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Abstract

The theory of conformal changes of Finsler metrics has been studied by M.
Hashiguchi [2] in 1976 and some of the Japanese school have directed their efforts
to find conformally invariant curvature tensors similar to the Weyl conformal
curvature tensor of a Riemannian space and to establish the condition for a
Finsler space to be conformally flat. Finally, about five years ago, S.Kikuchi [6]
succeeded in finding a conformally invariant Finsler connection and giving the
conformally flat condition.

We have, however, a strange and objectionable in Kikuchi’s theory. His con-
formally invariant connection can be only defined on an essential assumption.
Whether this assumption holds or not in a Finsler space under consideration
poses newly a difficult problem. Since we have not a conformally invariant con-
nection in the Riemannian case, the assumption is, of course, not satisfied by
any Riemannian space.

About ten years ago, Y.Ichijyo and M.Hashiguchi [5] defined a conformally
invariant Finsler connection in a Finsler space with («, 8)-metric, where o =
(aij(x)y'y’)/? is a Riemannian metric and § = b;(z)y’ is a one-form in 3,
on the assumption > = a“b;b; # 0. They gave the condition for a Randers
space with the metric o + § to be conformally flat based on their connection.
M.Matsumoto [11] showed that their theory can be applied to a Kropina space
with the metric a?/3.

The main purpose of the present paper is to consider Kikuchi’s conformally
invariant Finsler connections of Finsler spaces with («, 3)-metric. Since our
main interest is Kikuchi’s assumption, it is sufficient to stop our studies halfway
to Finsler spaces conformal to locally Minkowski spaces. Thus we shall propose
a new notion of conformally Berwald Finsler space.
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1 Conformally Berwald connections

In this section, we give a conformally Berwald connection which is induced from a
scalar field S with a regularity condition.

Let us consider a Finsler space F™ = F™(M™, L) with the Berwald connection
BT = (G%},Gj",0) and a conformal change L — L = e“(®) . The quantities of the
conformally changed space F™ will be denoted by putting a bar.

We have first the conformally invariant tensors B;; and B%;

2 i (L2 (i _ oy
By =\ 7z ) (9 —2L), BY = {5 | (g7 —20'F).
The matrix (B%) is the inverse of (B;;) [2]. In the following we denote by subscripts
of BY the partial differentiations of B by y" : B, , =0...0,BY.
2

Putting F' = - and 2G* = ¢“((0;0,F)y" — 0,F), we have G*; = 0,G* and

Gjik = 3kGij. If we put ¢; = 9;¢, on account of the paper [2] we get Gh = Gh— Bhre,
and

(11) Ghi = Ghi — BhTiCT, éihj = Gihj - Bhrijcr.
Then we obtain the relations between the hv-curvature tensors
(1.2) éihjk = Gihjk — Bhrijkcr.

Assume that we have a conformally invariant scalar field S(z,y) which is (r)p—
homogeneous in (y*). Denoting by (;) the h-covariant differentiation in BT, (1.1)
yields .

S;i = 615 - (8TS)GT1 = 815 — (6TS)(C;Tz - Brsics),

and hence
(1.3) S;—S;=W"c., WI;:=(9.S)B",.
Along the lines of S.Kikuchi [6] and F.Ikeda [4] we shall suppose that
(1.4) det(W7;) #0, and let (V*;) be the inverse matrix of (W7;).
Vi(z,y) are (—r)p-homogeneous in y* and (1.3) can be written in the form
(1.5) Vi—=V;=c¢j, V;:=8,V",.
V;(z,y) are (0)p-homogeneous in y*. Since ¢; are functions of position, we must have
(1.6 6.~ ;) = 0.
Substituting from (1.5) in (1.1), we get the invariant quantities
(1.7) °Gh; = G"; + B"V,, °Ga"; =G"; + B"V,.

Consequently we obtain the conformally invariant Finsler connection BT’ = (°G";, °G;" 5, 0).
This is called the conformal Berwald connection with respect to S. On the other hand,
(1.2) yields a conformally invariant tensor
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(1.8) °Gi" ik = Gi" i + B" iV

It is remarked that the hv-curvature tensor (9, (°G;";) of ° BT is conformally invariant,
but it is different from CGihjk:

(1.9) O(°G"y) = Gl + B0V

According to the Berwald expression (Theorem 3.4) of a Finsler connection given
by T.Aikou and M.Hashiguchi [1], the set (Lg, D), T;%, P'jx, C;')) of the essential
tensor fields of “BI" are

(1.10) Ly = —1,B", V., D', =0, Tj'), = 0, P'j;, = B";0yV,, C;'), = 0.

