, Lemma 2.9], using (3.1), (3.4), g(p) =0
and Y'(p) = 0, we get at a point p:

Obi(u,v) = §(Vuu,Y) + g(0: Vv, Y) + g(Vyv, 0:Y)
5 (Vg (0,Y) + (Vog) (1Y) = (Tyd)(w,0) + 6(T o0, V)
= —Vy(Cy(u,v,Y)) = —Cy(u,v, VyY).

From this, using b;(u,v) = g:(A4:(u),v), we get (3.3)1:
gt(At(u)a U) = atbt(ua U) - g(A(U), U) = —C,,(U, v, P Y)

By the formula for the volume form of a t-dependent metric, 9;(dV;) = 1 (Tr g) dV4,
see [16], and definition of the mean Cartan torsion, we get

(3.5) 0i(AV;) = Iy, (V) AV

Next, (3.3), follows from (3.5) and Y (p) = 0. O

Let L be a leaf through a point p € M, and p the local distance function to
L in a neighborhood of p. Denote by V the Levi-Civita connection of the (local
again) Riemannian metric § := gv,. Note that Vp = v on L. The shape operator
A:TF — TF (self-adjoint for g) is defined at p € M by (compare [15] with the
opposite sign)
A(u) = —V,v  (u€TF).

The shape operator A9 : T F — TF with respect to the metric g is defined at p € M by
AY(u) = -V,v (ueT,F).

Note that 2¢(V,v,v) = u(g(v,v)) = 0 (u € TF); hence, V,,v € TF. The mean
curvature function (of the leaves with respect to g) is defined by HY = Tr AY9. Recall
that F is g-totally umbilical if AY = HII,,, and is g-totally geodesic if A9 = 0.
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Corollary 3.3. Let L be a hypersurface in an open set U C M. If an F-unit vector
field Y; (0 <t <€) is given in U and orthogonal to L then for the metric g; := gy,
for all u,v € T,L (p € L) we have

8th(U7Yt7Y;taU) = CY(At(u)’Uavgf)}t) +OY(U,At(U),V§/Yt)
(3'6) - CY(U’ v, (Vt)%’,YYt) - 2(v§’CYt)(u7 v, ngyt)v
(37 90Au),v) = ~Cy(u,0,VyYy), 8(dV;) =0.

Proof. This follows from Y; = 0 on L, the definition of A; (for g;) and (3.2)~(3.3). O

Definition 3.1. A vector field ¥ defined in some neighborhood U C M of a point
p € U is called a geodesic extension of a vector Y, € T,M if Y(p) = Y, and the

integral curves of Y are geodesics of the Finsler metric. Similarly, we define a geodesic
extension of a (e.g. normal) vector field along a hypersurface L C U. In both cases,
g = gy is called the osculating Riemannian metric of F on U.

We will use osculating metric (given locally) to express the Riemannian curvature
of g = g, (for an unit F-normal v to F) in terms of Riemannian curvature and the
Cartan torsion of F.

Given a vector field Y, let Cg, be a (1, 1)-tensor gy-dual to the symmetric bilinear
form C'y(-,-,Vy Y). Note that Cy,(+,+,V,n) = Cp,(-,,c*V,v) = 2C,(-,,V,v).

Theorem 3.4. Let v be a unit normal to a codimension-one foliation of a Finsler
space (M™*L F). The Riemann curvatures (in the v-direction) of F' and g = g, are
related by

o((Ry — RE)(w), ) = ~C, (A(u) + 3 Ci(u), v, Y, )
—Cy(u, A%(v) + % Ci(v),V,v)
(3.8) +C,y(u,v, V2, v—C5(V,v)) + 2(V,C,)(u,0,Vyv)  (u,v € T,L).
The shape operators and volume forms are related by
(3.9) A—AI=Ct AV, ="M dVp.
In particular, the traces are related by

Ric, —RicY, = L,(Vi,v—CLV,v)+2(V, 1L)(V,v)
(3.10) — Tr (C%(CF + 2 A9)),
TrA-TrA% = I,(V,v).

Proof. Let U be a “small” neighborhood of p € L such that any two geodesics starting
from L NU in the v-direction do not intersect in &. Then for any ¢ € U there is a
unique geodesic v starting from L in the v-direction such that v(s) = ¢ for some
s > 0, in other words, ¢ = exp.,()(s¥(0)). Thus, Y :q— 5(s) (¢ €U) is an F-unit
geodesic vector field (V};}A/ = 0) — a geodesic extension of v|y.

Consider a family of vector fields Y; = tY 4 (1 —¢)v (0 < t < 1) on U, define the
Riemannian metrics g; := gv,, g1 being osculating, and denote by R; their Riemann
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curvatures. Since Y; = Y — v and Yio=viL= ?‘L for all ¢, we have YHL =0 and
ge)L = 9|1~ By (3.1) and (3.4), we get IT;(v,v) = II;(»,Y) = 0 on L; hence, V!, v and
VY restricted on L don’t depend on t. Next, we find
g(II(v,v),v) = Cy(u,v, VU(}/} —v))=-C,(u,v,V,v), uveTM,
i.e., Il(v,u) = —C%(u). We calculate on L:
9(8,(Vt u),v) = VL(Cy(u,v,Y —v)) + Vi (Cy(r,0,Y —v)
= (VLCy)(u,v, Y - v) + Cy (u, v, V,t/(}/} —v)
+ (VLC) (0, Y —v) + C (VY v, Y — v)+ O, (v,v, VE(
— (VIO (u,Y —v) — Cp(u, Viv, Y —v) —
= Cy(u,v, ij(}/} —v))=—-Cy(u,v,V,v).
Since, 9;(g(VE u,v)) = g(0: V!, u,v) and 9;(g(V%, v,v)) = g(9; V%, v,v) on L, we obtain
g(Vhu,v) = g(V,u,v) —tC,(u,v,V, v),
g(VEv,v) = g(Vav,v) —tCy(u,v,V,v).

