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Abstract

In the previous papers ([12], [13]) we put the bases of a gauge theory which
can be applied any time we are dealing with physical phenomena that depend
on the coordinates of the k — osculator bundle.

In the above mentioned papers we studied the strength fields of the second
order and the Lagrangians generated only by strength fields. Also, for a full
Lagrangian Lo we determined the conserved currents and the corresponding
conservation laws.

In this paper we shall define (k+1) gauge covariant derivatives of strength
fields and we shall determine four types of gauge Bianchi identities.
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1 Introduction

The higher order Lagrange spaces constitute an adequate geometrical framework for
the development of an integrated gauge theory of the physical fields. Also, the form
of interactions between some matter fields can be determined by postulating invari-
ance under a certain group of transformations. In monograph [8] R. Miron gives an
original construction of the geometry of higher order Lagrange spaces based on the
k — osculator bundle notion. Generalizing some results given in [1], [5], [6], [9] and
[14], R. Miron and Gh. Munteanu put the bases of a gauge theory on higher order
Lagrange spaces ([8], [10]).

In the paper [12] we studied the strength fields of the second order on the geo-
metrical model given by GOSC®) M. Also, we studied Lagrangians involved gauge
fields, defined through strength fields. A full Lagrangian was defined as the sum of
the Lagrangian of gauge fields and local gauge invariant Lagrangian of matter fields.
For a full Lagrangian Lo(u) we determined in Lagrange manner, the equations of mo-
tion. In [13] we studied the local gauge invariance of a full Lagrangian, the conserved
currents and the corresponding conservation laws.
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This paper continues the line of [12] and [13]. Using the structure constants of the
Lie group G, the gauge fields and an arbitrary gauge Miron connection we shall define
(k+1) gauge — covariant derivatives of strength fields and then obtain four types of
gauge Bianchi identities.

2 Preliminaries

Let M be a real n—dimensional C'>°— differentiable manifold and its k—osculator bundle
(OSC®I M, 7, M). The local coordinates on the total space E = OSC*) M are de-
noted by u = (2%, 5y, ..., y®?). Let us consider G a compact subgroup in GL(m,R)
and G®) its prolongation of order k. Let Pék) (M) be a principal bundle having the
base M and structural group G*). We consider F = R¥™. A gauge k-osculator bun-
dle GOSC® M is a G-structure of order k of the principal bundle P$” (M). The
geometrical theory of the gauge k-osculator bundle GOSC®) M is the geometrical
theory of the k-osculator bundle OSC®*) M restricted to the group G*).

The notions of gauge transformation in GOSC® M, nonlinear connection on
GOSC® M, N-linear connection on GOSC® M, generalized Lagrange metric of
order k, are given in [8] and [10]. The transformations of coordinates on GOSC*) M
are given by

~i o~ ox
Tz =z (x) et | 5. #
(2.1) F_0T
ol
~(k—1)i (k—1)i
N(k)i_ oy (k)j oy (1)4

In local coordinates on manifold GOSC¥) M, a gauge transformation can be rep-
resented by equations of the form

T = X'(z)
i _
(2.2) y  =YWi(z,y)

(ki _
y =Y Wi(g,y® L y®),

X' oy ()i oy (ki

Let a generalized Lagrange metric of order k on GOSC®) M be given by the

where

components (g;;(u)), a gauge nonlinear connection N = (N, N%, ..., N%), and a
w, @, 7w,
gauge Miron connection DI'N = (L%, C* , .., C* ) on GOSC®M and Lo(u),

Wye W)
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u = (2',yMi, .. y®?) a Lagrangian defined on the domain Q C R+ Suppose

that there exist p differentiable scalar fields (physical fields) Q“, A = T,p so that
the Lagrangian Ly depends only on the variable ¢, y()?, ... y(®)? by means of Q4 and