The conditions (1) and (2) mentioned in their theorem are satisfied because V;(z,y)
are (0)p—homogeneous in y'.

A Finsler space F" is called a Berwald space if G, are functions of position alone,
or Gihjk = 0. In the Cartan connection CT' = (Gij, Fjik, Cjik), F™ is a Berwald space
if and only if F}%; are functions of position alone, or Cjik/l = 0 in terms of the h-
covariant differentiation in CT'.

Definition. A Finsler space F" = (M", L) is called conformally Berwald, if there
exists a conformal change L — L = e°®) [ such that the changed space F" = (M™, L)
is a Berwald space.

We deal with a conformally invariant scalar S which satisfies S;; = 0 for a Berwald
space. Such an invariant S is called of parallel type [4], (Theorem 2.1). The supposition
det(W7;) # 0 with respect to S of parallel type is called the Kikuchi condition. Then

we get
(1.11) c;j=V;=V;, V;=8,V",,

on the Kikuchi condition.

Now we consider a Finsler space F'™ having S satisfying the Kikuchi condition and
suppose that F™ is conformal to a Berwald space F™. Then 5';1- =0 and V] =0, and
hence (1.11) is reduced to

(1.12) ¢ = Vi,
which implies that V; = Vj(z) is a gradient vector:

_ Next, since F™ is a Berwald space, we have G;";;, = 0 and hence (1.8) implies
CGihjk = 0. Consequently we have

(1.14) °GiMr = 0.

Therefore (1.13a), (1.14) and (1.9) lead to the fact that the hv—curvature tensor of
¢BI" vanishes.

Conversely, we consider a Finsler space F™ having S satisfying the Kikuchi con-
dition such that V; with respect to S satisfies (1.13) and °BI' has the vanishing
hv—curvature tensor. (1.9) with (1.13a) show °G;";; = 0. (1.13) gives the function
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c(x) satisfying (1.12) and hence we have the conformal change L — L = e“*) L. Then
°G;" i = 0 and (1.5) with (1.12) give V; = 0. Then (1.8) leads to G;";; = 0 and thus
the changed space F™ is a Berwald space.

We denote by “V the h—covariant differentiation in ¢BI’, the v—covariant one in
BT is 9. Then (1.13) are written in terms of °BI as follows:

(1.13') () Vi=0, (b) °V;Vi—°VV;=0.

Therefore we have

Theorem 1. Let F™ be a Finsler space having an S satisfying the Kikuchi condition.
F" is a conformally Berwald space, if and only if its conformal Berwald connection
with respect to S has the vanishing hv—curvature tensor and satisfies (1.13").

2 Kikuchi’s assumption for (a, 5)—metrics

To do justice Kikuchi’s assumption (1.4), that is the condition det(W?;) # 0, we shall
be concerned with Finsler space with («, 3)—metrics.
Let us consider a Finsler space F" = (M", L(«,3)) with (a, )—metric where

a? = a;j(x)y'y’ is a Riemannian fundamental form and 8 = b;(z)y’ is a 1-form in y'.
We put ;.. j = 0;...0;c and have

aa; =Y, Yii=aiy,
(2.1) )

OéOéZ‘j = a,-j — }QYj/oz = kija

where k;; is the angular metric tensor of the Riemannian space R” = (M™, a) asso-
ciated with F'". Next we have

(2:2) acjr = —(kiYe + (ijk))/a?,

where +(ijk) denotes cyclic permutations with respect to indices and their sum.
Further we put F' = L?/2 and the derivatives of F with respect to (3%, a,3) are
denoted by the subscripts (i,1,2). Then F; = Fyoy; + Fhv; and

(23) Fij = Fl()éij + Fnaiozj + Flg(aibj + Oéjbi) + Fggbibj.

Since F;; is the fundamental tensor g;; of F™, we have from (2.1) and F; = Fija +
Fi23,

(2.3) 9ij = (Fi/a)aij + Fasbibj + (Fiz/a)(b;Y; + b;Yi) — (BF12/0®)Y;Y;.
We have shown [8], [12].

det(gi;) = (F1/a)" 72T det(a;;),
T:= DB+ 2FF, /o,

D := Fi1Fy — Ffy,

B =82 — (8/a)?.

(2.4)
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We suppose F; # 0, of course. As a consequence F™ has the irregular metric
(det(gi;) = 0), if and only if T = 0 [7]. In the following we are concerned only with
F™ having regular metric.