) = Vi (Cy (u,v,Y —v))
)

v))

v
LY — )

Recall that V2

% » is tensorial in u,v. We show that (V*)2 Y is t-independent on L:

s - ~ § ot O
Y = V, (V5 Y) =V, (V $Y)—tCy(V,Y)

— Vi Ly

= V,(V5Y) =V, (Vp Y -1 CLY))

= V2,V —t(V,CH(Y) ~tCi(V,Y)=V2, YV

Thus, (V2 }7) L= (@31, Y) | = 0. Using this and (Vl,}/}) iz =0, we find on L:

(V%5

VY = Vo,
(V) Yo = (V)5 (V = 9) = VL(VulY —») =t CE(Y =)
= V., (Y =v) =V, (CLY —v)) =t CE(V, (Y —v))
= —V2 v+2tCLV,v).
Then we obtain on L:
Cyi( VnYe) = Cul,- VY =v)) = =Cu(,-, Vyv),
Cri( Vi Vi) = Col s Vi, (Y = 1) = =Cu(,-, Vi, v).
Next, we calculate on L, using Cy(Z,-,-)=0for Z=V,v,
(Vv.Cy)( o Vv Ya) = (VuCip i g, ) = Vov)
=(Vo0)u(s =Vur) + Canw, (o, =Vov) = =(VL.C) (-, Vi w).
By the above and (3.3);, we obtain (3.9);. By Corollary 3.3, for all ¢ € [0,1], and
using Ay = A9 + ¢ C}, see (3.9)1, and (V)2 v =—V2 v+ 2tCE(V, v), we obtain
Ot R (u, v, v,v) = —Cy(A(u),v,Vy,v) —Cy(u, At(v), V, v)
+C,(u,v, (Vt)iy v)+2(V,C)(u,v,V,v)
—Cy (A9 (u) +t C¥(u),v,V, v) — Cy(u, A(u) + t C¥(v), V, v)
+Cy(u,v, -V, v+ 2tC5H(V,v)) + 2(V,C,)(u,v,V, v)
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for u,v € T,L, where the right hand side becomes linear in ¢t. Integrating this by
t € [0,1] yields (3.8). Finally, using the equality for volume forms, dV' = dV,, and
definition of 7 (see Section 2.1), we get (3.9)2. O

Since any geodesic vector field Y satisfies conditions
(3.11) Cy(u,v,VyY) =0, Cy(u,v, V?Y Y)=0 (Vu,v),

the following corollary generalizes Proposition 3.1.

Corollary 3.5. IfY is a unit vector field on a Finsler space (M, F) and g :== gy a
Riemannian metric on M with the Levi-Civita connection V and conditions (3.11),
then Ry = RY,.

Proof. By (3.11), we have C% = 0 and
(VyCy)(u,v,VyY) = Vy(Cy (u,v,Vy Y)) = Cy (u,v, Vi Y) = 0.

If a vector field Y is a local geodesic extension of Y (p) then RY, = Ry (and A9 = A)
at p, see (3.8) and (3.9). Thus, the claim follows from Proposition 3.1. O

3.2 Integral formulae

Let F is a codimension-one foliation of a closed Finsler space (M™T! F) with the
Busemann-Hausdorff volume form dVp. Define a family of diffeomorphisms {¢; :
M — M, 0 <t<e} (¢ >0 being small enough) by

¢i(p) = exp,(tv), where v €T,M isan F-unit normal to F at p € M.

Let ¢(t) (t > 0) be an F-geodesic with ¢(0) = p and ¢(0) = v(p). Any geodesic variati-
on built of ¢-trajectories determines an F-Jacobi field Y'(¢) on ¢, and A,(Y(0)) =
—[Degr) Y ()] p=0, see [15, p. 225]. Recall that if vectors u(t) and v(t) are D-parallel
along c(t) then gs)(u(t),v(t)) is constant. Choose a positively oriented g, (,)-ortho-
normal frame (e!,...,e™) of T,F and extend it by parallel translation to the frame
(Bf,...,E™) of vector fields ge(-orthogonal to ¢(t) along c(t). Denote also by
E""! = é(t) the tangent vector field along c(t). Denote by Y(t) (i < m) the Jacobi
field along c(t) satisfying Y*(0) = e’ and D.Y?(0) = A,(e’). Let R(t) be the matrix
with entries ge(Re(E}), E7). Denote by Y () the m x m matrix consisting of the scalar
products g.(Y(t), E{) (“F-Jacobi tensor”). Then Y (0) = I, and Y'(0) = A4,. It is
known (see, for instance, [15, Sections 2.1 and 2.2]) that

|doi(p)| = det Y (¢),

where | d¢;(p)| is the Jacobian of ¢; at p. Assume that R%) = 0 for any F-geodesic

c(t) (¢t >0) (e.g. (M, F) is locally symmetric with respect to F'). For ¢ = 0, we have
Rg())) = Rgz()’t)) = ... = 0. For short, write R, := R(0). Note that Tr R, = Ric(v(p)).
The F-Jacobi equation Y” = —R(¢)Y implies that

YR(0) = (=R,)*, YE*D(0) = (-R,)*4,, k=0,1,2,...
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Hence, our Jacobi tensor has the form
o " +h 2 3 o,

Y(t) = ZHY (0) 1 = Im +tAp — iRy — SRy Ay + Ry + .
Certainly, the radius of convergence of the series is uniformly bounded from below on
M (by 1/||R||p > 0). The volume of M is defined by Volp(M) = [,, dVp . Therefore
— by Dominated Convergence Theorem — its integration together with Change of
Variables Theorem yield the equality for any ¢ > 0 small enough

2 3

t4
(3.12) VolF(M):/ det (Im+tAp—§Rp 3!RPAP+IR§+...)C1VF7

M

where dVp is the volume form of F. Formula (3.12) together with Lemma 5.2 of Ap-
pendix imply our main result (which generalizes that of [13] valid for the Riemannian
case). Note that the invariants o) (41, ..., Ag) of a set of real m x m matrices A; are
defined and discussed in Appendix.