QA QA
their derivatives %, %, a = 1,...,k. More accurately, Ly is a scalar field on

y @)1
GOSC¥) M given by
QA 6QA QA
1) k)) — A

(2'3) LO (x’y ""’y ) - L (Q ) 51'2 ) 6y(1)i7"'7 6y(k:)l -

In order to obtain the gauge—invariant Lagrangians with respect to the local gauge
invariance of the Lie group G, we considered a new Lagrangian

5Q4 Q4 (o)

7/ A a

(2.4) Lo(u) =1L (Q S ’5y(a)i’Hi (u), V; (u)

. . (a)

in which H?(u) and V', (u), a« = 1,...,k are the components of some gauge d—

covectors, called local gauge fields, satisfying the following nonhomogeneous condi-
tions of variations

6(1
b (HP(w) = () - fi, - Hf +

« [ () (a) 0e?
(Vi) =g Vil

(2.5)

where f£, are the structure constants of the Lie group G and £%(u) are differentiable
functions.

The study of Lagrangians involving only gauge fields is given in [12]. These La-
grangians can be generated by means of the following functions

(n)* <h>a (a)*
(2.6) Fi=A; —ff Hf- H‘#Z R™ V.
1(0);5
(hwa)* (h, va) . @ (8"
(2.7) F = —Jfoe - Hi V +ZB Vo
Si@B)y;
(v, 05)" (vmvw L E ™o
(2.8) Foy= A -l Vi V4> . C Vo,
’y:l(aﬁ)ij
where
a u (o) " (a)® B
(h) SHY 6Hj<l (hyva) SHY 5V]- (Varrvp) 5§V, v,
(2.9) A= P o A= ;T = A = P T a
o) oxt (e ot @ @
0y oy by
(M (hwa)® (va,vp)®

Wecall F;;, F ;;and F ; the horizontal strength fields, the mized strength
fields and v, — vertical strength fields, respectively.
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3 Gauge Bianchi identities with respect to covariant
derivatives of strength fields

In this section, using the structure constants of the Lie group G, the gauge fields
and an arbitrary gauge Miron connection we shall define (k 4+ 1) gauge—covariant
derivatives of strength fields and then obtain four types of Bianchi identities.
(h) (hvvm)a
Denote by K7, the local components of one of the strength fields F;;, F ;,

(va,vg )a,

F ;; given by (2.6), (2.7) and (2.8) respectively. Then we define the horizontal
gauge covariant derivative of Kj; as follows
K&
(3.1) Ky = WZJ + fre bij -Hi — Kp; - LY — K3 - L;'L/v

In a similar way, we define the vo— vertical gauge covariant derivative of K7 by

a 5K;17 a b (Q)C a h a h
(3.2) K(((a) = —%+ foe K Vi =Ky C" —Kj,- C
ij | k 5 (;) (@) (@) 5k

By a direct but very long calculation we can prove the following three results
Proposition 3.1. Both covariant derivatives define d—gauge tensor fields of type
(0,3). More precisely, with respect to (2.1) and (2.2) we have

(3.3) Kk = o} 'Ué' 0% Ky
(3.4) K;(T)k =0} o) o K, @
and respectively
(3.5) K= X[ X5 X[ K
(3.6) K*  =XM xt.Xrog, @

. --(T)k i j k hl | r>

ij
Y ox"
where o] = — and X = —,
ox* ' ox?

Proposition 3.2.With respect to the local gauge action of Lie group G, the gauge
covariant derivatives verify the following homogeneous laws of transformation:

(3.7) 5 (Kfj\k) =" fin K

(3.8) 5 (K“(a) ) —f K

ij |k
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Proposition 3.3. With respect to d-vector fields of adapted basis of T,GOSC¥) M,
the following Jacobi identities hold:

5(5{)7” r
(3.9) > &Ek”—i-ZRh'Bm =0

(4,5,k) ﬂ:l(oﬁ)i_j (ﬁa)kh

k ()m
S (2@ 5o pmigrogn)-
(Oﬁ)