Then the inverse matrix (¢*) of (g;;) may be put

(2.5) g9 = (a/F))a" — soB'B? — s_1(B'y + Biy") — s_oy'y’,
where B* = a™b,.. The condition g“‘“gij = 5kj for g% leads to

T, =aD/F, Ts_, =2FF;/a*F,

(2.6) ) .
Ts_2 = 7(F12/O‘ Fl)(BFQ +2Fﬂ/0¢ )

From (2.3) and Fj;, = 2C;;, we have

2y = Cr + Ca + Cs + Cy + Cs,

Ci = Fiagji + Fia(cujag + (i5k)) + Fia(aubr + (i5k)),

Cy = (Finiog + Frigby)aiay,  Cs = (Frisay + Fiaobk)bioy,

Cy = (Frioy + Fiaoby)ab;,  Cs = (Friooy + Faooby)bib;.
From (2.1) and (2.2), and putting
(2.7) pi = bi — (B/a®)Yi,
we have C1 = (Fia/a)(kijpr + (ijk)). Next, from Fopia + Fopo8 = 0, for a,b = 1,2,
we have Fioo = —(8/a)Faga, Fi12 = (B/a)?Fags and Fi1; = —(8/a)® Faaa. Then

Co = (52/044)F222Yiyjpk, C3 = —(B8/a?) Faa2b;Yipr,
Cy + C3 = —(3/a?) Faoap; YDk,
Cy = —(B/a®) Fa2Yibjp, Cs = Faoabib;py,
C4 + C5 = Fazapib;py,
Co + C3 4 Cy + Cs = Fa2pipipi.

Consequently we have [12], [11]

(28) Oijk = (Flg/QOé)(kijpk + (ij)) + (F222/2)pipjpk~

Now as a conformally invariant scalar S in the section 1, we shall study two cases,
that is, A% = g"(LC;)(LC}) in the case of a Berwald F™ in this section and 3/« in
the next section.

In the following of this section we study the condition (1.4) i.e. Kikuchi’s assump-
tion for (a, B)—metric.

Let us find A? = ¢%(LC;)(LC;) for F™ with (o, 3)-metric. From (2.5) and (2.8)
we have

Ci = Cijkgjk = Cijk(aajk/Fl — SOBjBk).

Also we have
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pra’® = B — (3/a®)y, kijpra’® = pi, pjpra’™ = B,
Cijkajk = ((n + 1)F12/2Oé + F222,3/2)pi7
ki;B; = pi, prB* = B, k;,B'B* = B,
CijxBIB* = (3F19B/2a + Fy22B?/2)p;.
Thus we get
Ci = Eplv

2.9
( ) E:(Flg/a)((n+1)04/2F17SOB)+(FQQQB/2)(04/F17508).

Consequently we have
(2.10) A? = AF?E?B/a*T.

For the later use we are concerned with two examples where we put ¢ = /.
Ex. 1. Randers metric L = o + 3,

T =(1+1)3, BE = (n+1)t/2(1 +t),
A2 = (n+1)2B/4(1+1t), B=10b—2
Ex.2 Kropina metric L = %/,
T = 2b2/t°,
BE = —n— 2+ 212,
A% = (B/20?)(t? /b —n — 2)2.
It is remarked that d;t = p;/ar, ;A% = (9A2/dt)p;/ for the above two examples.

We now approach to our problem by another way from the homogeneity of F'(a, 3).
If we put

F(a,f) = a®f(t), f(t) = F(Lt), t = §/a,
then we have the following:
(F1, F2) = a((t), (1), (t) =2f —tf,
(Fi1, Fiz, Fas) = (¢ — t¢', ¢, "),
(Fi11, Fiaz, Fiag, Faga) = (/) (=13, %, —t,1).
D =4(t):=2ff"~(f)?, B=DBb1t):=b -1,
T =6(t)B(b,t) +2f(t)o(t) = T(b, 1),
Tso = 8(0)/0(6), B =W(b,t)/o,
U(b,t) =[(n+1)f¢' + B{(n —1)d¢/2¢' + ff""}]/T,
A% = 4(f9)?B/T :=TI(b,t).

Consequently we have )
81‘142 = Htpi/a~
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Putting W7, = (8'TA2)B’7¢, Wol; = (@t)B"ji, we obtain
Wi, =IL,Wy ;.
As an example of this process we show a case of Kropina metric L = a2/,
f(t) =1/2t2, ¢(t) =2/t2, 6(t) = 2/t°, T = 2v° /15,

U = (12 — (n+2)b?)/b*t, A? = (B/2b*)(#*/b* — (n +2))%.

Thus we have

Theorem 2. If a non-Riemannian Finsler space F™ with L(c, 3) has the non-zero
II;, then S = A? satisfies the Kikuchi’s condition and Theorem 1 can be applicable to
.