Theorem 3.6. If F is a codimension-one foliation on a closed Finsler manifold
(M™FLF), which is F-locally symmetric, then for any 0 < k < m one has

(3.13) |3 e (Ba)e - Bip) Vi =0,

—_1)k

_N\k
where Box(p) = Gt (Rp)*, Bakya(p) = iy (Rp)" Ay for p € M.

The formulae (3.13) for few initial values of k, k = 1,...3, read as follows:

(3.14) / or(A)dVe = 0,
M

(3.15) /M (az(Ap)—%Ter)dVF = 0,

(3.16) /M (ag(Ap)—%Tr(Ap)Ter—f—%T&“(RpAp))dVF _—

The formulae (3.14) and (3.15) are well known for arbitrary foliated Riemannian
manifolds, see the Introduction. For m = 1, (3.15) reduces to the integral of flag
(Gauss) curvature, [, K dVp = 0.

Remark 3.2. 1. The compactness of M in Theorem 3.6 can be replaced by weaker
conditions: M is positively complete of finite F-volume, and has ‘bounded geometry’
in the following sense:

(3.17) sup e s [[Bpllp <00, sup e [[Apllr < oc.

2. Similar formulae exist for codimension-one foliations of on arbitrary (non-locally
symmetric with respect to F') Finsler manifolds. They are more complicated since
they contain terms which depend on covariant derivatives of R,,. More precisely, they
contain just terms of the form R,()k), where RI()D = D, Ry, R,(,Q) = Dy Dypy Rp and
so on. For the F-Jacobi tensor Y (¢) we get

t2 t3

t4
Y(1) = I + 1Ay = 53 By — 5 (RpAy + RV) + @(Ri —R® —2RMA) + ...
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The t? term of (3.12) becomes, compare (3.16),
1 1 1
/N ) (03(4p) — 5 Tr(Ry) Tr(Ap) + 3 Tr(Ry Ap) — < T R(V)dVp = 0.

In general, the t* term in (3.12) contains Rz(,j)’s with j <k —2.

Corollary 3.7. Let F be a codimension-one foliation on a F-locally symmetric com-
plete Finsler manifold (M, F) of finite F-volume and bounded (in the sense of (3.17))
geometry. If rank(Ap) <1 for all p € M (for example, F is F-totally geodesic) then
the Riemannian curvature R, vanishes identically provided that M has everywhere
non-negative (or, non-positive) Ricci curvature Ric, = Tr R,,.

Proof. Since in this case 02(A4,) = 0, integral formula (3.15) implies the claim. |

Given a unit normal v to F, denote by Qg the symmetric (0,2)-tensor in the rhs
of (3.8). Then, see (3.10),

TrQr = L,(V?j,,,l/ + CB(VV v)+2(V,L)V,v)—Tr (C’?,(C’B + 2Ag)),
Define the 1-form 6, by the equality
0,(X) =g([X,v],v) (X eTM).

Note that V, v = 92 is the mean curvature of v-curves with respect to g. Comparing
(3.13) for F and g, we obtain a series of integral formulas, the first two of which are
given in the following.

Theorem 3.8. Let 7(v) = const on a codimension-one foliated Finsler space (M, F').
Then

(3.18) /N ) IL(V,v)dVe = 0,
(3.19) / (ag(ci)+(TrA9)(TrC§,)—Tr(AgCE,)—%TrQR) dVp = 0.
M

Proof. By (3.9)1, A = A9 + C%, where A = A,. Thus, (3.18) follows from (3.14),
using (3.9)2 and Theorem 3.4. Note that by (5.4) with k¥ = 1 and (5.6) (of Appendix),

and by (3.10), we have

09(Ay) = 02(A9) + Tr(A9) Tr C*, — Tr(AICH),
Ric, = TrR, = Ric) +TrQxg.

Thus, (3.19) follows from (3.15), using (3.9)2 and (5.6) with k£ = 2 (of Appendix). O

3.3 Examples

Finsler manifolds of constant flag curvature. We provide examples, these of
(M, F) with constant flag curvature K (v, P) on M, i.e., such that R, = K I, for
some K € R.

a) For (M, F) with zero flag curvature, R, = 0, and we obtain the Jacobi tensor
of a simple form, linear in ¢: Y(¢t) = I,, + tA, (¢ > 0). Then (3.12) reduces to



Integral formulae for codimension-one foliated Finsler manifolds 91

Volp(M) = [, det(I, +tA,)dVp. From this we obtain the Finsler generalization of
the case K = 0 of [3, Theorem 1.1}, i.e.,

(320) / O’k(Ap) dVp = 0, k>0.
M

b) Assume now that the flag curvature K (v, P) of (M, F') is constant and positive,
say K = 1. Then R, = I, and one can rewrite the Taylor series for Y (¢) (¢ > 0) in
the form Y (t) = cost (I, + (tant)A,). Change of Variables Theorem for integration
implies that the equality

Volg (M) = (cos t)m/ det (I, + (tant)A,) dVp
M

holds for arbitrary ¢ > 0 small enough. One can use the substitution tant — ¢ and
the identity cos?t = (1 + ¢2)~! for further derivations.