(ﬁa)hk (aﬁ)jk ([‘W)ip (‘lﬁ)ik (ﬁ’)’)jp

B=1
. (O’Y)ij I (OW)jk _ (a’y)ik
 (@F oxt dxd
)
k Q™ o™ (P
|\ B?-C -B?-C -B™ C
~=1 (a’Y)ij (’Yﬁ)pk (B’Y)ik (VCV)pj (’YC)l'p (aﬂ)jk
(3.11) (Ol

o B™ s§pBm 0 C
(@ (ﬁC)z‘.k + (@f) 41,
()’ ozt

0y oy

k )P ( QP ™ P ™
> +C -C +C -C
(aﬁ (CV) (ﬁ’Y)jk (Ca)pi ('Ya)ki €3

¢=1 PJ
(3.12) (m " m " ™
s ¢ sC 5
. (aﬁ)ij (ﬂ’Y)jk (ve) s
- k 7 J
) () 8
5 5y 5y

Here and in sequel, by Z we mean the cyclic sum with respect to (7,7, k). The
(4,5:k)
above propositions are useful for proving the following main results
Theorem 3.1. The following gauge Bianchi identity with respect to the horizontal
gauge—covariant derivative of the horizontal strength fields holds:

(h) (hvo) ) (m*
(3.13) > { ZM+ZR Flpmt T" 'Fkh}().
(i.7:6) a=1000)5 %3
Proof. First, we have
(n)* _— 2 1ra . b
0 Fyj _ &°Hp  0°Hj e 5Hi.H'?+%-H.C+
Sk Sxkdxi  dxkoxt 7P\ dxk T T gxk TE

(3.14) "
kK SR™ (a)

+ Z (;;> V'rn+z(0a) ' §xk .

a=1
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Using (3.14) we can easily obtain

)a a)
§ F , W & SHY 6V,
Z ok = i Hi- Ak—’_z(({{)m. @™ dak
(i.4.k) a=1"%ij \§ y
(3.15) N
(Oa) a ¥
a Z 61"“ - =0
Now, using (3.9) and (3.15) we have
(n)*
O Fij a0 oy MF
Z o — foe - Hi" Ay
(4,3,k)
(3.16)
k a
0HY (8)
+ R™. — B -V =0.
C;(Oa)u 55" Mk Zﬂaﬂ "

Taking into account (2 6) and the Jacobi identity from the general theory of Lie
groups (f& - fS. + 5. - f& + f& - f&; = 0) we obtain the following relation

b b b
(h) (h) (a)
(3.17) £ {(Fij_ Ay—=> R™ Vm>'H1§}=0-
(1,3,k)

From (3.16) and (3.17) we have

(h)*
SFy .,
> 5ok T Jeer Faj Hit
(4,3,k)
SHE 6 (‘3)(1 (6) (o)
+2Rm k';nf 6km+kZBh fb(’ Hk'vm =0
1(0a), ; 5 (z) T Py (@B) o,
(h)a (h)a a k a
(3.18) S S P+ Fog Lt Fa Ll 2B e b =00
(4,3.k) a=1
Because T "= Lh L;‘i we have
(00)
(h)* (h)*
(3.19) > (th L+ Fu, ~L;-Lk> Z Fkh (£
(i,5,k) (4,5,k)

From (3.18) and (3.19) we can easily obtain the conclusion of theorem. O
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Next, by Z we mean the cyclic sum with respect to (3, j, k) and (¢, §,7) when

(i,3,k)
(e, 8,7)

we move simultaneously the indices of these triples. In the same manner we can prove
the following two results

Theorem 3.2. The following gauge Bianchi identity with respect to the v,—gauge—
covariant derivatives of the vg—wvertical strength fields holds:

(vav8)" FQ™ (g0 (vav5)"
(3.20) > F 9 x+>.C « F ju+ D" F 0 =0,
G0 =1(@0); Q7
where
(3.21) phr=ch 50+ o ol