3 Another assumption for («, f)—metrics

As conformally changed L(a, §) = e*®) L(a, 3) = L(e*®a, e*®) 8) by (1)p-homogeneity
of L, B/« is conformally invariant [5]. Let us take S = §/a and put W;; = g;; W",; =
9ir(0sS)B°" j. Then we have 0,5 = ps/a and

Wij = gir(ps/a)(y;g" — 0%5y" — 0"5° — L*C"™;) =
= (pwyj —pjyi —2Fp"Crij) /o
We put P" = a"'p;, and have from (2.5), (2.7) and (2.6)
pr= ¢"pi=(a/Fy = soB)p" — (s0f/a® +5_1)By’
= (2F/a?T)P" — (B/a*FT)(aBD + 2F Fi2)y".
Since [7] shows afSD + 2F Fy5 = Fy F», we find
(3.1) p" = (2FP" — BFyy")/a’T.
Thus (2.8) together with P'p; = B and P'k;; = p; leads to
(3.2) p"Crij = (F/o®T)(FiaBkij + (2F12 + aFaB)pip;).
From (2.3) we have
(3.3) yi = Fop; + (2F/a®)Y;.
Consequently we obtain

Wij = Qaij + Qopipj + Q-1(piY; — p;Yi) + Q-2Y3Y,
Q = —2F2F,B/a’T,
(3.4) Qo = —(2F?/a*T)(2F12 + aBFa),
Q_1=2F/a3,
Q-2 =-Q/a’
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Q =0, if and only if Fi» = 0, that is, F is of the form c1a? + c23% with constant
¢’s. Thus, suppose t_hat F"™ is not Riemannian, then @ # 0.
Next, we put Vi¥ = V7 g"%. Then

(3.5) Wi VIk = §;k.
Let us put
(3.6) VIk = a?%/Q + RyPIP* + R_,(Piy* — P*y?) + R_oy7y".

Then (3.5) yields as coefficients of the following terms,

piP*: (Q+QoB)Ro — a®’Q_1R_1 = —Qu/Q,
YiP*: —Q_1BRy = Q_1/Q,
piy": (Q+QoB)R_1+a’Q 1R o =—-Q_1/Q,
Yiy¥: —Q_1BR_, = 1/a?.
Therefore we obtain
Ry =-1/BQ, R_y = —1/a’BQ_1,
Ry = -1/a%Q+ (Q + QuB)/a*(Q_1)*B.

In an interesting paper [3] concerned with Finsler spaces equipped with a lin-
ear connection, M.Kashiguchi and Y.Ichijyo showed that if b; of a Finsler space
F"™ with (a,3)-metric is parallel with respect to the Levi-Civita connection v =
(7;'k(z)) of the associated Riemannian space, then F;%; of the Cartan connection
CT = (F;',G";,C;") coincide with ;% (z) and hence F™ is a Berwald space. This
is also shown directly from the equation which gives the difference B;’; = G, — ;'

[9].

(3.7)

LoBi* iyl ye = aLg(bji — B;"ibi)y’.

If bj; = 0, then the uniqueness of the theorem leads to Bjki = 0 immediately.
The converse is not true; b;;; = 0 is not necessary for F™ to be a Berwald space. For
instance, as has been shown in [9], a Randers space with L = a+ (3 is a Berwald space,
if and only if b;; = 0, while a Kropina space with L = a?/3 is a Berwald space, if
and only if there exists a vector field f;(z) satisfying b;.; = (f"b,)ai; + bif; — b; fi.
Definition. Let a Finsler space F™ with L(«, §)—metric (a, 3) be a Berwald space.
If b; is necessarily parallel in the associated Riemannian space, then F™ is called a
parallel Berwald space and L(«, 3) is of parallel type.

We give here some example of parallel Berwald spaces.
Ex. 1 [13]

L=(a*4...+ca* %65+ .. +5°,

where rs = 1 and const. ¢’s, is of parallel type.
Ex. 2 [9], [10].
L=cia+cf+ 3o, c3#0,

L:61a+625+a2//85 Cl7é07

where const. c’s, are of parallel type.
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We consider a Finsler space F™ with L(«, ) of parallel type and conformal to
a Berwald space F™. Then S = f3/a is conformally invariant and S;i = 0 in the
Levi-Civita connection 4 of R™. Therefore we have
Theorem 3. Let F™ = (M™, L(a, 3)) be a Finsler space with («, 3)—metric of par-
allel type. F™ is a conformally Berwald space, if and only if the conformal Berwald
connection with respect to 3/a has the vanishing hv—curvature tensor and satisfies
(1.12).