¢) The case of negative constant flag curvature K (v, P) of M, say K = —1, is
similar to the case (b). One can use the substitution tanh(t) — ¢ and the identity
cosh?t = (1 — £2)~! for derivations.

The above yields the following extension of Theorem 1.1 in [3].

Corollary 3.9. Let F be a transversally oriented codimension-one foliation on a
Finsler manifold (M™%, F) of finite F-volume and sup ,¢ s | Apl|r < 0o (e.g. closed)
with a unit normal v and condition R, = KI,,. Then, for any 0 < k < m,

K*2 (™2 Volp(M), m, k even
3.21 Ay)dVp = k/2 ’ ’ ’
( ) /M 7k(4p) dVr { 0, m or k odd.

Remark 3.3. By Theorem 8.2.4 in [8], if a Finsler manifold M is closed and has
constant negative curvature then it is Randers.

If (M, F) is F-locally symmetric and the leaves of F are F-totally geodesic (i.e.,
A, =0) then
Y(2k+1)(0) — 07 Y(Zk)(o) _ (—Rp)k.

. . 2 4 6
Finally we get the F-Jacobi tensor Y (t) = I, — 5 R, + 5 R2— 5 R3+ ..., and (3.13)
reduces to

s iy (=D i _
/JVIZ‘I*I\:ka*(_ﬁRP’ TR e RE)dVi = 0.

For codimension-one F-totally geodesic foliations on arbitrary positively complete (or
closed) Finsler manifolds of finite F-volume, we get

/ TrR, dVp =0, / Tr RV dVp = 0,
M M

1 1
(3.22) /M (02(Rp) + 5 TrRY — = Tr R(P)dVp =0,

and so on. Equalities (3.22) imply directly the following statement (see also Corol-
lary 3.7).
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Corollary 3.10. Let F be a codimension-one F-totally geodesic foliation on a F-
locally symmetric positively complete Finsler manifold (M, F) of finite F-volume and
with condition (3.17)1. Then R, vanishes identically provided that either M has
everywhere non-negative (or, non-positive) Ricci curvature Ric, or o2(R,) is non-
negative.

It has been observed in [7] that codimension-one foliations of compact negatively-
Ricci curved Riemannian spaces are far (in a sense) from being totally umbilical.
In the case of an F-totally umbilical foliation, A, = H I,,, therefore on a locally
symmetric Finsler space (M, F') the following can be derived from (3.15)—(3.16) etc.
with the use of Lemma 5.1 of Appendix:

(3.23) /M ((m—1)(m —2)H* = TrR,) dVF =0,
(3.24) / H(m(m; 1)(75 ey R,) Vg = 0.
M m —

These integrals for k even ((3.23), (3.24), etc.) contain polynomials depending on H?
only. If all the coefficients of such polynomials are positive, then the polynomials are
positive for all values of H and one may easily get obstructions for existence of totally
umbilical foliations on some Finsler manifolds.

4 Codimension-one foliated Randers spaces

Let F be a transversally oriented codimension-one foliation of M™% equipped with
a Randers metric

F(y) =aly,y) +By), IBlla <1, B €T(TF).

As before, let us write a(-,-) = (-,-). Let N be a unit a-normal vector field to F, i.e.,
(N,N) =1 and (N,v) =0 for v € TF, and n an F-normal vector field to F with
the property (n,n) = 1. Denote by V the Levi-Civita connection of the Riemannian
metric a and by V the Levi-Civita connection of the Riemannian metric g = g, on M.
According to [4, (1.15) and (1.19)] we have

(1) 7(y) = (m+2)log /(1 +5(y)/aly)c 2,
(42) L) = G (50 - 520,

In particular, 7(n) = 0 and I,,(v) = 252 ( 3 —(c*—1) n, v). Remark that for Randers
spaces

Ch(u,v,w) = %4_2 (In(u) hp(vy,w) + I, (V) hy (u, w) + I, (w) by, (u, v)) ,

where the angular form h,, is given by

(4.3) i (u,v) = ¢ ((u,v) — (u,n) (v,n)) ,
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see [4, (1.11) and (1.20)]. Since oF = ¢™12,/det a;;, see [4, p. 6], and /det g;;(n) =
™2, /det a;j, see (2.6), the volume form of F and canonical volume forms of Rie-
mannian metrics g and a obey

(4.4) dVp = ™ *2dV,,  dV, =c"2dV,,  dVp =dV,.
Let Z = V, v (which is dual of 6, in Sect. 3.2) and Z = Vn N be the curvature

vectors of v-curves and N-curves for Riemannian metrics g and a, respectively.

4.1 The shape operators of ¢ and a

The shape operators of F with respect to the metrics a and g are defined as follows:

A(u) = -V, N, A9(u)=-V,v,
where u € TF and v = ¢ ?n = ¢} (N — ¢~ 18%) with e = /1 — |32 > 0.
The derivative Vu : TM — TM is defined by (Vu) (v) = Vyu = V, u, where
v € TM. The conjugate derivative (Vu)" : TM — TM is defined by ((Vu)'(v),w) =
(v, (Vu)(w)) for all v,w € TM. The deformation tensor Def,
2Def, = Vu + (Vu)?,

measures the degree to which the flow of a vector field v € I'(T'M) distorts the metric
a. The same notation Def,, will be used for its dual (with respect to a) (1, 1)-tensor.