() ik

(’Y)ijk (’Y)ik j

Theorem 3.3. The following mized gauge Bianchi identities with respect to the gauge
vo— covariant derivatives of the mized strength fields, and the horizontal covariant
derivative of vg—vertical strength fields, respectively hold:

(hva)® (o)  (vaup) oo™ ()
F ij(T)k_ F ik(|)j+ F jk‘i"‘Z{C N
~=1 (aﬂ)ﬂc
(vq,va)* (v+,08)" (hywe)®
(3.22) +B™ F i~ B™ F L+ D". F,
(B’Y)ik (Q'Y)ij (B)ijk
(h,vg)" (va,v5)"
_(D)hp - F pp +E;llfi' F hp:O
“ikj
(h Ua) (hava) (h)a (a)
ik kili T Fip g+
(h,va) (hsva) h @
+ F - T"+ F ,, Fji+ Fy,- D" +
(3.23) 7 (00),, pr "k Y (@
k (h,vp)" (h,vp)" (va,05)"
+> X B™ F ju— B™+ F 4p— R™- F =0,
B=1 (‘3‘3)” (O‘ﬁ)kj (Oﬁ)lk
where
(3.24) E;L]fl =L o+ LY, - b
h
(3.25) Fjé = L;‘k - L;‘li e

and the functions D" are given by (3.21).
(@) kij



148

A.Sandovici

References

[1]

2]

[11]

[12]

[13]

[14]

G.S.Asanov, Finsler Geometry, Relativity and Gauge Theories, D. Reidel, Dor-
drecht, 1985.

V. Balan, Generalized Finstein — Yang Mills equations on Vector Bundles, Bull.
Math. de la Soc. Sci. Math. de Roumanie, Tome 36(84), no. 1, 1992, 17-22.

V. Balan, On the Generalized Finstein — Yang Mills Equations, Publ. Math.
Debrecen, vol. 43, no. 3 — 4 (1993), 273-282.

V. Balan, Gh. Munteanu, P.C. Stavrinos, Generalized Gauge Asanov Equations
on Osc¢? M Bundle, Proceedings of the Workshop on Global Analysis, Differen-
tial Geometry and Lie Algebras, 1995, 21-32.

A. Bejancu, Finsler Geometry and Applications, Ellis Horwood Limited, 1990.

M. Chaichian, N.F. Nelipa, Introduction to Gauge Field Theories, Springer—
Verlag, 1984.

R. Miron, Lagrange Geometry, Math. Comput. Modelling, vol. 20, no. 4-5 (1994),
25-40.

R. Miron, The Geometry of Higher Order Lagrange Spaces. Applications to Me-
chanics and Physics, Kluwer Academic Publishers, 1997.

R. Miron and M. Anastasiei, The Geometry of Lagrange Spaces. Theory and
Applications, Kluwer Academic Publishers,1994.

Gh. Munteanu, Higher Order Gauge—Invariant Lagrangians, Novi-Sad J. Math.
Vol. 27, No. 2, 1997, 101-115.

Gh. Munteanu, Fibre structures on OSC*™ M bundle, Sci. Ann. Univ. "Al. L.
Cuza” lasi. Tom. XLIII, s.1.a, Matematica, 1997, f;, 73-80.

A. Sandovici, Strength fields and Lagrangians on GOsc® M. I, II. Analele Uni-
versitatii 7 Al. I. Cuza”, Sci. Ann. Univ. 7Al. I. Cuza”, Tasi (to appear).

A. Sandovici, Conservation Laws in Higher Order Lagrange Spaces, Mathemat-
ica, Cluj, (to appear).

R. Utiyama, Invariant Theoretical Interpretation of Interaction, Phys. Rev. 101
(1956), 1957-1607.

Adrian Sandovici
High School ”Gh. Cartianu”
5600, Piatra Neamt,