4 Conformally Berwald Randers spaces and Kropina
spaces

The last section is devoted to the conditions for Finsler spaces of Randers type and
Kropina type to be conformally Berwald. We shall use the symbols

rij = (bij +b5.0) /2, sij = (biy — bja)/2, 55 =b'sij,

where the covariant differentiation (;) is the one with respect to the associated Rie-
mannian space with the metric a. By a conformal change L — L = e“®) L various
quantities are changed as follows:

= 2c c
Qi = € A4y, bz =€ bz

Putting ¢; = 0;c and ¢ = a’"c,., the Christoffel symbols 'yji % constructed from a;; are
changed to

~ 1 i 7 7 7
Yik =" k+5jck+§kcjfcajk,

and hence we obtain

bi;j = ec(bm— — Cibj + brcraij).

First we are concerned with a Randers space with the metric L = o+ §. It is
a Berwald space, if and only if b;;; = 0 [9]. Consequently the space is conformally
Berwald, if and only if there exists a gradient ¢;(x) satisfying

(4.1) bi;; — cibj +b"cra;; = 0.

From (4.1) we get

bjb,-;j =b%¢c; — b e, by, aijbi;j =—(n—1)b"¢c,.

Consequently we have
(4.2) ci = (Wb — a"5bysbi/(n — 1)) /b2
Since ¢; is a gradient vector, we have
(4.3) iy — ¢ = 0.
(4.1) can be written as

Tij = (Cibj + Cjbi)/Q — brc,.aij, Sij = (Cibj — C]bz)/Q
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These give respectively
a"*rps = —(n—1)b"c., s; = (bc.bj —b3c;)/2.
Hence we have

(4.4) rij = (r*s/(n = 1) (aij — bib; /b*) — (bisj + bjs;) /b?

(4.5) si; = (bisj — bjsi)/b%.
Now (4.2) can be written as
ci = (D"rip — 5; — a"*rpsbi /(0 — 1)) /b2,
and (4.4) gives b"r;. = —s;. Therefore we have
(4.6) ci = —(28; +1r°5b;i/(n — 1)) /b

Therefore we have
Theorem 4. A Randers space is conformally Berwald, if and only if (4.4) and (4.5)
hold and c; given by (4.6) is gradient, that is, satisfies (4.3). -

Let F* = (M", L = o®/3) be a Kropina space and F" = (M™, L) a conformally
changed space with L = e“®) L. The latter is a Berwald space [9], if and only if there
exists f; satisfying B B B B

bij = (" fr)(@i; + bif; — bj fi-
From Bi;j = e“(bs;; — cibj + b crai;) and b* = e~°b* the above is written as
(47) bi;j — Cibj + brcraij = brfraij + blfj — bjfi,

which is equivalent to

(4.8) rij — (biCj + bjci)/2 + bTC»,‘aij = b’“fraij.

(4.9) sij + (bicj +bjc;) /2 =bi f; — b fi.
Multiplying b¢ to (4.9) yields
(4.10) sj =02 (fj = ¢j/2) = bj(fi — ci/2)b".
Consequently, eliminating f; from (4.9) we obtain
(4.11) si; = (bisj — bjsi)/b%.

Next we deal with (4.8). Put
(4.12) u="b"(c, — f), b'ryj=br;and b'r; = br.
(4.8), transvected with b® yields

(413) b’/’j — (blclb] + bQCj)/Q + ubj =0.
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Multiplying b and from b? # 0 for the Kropina space, we obtain r + u = bic;.
Then (4.13) gives

(4.14) cj = (2brj + (u—7)b;)/b>.

As a consequence (4.8) may be written in the form

(4.15) rij = (birj +b;r:) /b + (u —7r)b;b; /b — uaj;.

(4.14) gives b/c; = u+r, and hence (4.12) yields b" f,. = r. Consequently (4.10) yields
(4.16) fi = si/b% +1;/b.

Conversely, we consider a Kropina space F'™ such that (4.15) and (4.11) are satis-
fied and ¢; of (4.14) is gradient (c¢; = d;c(z)). We make the conformally changed F"
from F™ by the conformal change L — L = e“®*) L. Then (4.15), (4.11) and (4.14)
lead to

bi;j — Cibj + bTCTCLij = rij + Sij — Cibj + bTCTCLij =
= raij + bi(r;/b+s;/b%) = bj(ri/b+5i/b?).

Thus, (4.16) immediately leads to (4.7).
Theorem 5. A Kropina space is conformally Berwald, if and only if (4.15) and (4.11)
hold and c; of (4.14) is gradient.
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