Set Def,, (v) = (Def,(v))T. For 8 # 0, let

A(B)HF = A7) — (A(B7), B9)B° - 11513
be the projection of A(*) on (3%)*. Note that lim g_,0 A(B%)*# = 0.
Proposition 4.1. Let 5(N) =0 on M. Then on TF we have
(45)  cA9=A—c2(cN =) () m+ ¢ ' (Defg:) pr + U @ BH+ U2 ® B,
where

Ui = —% ¢ ?((eN = B8)(c) * — 27 (Defigs ) =V _oo105°
+cZ+cB(Z) B - ABHH),
(16) Uy = 5 (Vi erpe B —cZ— A(B)M).

Proof. By the well-known formula for Levi-Civita connection of g, using equalities
g(u,n) =0 = g(v,n) and g([u,v],n) = 0, we have

(4.7) 2g(Vyn,v) =n(g(u,v)) + g([u,n],v) + g([v,n],u) (u,v € TF).
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One may assume ?;'; U = ?;'; v =0 for all X € T,M at a given point p € M. Using
(2.11) with u = [u,n] and v = v, we obtain

n(g(u,v)) = n(c*((u,v) = Bu) B(v)))

= n(c®)((u,v) — (U)B( )) B(u)(Va B)(v) = (Vi B)(w) B(v),
9([u,nl,v) = ¢ ({[u,n],v) + n))
= —c*{cA ()+V ﬁﬁ > <A(5”)+CZ u) B(v),
g([v,n],u) = ¢ ({[v,n],u) + ,n)
= —c*(cA (0)4-%5ti > <;1(ﬁ”)+027 v) B(u).
Substituting the above into (4.7), we find

29(Vun,v) = n(c®) ((u,v) = Bu)B(v)) —2c*(A(u), v) — 2¢*(Defgs (u), v)
—A (Vi B)(u) B(v) = 2B()(Vy B)(0) + (A(BF) + ¢Z, u) B(v)

(4.8) +PBu)(A(BY) + cZ, v).

From (4.8), assuming g(V, n,v) = (D(u), v) and using Lemma 2.3, we get

(4.9) —2cMA9(u) = 2D(u) + 22D (u), g4 54,
where © : TF — TF is a linear operator, and
20(u) = n(c®) (u— Bu)B*) =2 A(u) — 2¢* (Def g (u)) "
— A(V,, B)(u) B = EB(w)V,, B+ S(A(B ﬁ)Jcm u) B*

(4.10) + ABu)(A(BY) + cZ).
From (4.10) we get

2(D(u), %) = n(c?)?Bu) — 23 (A(B*), u) — 2 (Defgs (5%), u)

= A1 =) (V, B)(w) + n(0)Bu) + (1 = ) (A(BF) + cZ, u)

(a.11) + LA + o2, 1) Blu).

From (4.9)— (4.11) we obtain
cAY=A—c N (N—c"BYe) I (Defﬂﬂ)\:mf
_ % 2 (€N = B)(e) B — 26 (Dol ) = Vi oaye B + 2+ c(Z, §)
~AB) + (A, B 8’ © 6 4 5 (Vs B — Z — A(6) © .

From the above the expected (4.5) — (4.6) follow. 0

Corollary 4.2. Let S(N)=0. If ||8|lo = const then on TF we have
_ N 1 - _ _
¢ A9 = At ¢! (Defgs) oy + 3 (VN_ege B —cZ — A(BH*P) ® 8
1 - _ _
5 €7 (267 Def gy (B) + Vi B+ A(B) 7

(412)  —cZ-c(Z, YY) @Bt
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If, in particular, VB =0 (i.e., F is a Berwald structure) then
-1 - _ 1 _ _ _
(4.13) cA? = A5 (A(BHF +c2) ®B+5c7 (A(BHY P —cZ—c(Z, ) B*) @ .

4.2 The Riemann curvature of g and «a

In this section we study relationship between Riemann curvature of two metrics, g
and a, on a Randers space.

Proposition 4.3. For a codimension-one foliation of M with Riemannian metrics g
and a we have

(4.14) Z =c?Z-c3VetcB(Z -1V e) B,
(4.15) Ch = ¢ 20+ (BoC) @ f,

where
20 = Sym(B® Z) + ¢ 3 (cB(Z) — 28%(c) — n(c)) (I, — B 5Y)
— ¢ 'Sym(B®@ V') + ¢ (B (e) + n(e) (I — 38 @ BF).
We also have
(4.16) (V,Z,v) = (V,Z,u), g(VuZ,v)=g(V,Z,u) (u,veTF),
(4.17) Ry = (Def )1 p+VNA-A*~2" ® Z, R} = (Defy)pz+V, A-A*~2" & Z.

Proof. Extend X € T}, at a point p € M onto a neighborhood of p with the property
(Vy X)T = 0 for any Y € T,M. By the well known formula for the Levi-Civita
connection, we obtain at p:

g(Z7X) = g([Xﬂ/],]/),

Then, using the equalities v = ¢™'N — ¢728% and [X, fY] = X(f)Y + f[X,Y], we
calculate

g([X,v],v) = ¢ *X(c) g(N, ﬁﬁ) — ¢ 3X(c)g(N,N)
+ 0729([X3N]a N)fcigg([XaN]aﬂﬂ)'

Note that

[X,N]=VxN - VyX = —A(X) = (VyX, N)N = —A(X) + (Z, X)N

and N = cv + ¢! 8%, Then, by Lemma 2.2 and the equalities

g(B%, 8% = A% BF) — B(B)?) = c*(1 = A,
g(N,B%) = glev+c B4, %) = clg(B%, B%) = (1 = &),
g(N,N) = glev+c "B cv+ 'Y =2 + ¢ 2g(B, ) = (2 - &),
we obtain
g([X,N], N) = —(A(B"), X) +(Z,X) g(N,N) = *((2— ) Z — cA(B"), X),
g([X, N1, B = —(A(BH), X) +(Z,X) g(N, 5*) = (1 = *)Z — cA(B*), X)
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Hence,
9(Z,X) = —c ' X(c)+(Z,X) =(Z —c Ve, X).
By Lemma 2.3, we get (4.14). From (4.2)—(4.3), (4.14) and a bit of help from Maple
program we find
QOn(uvvvz) (Z,u) B(v) +(Z,v) B(u)
¢ (eB(2) - 25ﬁ( ) = n(c) ((u,v) — B(u)B(v))
“Hu(e) B) +v(e) Blw)) + ¢ (B (e) + n(e) ((u,v) = 3 B(u) B(v)).
Using g(C% (u),v) = (C(u),v), where C% is g-dual to C,(-,-, V,, n), and
20(u) = (Z,u) B* + B(w)Z + ¢ *(c B(Z) — 2% (c) —n(c)) (u — B(u)5*)
“Hu(e) B+ Bu) Vo) + (B e) + n(e)) (u = 3 B(u) ),

we apply Lemma 2.3 to get (4.15).
We shall prove (4.16) and (4.17) for a. It is sufficient to show that

(4.18) (R(u, N)N,v) = (Vn A— A%)(u),v) —(Z,u){Z,v) + (Vy Z,v), wu,v € TF.

Since the left hand side of (4.18) is symmetric, we obtain (V,Z,v) = (V,Z,u), see
(4.17); and (4.16);. Indeed,

<R(u’ N)N’ U> = <?U?NN7’U> <v VN > <?@ N— ?NUN U>
= (VuZ,0) + (Vn(A(u),0) = (A%(w),0) + (Vg umn N o) = (A(Vy u),v)
:<(?NA_A2)(U)’U>_<Zau><Z7U> <VUZ7’U>,
that completes the proof of (4.18). The proof of (4.16)s and (4.17)3 (for the metric
g) is similar. O
By (4.15), the equality C% = 0 is independent of the condition V3 = 0. Moreover,
we have the following.

Corollary 4.4. Let m > 3 and ¢ = const. Then C% = 0 if and only if Z = 0.

Proof. By our assumptions, C' = £ Sym(8 ® Z) + 3 ¢ 2 8(Z) (I, — B ® 5*). Hence,
C# = 0 reads

B(Z)n=B(Z)B® B —*Sym(B® Z) —2(B0 C) ® B2

Since the matrix 3(Z)I,, is conformal, while the matrix in the right hand side of
above equality has the form w ® gf — c2ZJ-5 ® f and rank < 3, for m > 3 we obtain

B(Z)=0, Sym(B®Z)+2c*(BoC)® B =0.

By the first condition, Z L f%; thus, the second condition yields Z = 0 (that is, F
is a Riemannian foliation for the metric a) and C' = 0. The converse claim follows
directly from (4.15) and the definition of C. O

Remark 4.1. In [15] and [5] one may find coordinate presentations of R, through R,
for all y € TM. For example, if V3 = 0 (i.e., F is a Berwald structure) then R, (u) =
R, (u) for all u. Alternative formulas with relationship between R, and R, follow
from (4.17), where A9 and Z are expressed using A and Z given in Propositions 4.1
and 4.3.
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4.3 Around the Reeb and Brito-Langevin-Rosenberg formula

Based on (3.13) and (3.21), one may produce a sequence of similar formulae for
Randers spaces. We will discuss first two of them (i.e., k = 1,2).

Remark 4.2. In [10], G. Reeb proved that the total mean curvature of the leaves of
a codimension-one foliation on a closed Riemannian manifold equals zero. Note that
TrDief;';11 = div 8% + 3(Z), where Z = V N is the curvature vector of N-curves for
the metric a. Using notations of Appendix, we find from (4.6),

2
T N5 840 -

2 — 2 1

BUY) = S 82), BW) = 5 (N0~ cB(D)

Hence,
B(UL) + B(Uz) = = (N(c) + B(Z))-
Tracing (4.5), we get
co1(A9) = o1(A) — (m+ 1) IN(c) + me 284 (c) + ¢ div .

The volume forms of g and a obey dV,, = ¢™*2dV,, see (4.4). Using the Reeb formula
for metric g,

/ o1 (A%)dV, = 0,
M

the equality div(c™p3*) = ¢™div 8% + B#(c™) and the Divergence Theorem, we get
(4.19) / (¢™Hoy (A) — N(e™1)) dV, =0,
M

which for 8 = 0 is the Reeb formula for metric a. Remark that (4.19) is a particular
case of a general formula for any f € C*(M), see [12, Lemma 2.5]:

/ (fo1(A) = N(f))dV, = 0.
M

The next results concern Brito-Langevin-Rosenberg type formulas for foliated Ran-
ders spaces.

The Newton transformations T, (A) (0 < k < m) of an m x m matrix A (see [12])
are defined either inductively by Tp(A) = Ly, Ti(A) = 0 (A) ]y, — ATk_1(A4) (k> 1)
or explicitly as

Te(A) = op (A, — o1 (A) A+ ...+ (=1)FAF, 0<k<m,

and we have T(AA) = AT} (A) for A # 0. Observe that if a rank-one matrix
A:=U ® f (and similarly for A :=w ® %) has zero trace, i.e., (U) = 0, then

A =U(B")" - U(B)' =UB(U) (B°)" = B(U) A= 0.
Note that for ¢ = const we have, see (4.15), C¥ = ¢72C + ¢ *(B o C) @ 3%, where

C = c2C¥ and
2C = Sym(B® Z) + ¢ 2B(Z)(In — B® BY).
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Theorem 4.5. Let (M™*! a+p3) be a codimension-one foliated closed Randers space
with constant sectional curvature K of a. If a nonzero vector field B¥ € T(TF) obeys
VB =0, then K =0 and for 1 < k < m we have

| (3, ovss(AicCl) + T (A+ cCh(E), )
(4.20) +(Ter (A4 cCh + UL @ B)(U2), %)) dVa =0,

where Uy = 1 ¢™2(A(B*) —cZ), Uy = —1(A(B*) +cZ). Moreover, if m >3 and Z =0
then

(4.21) /M (¢ Tj—1(A) — Tho1 (A + % c2A(BY @ BY)) (A(BY), B*)dV, = 0.

Proof. By our assumptions, ¢ = const and R(x,y)z = K({(y,2)x — (x,z)y). Hence,
on TF - - - - -
Ry =KI,, Rg=(1-c)KI,, R(,N)B*=0.

If VB = 0 then R(U, B B, U) = 0 and K(U/\Bﬁ) = 0 for all U L f%; hence, in
our case, K = 0. By Remark 4.1, R, = R, for all y € TMy; hence, R, = 0. Smce
V3% =0, we obtain 3(Z) = 0 and (A (Bﬁ) 5ﬁ> =0:

</Bﬁ7 Z> = <Bﬂa vNA]V> = —<v]\/',6ﬁ7 N> = O,

(A(BY), B%) = —(B*, Ve N) = (Vs 8%, N) = 0.
By (3.9) and Corollary 4.2,

cA=cAI+cCh=A+cC)+ A+ Ay,

where A} = U? @ 8% and Ay = Uy ® B are rank < 1 matrices (since (U;, 3% = 0).
By Corollary 5.5 of Appendix, we have

ckak( = ox(A) + Z or—j (A, cCt N+ U (Tk_l(/_l + cC’B)(ﬁﬁ))
(4.22) + ﬂ(Tk,l(A+ccﬁ + A1)(U2)).
Recall that dVe = ¢™T2dV,, see (4.4). Comparing (3.21) (when K = 0) with

/ on(A,)dV, =0,
M

we find (4.20). By Corollary 4.4, if m > 3, Z = 0 then C! = 0; hence, (4.20)
yields (4.21). O

Example 4.3. For k = 1, (4.20) yields the Reeb type formula

/ o1(C%)dV, = 0.
M

Corollary 4.6. Let (M™ o+ ), m > 3, be a codimension-one foliated closed
Randers space with constant sectional curvature K of a. If Z = 0 and a nonzero
vector field B* € T(TF) obeys VB =0 then K =0 and A(B*) = 0 at any point of M.
If, in addition, F is totally umbilical (A = H - I,,,) then F is totally geodesic.
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Proof. For k = 2, the integrand in (4.21)
the claim follows.

Nevertheless, we will give alternative proof with use of integral formula (3 15).
Our Randers space (M, a+ ) 1s now Berwald. For the rank 1 matrices 4; = U} @ ¥
and Ay = Uy ® 3, where Uy = £ ¢ 2A(8%) and Uy = —3A(B*) and (A(B%), 8%) = 0,
see (4.13) with Z = 0, we have

=+ [|A(B%)||>. Thus, when ¢ # 1,

Tr(A1Az2) = (Ur, Ug) 5(@1)
Tr(AA1) = (U, A(BY) = 2 = ||A(5ﬁ)||
Tr(Adg) = (Uz, A(5)) = — CIA@I.

469112,

ThUS, TI‘(AlAQ + AAl + AAQ) =

14_02 | A(B%)||?. By the identity for square matrices

c2

oY A = %Tf(Z.Ai) — (Y A
= > o +Z ((Tr A;)(Tr A;) — Tr(A;4)),

and 09(A;) = 02(Az) = 0, by the above and since c A = c A9 = A+ Ay + Ay, we get

CQUQ(A) = CQUQ(Ag) = O'Q(A) + }

12 =D A2,

From the integral formulae, (3.20), for F' and for Riemannian metric a,

/ UQ(A) dVa = 0, / UQ(A) dVF = 0,
M M

where the volume forms are related by dVr = cmT2dV,, see (2.6), we find that
(c2=1) [}, |A(B*)|2 AV, = 0. Since ¢ # 1 (for B # 0), we obtain A(53%) = 0. O
_ Similar integral formulae exist for codimension one totally umbilical (i.e., A=
HI,,, where H = % Tr A) and totally geodesic foliations. Notice that non-flat closed
Riemannian manifolds of constant curvature do not admit such foliations.

Corollary 4.7. Let F be a codimension-one totally umbilical (for the metric a) foli-
ation of a closed Randers space (M™% o + ) with constant sectional curvature K
of a. If a nonzero vector field B* € T'(TF) obeys VB* = 0 then K = 0, F is totally
geodesic and for 1 < k < m (for k =1, see also Example 4.5) we have

/ (Fonct) - % (T 1 (cCH) (), 2)
M
(4.23) ¢ <Tk (cCh — ’1Zb ® B4 (Z ﬂﬂ>) v, = 0.

Proof. Since (A(f*), 3%) = 0 (see the proof of Theorem 4.5), we obtain H = 0. Thus,
(4.23) follows from (4.20) with A =0 and 5(Z) = 0. O

Remark 4.4. In results of this section, a closed manifold can be replaced by a
complete manifold of finite volume with bounded geometry, see conditions (3.17).
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5 Appendix: Invariants of a set of matrices

Here, we collect the properties of the invariants oy (A1, . .., Ag) of real matrices A; that
generalize the elementary symmetric functions of a single symmetric matrix A. Let Sy
be the group of all permutations of k£ elements. Given arbitrary quadratic m x m real
matrices Ay, ... A and the unit matrix I,,,, one can consider the determinant det(Z,,,+
t1A1+. ..+t Ag) and express it as a polynomial of real variables t = (¢1,...t;). Given
A= (A1,... k), a sequence of nonnegative integers with [A| := Ay + ...+ Xy < m, we
shall denote by o(Ay, ..., Ay) its coefficient at t* = 11 - .. .tp*:

(5.1) det(Ln +t1 A1 + ... +tpdg) = Y ox(Ar, .. Ayt

Al <m

Evidently, the quantities o are invariants of conjugation by GL(m)-matrices:

(52) U)\(Al,...Ak) :O')\(QAlQ_17...QAkQ_1)

for all A;’s, X's and nonsingular m X m matrices Q. Certainly, 0;(A) (for a single
symmetric matrix A) coincides with the i-th elementary symmetric polynomial of the
eigenvalues {k; } of A.

In the next lemma, we collect properties of these invariants.

Lemma 5.1 (see [13]). For any A = (A1,...A\x) and any m x m matrices A;, A and
B one has
([) 0—)\(07A2,...Ak) =0 Zf A1 > 0 and 0075\(A1,...Ak) = U;\(AQ,...A]C) where

A= (Ag, ... Ag),
(1) ox(As1), - - - Asi)) = Oxos(A1, ... Ay), where s € Sy, and Xos = (Ag(1), - Ask))s

(IT) 05 (Iom, As, . .. Ax) = (") o5 (As, ... Ag),

1

(IV) 0y, a3 (A A Ay Ay) = (M;jz) O irai(As As, . AL,
(V) 0-1,5\(‘4—’— B, As,. Ak) = 0'1’5\(14, As,. Ak) + UI’S\(B,AQ,...A]C) and

O')\(G;AI’AQ’ . Ak) = a>‘10')\(A1,A2, . Ak) ifa€ R\ {O}

The invariants defined above can be used in calculation of the determinant of a
matrix B(t) expressed as a power series B(t) = > 2 t'B;. Indeed, if one wants to
express det(B(t)) as a power series in ¢, then the coefficient at #/ depends only on the
part 3, t'B; of B(t).

Lemma 5.2 ([13]). If B(t), t € R, is the m x m matriz given by B(t) = > o, t'B;,
By = 1I,,, then

(5.3) det(B(H) =1+ (D2 e (B B A,

where || A = A1 42X+ ...+ kX for A= (A1, Ap). O

Since det : M(m) — R, M(m) =~ R™” being the space of all m x m-matrices,
is a polynomial function, the series in (5.3) is convergent for all ¢t € (—rg, ), where
ro = 1/limsup,_, . || Bx||'/* is the radius of convergence of the series B(t).

By the First Fundamental Theorem of Matrix Invariants, see [6], all the invariants
o can be expressed in terms of the traces of the matrices involved and their products.
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Lemma 5.3 ([13]). For arbitrary matrices B, C and k,l > 0 we have

min(k,l)

ori(B,C) = ou(B)or(C) =), " ok-ig-ii(B,C, BO).
In particular, for 1 =1, it follows that
k . .
(5.4) ox1(B,C) = Zizo(—l)"ok_i(B)Tr(B’C) = Tr(Tx(B)C).

Lemma 5.4. Let A,C be m x m matrices and rank A = 1. Then
(5.5) 0k (C + A) = 01 (C) + Tr(Tx—1(C) A).
Proof. There exists a nonsingular matrix ) such that A = QAQ ™! has one nonzero
element, ai; # 0 for some 4 (the simplest rank one matrix). By (5.2), o4,(C, A) =
ok.1(C, A) where C = QCQ™!. By Laplace’s formula (which expresses the determi-
nant of a matrix in terms of its minors), det(l,, +tC + sA) is a linear function in
s € R; hence, see (5.1), oy,;(C,A) = 0 for | > 1. By the above, oy,;(C, A) = 0 for
I > 1 and all k. Using the identity, see [13],
k
(5.6) ok (C1 + C2) :Zizoak—i,i(clac2)a
we find that
ok (C+A) = 0,(C) +0i—1,1(C, A).
By (5.4), 0x—1,1(C, A) = Tr(Tx—1(C)A) and (5.5) follows. O
Corollary 5.5. Let C, D, A; be m x m matrices and rank A; =1 (1 <i <'s). Then
ox(C+D+ A+ ... Ay) = oi(C +Z or_j;(C, D)
(5.7) 4+ Tr(Tp—1(C+D)A1) + ...+ Tr(Tp—1(C + D + A+ ..+ A1) Ay).
Proof. This follows from Lemma 5.4 and (5.4). For s = 1, we obtain

Uk(C'+D+A1) (©2) 5 (C 4+ D)+ Te(Th_1(C + D) Ay)
@9 5 )+ ok-3s(C, D) + Te(Tios (C + D)AL).

Then, by induction for s, (5.7) follows. O

Let C; and P; be m-vectors (columns) and I,,, the identity m-matrix and 1 <34 <
7 < m. Note that CiP; are m X m-matrices of rank 1 with

Ol(ClP;) :Cij :P;Ci, O'Q(Cipjt) :0,
(Im + CiP) ™" = I, — (14 C{P;) " C; P}
Lemma 5.6. We have det(I,,+ 3.5, C;P!) = 1+det({CIP;}1<; j<i). For example,

det( +01P1) = 1+01P1,
det( m + Clpl + CQPQ) =14+ Cfpl + C;PQ + OfPl . CEPQ — C{PQ . Cépl s

and so on.
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