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Abstract

The first part of the paper describes the harmonicity equations for harmonic
maps from Riemann surfaces to Lie groups which carry a left-invariant pseudo-
Riemannian structure; §3 includes basic facts about loop groups and their fac-
torizations; §4 presents the formalism of [10] and an extension of Wu’s formula
to the case of generalized harmonic maps into arbitrary Lie groups. Finally, §5

includes three examples which outline the developed theory.
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1 Introduction

This paper continues the study of [2]. We consider an arbitrary real Lie group G
admitting a faithful finite-dimensional representation, and discuss harmonic maps

w: M — G,

from connected, simply-connected Riemann surfaces to G. This generalizes to some
extent the work of K. Uhlenbeck [29] and provides Weierstrass data for all such har-
monic maps in the spirit of [10]. The first part of the paper describes the harmonicity
equations for harmonic maps from arbitrary Riemann surfaces to GG, where G carries

a left-invariant pseudo-Riemannian structure. If we specialize, as in the classical case
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[29], to bi-invariant pseudo-metrics, then the equations specialize to the Uhlenbeck
equations [29]. It is remarkable that these equations do not depend on the bi-invariant
structure chosen. In section 3 we recall the basic facts about loop groups and their
factorizations, and specialize to the based loop group. In section 4 we recall the for-
malism of [10] and present an extension of Wu’s formula to the case of generalized
harmonic maps into arbitrary Lie groups. It is here where [2] enters in an essential
way. The final section illustrates with selected examples what types of ”potentials”
one obtains and what type of solutions they provide to the equations listed in section

2. We illustrate in section 5 the equations obtained by three typical examples.

2 The harmonicity equations

2.1 Let hereafter G be a real Lie group admitting a faithful finite-dimensional repre-
sentation, and g =< .,. > a left-invariant pseudo-Riemannian metric on G. Moreover,
let D be the unit disk in € or all of C and ¢ : D — G an immersion such that the
pull-back metric ¢p*g on D is of the form

(2.1.1) ©*g = (7ij) = Mz, y)(d45),

where A(z,y) > 0, for all (z,y) € D. Then the energy of ¢ [12, 13, 30]

(2.1.2) E(g) = / (i) da dy,

is obtained by integrating the energy-density

1 21 dy* o b — (1.2
(2.1.3) ep) =5 ldel"=3 i1 5pa 9gb ) (z,y) = (2",27) € D,
of ¢, where (y?) is the inverse of v and the Einstein summation convention is used.

Note that the integral (2.1.2) is considered over every open bounded set with compact
closure in D and needs to be minimized for every variation with support in the open
set D [12], [13]. It is known that E(y) is conformally invariant (e.g., [30, 10.2, p. 42],
[20, Lemma 1.32, p. 20]); moreover, [29, 3.3, p. 216] one can write the energy integral
as

1
(2.1.4) B(o) =5 [ (Aw P+ Ay P)dady,
D
where
(2.1.5) Ay =0 0z, Ay =9 gy

are g-valued 1-forms on D. Here we use g = Lie(G). Also note that subscripts z, y, zx,
etc denote the partial differentiation with respect to the corresponding variable(s).

The subscript (z) or (y), on the other hand, has no independent meaning. The map
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@ is called harmonic if ¢ is a critical point of E(y), i.e., if for any smooth variation
[30, 1.2, p124] with compact support ¢; € C*(D, G), t € (—¢,¢), po = v, we have

d

(2.1.6) E(gy) = 0.

at =0
The harmonicity (Euler-Lagrange) equations for ¢, are provided by

Theorem. Let G be a real Lie group admitting a left-invariant pseudo-Riemannian
metric g. Then the map ¢ :D— G is harmonic iff the associated g-valued 1-forms Ay
and A,y of (2.1.5) satisfy the equation

(2.1.7) (adA(z))*A(z) + (adA(y))*A(y) - (amA(x) -+ 8yA(y)) =0,

where the star superscript indicates the adjoint w.r.t. the nondegenerate bilinear form

(', )= ge induced by g on the Lie algebra g.

Proof. Let ¢ be a smooth variation of ¢, and n = % |t=0 1@ the variation field;
assume that 1 : D — g has compact support contained in [D. Remark also that we
have the relation

(2.1.8) d

A 08 _
dt

t=0 ox

By direct computation, using (2.1.8) and applying the Stokes formula, the derivative

inside the harmonicity condition 2.1.6 for ¢ writes succesively

d . d
Sr@ = [us
(219) = / {<77m7 A(z)> + <[A(9:)7 77]7 A(z)> + <77y7 A(y)> + <[A(y)7 77]7 A(y)>}dxdy

L 0¢ a 03
199 4 d 199 4 _
t:ng ox’ (@) <dt =0 oy’ ) dedy

/ ({0, 0e Ay + (ad Ay (1), Agay) —
D
—(n,0yA(y)) + (ad Ay (1), Agy)) ydady

/ {(n, (adA())* A(z) — 02 A()) + (0, (adA(y) )" Ay) — OyA(y)) tdady.

Since the equation (2.1.9) holds true for any variation field n with compact support,

the claim follows. O

Remark. The proof above is provided for completeness. It is similar to the one in
[23] and for the positive definite case it appears also in [7, Corollary 2.4, p. 145].

2.2 As consequence, we have the following result of Urakawa [30, Chap.6, Sec.3]

Corollary. If the pseudo-metric g is bi-invariant, then the harmonicity condition

becomes:
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with Ay, Ay defined in (2.1.5).

Proof. At the Lie algebra level, ad is antisymmetric with respect to the bilinear

non-degenerate form { - , - ) = g. associated to g [16, p. 125], hence we have for every
nesg
(222) ((adA(z))*adA(z)m) = (adA(z)(n), A(z)> =

= —(nadAp)(Aw)) = =0, [A@), Aw]) = 0.
Therefore (adA(,))*adA(,) = 0. Similarly one establishes (adA(y))*adA,) = 0. a

Remarks. 1. For complex coordinates z = x + iy, Z = 2 — iy on D, the equations
(2.2.1) rewrite
(2.2.3) 85A(z) + (9ZA(5) =0,

where 0, = (0, —i0y)/2, 0z = (0, +10y)/2, and A,y = ¢ L., Az = ¢ Lz

2. Since (2.2.1) does not explicitely depend on the bi-invariant metric chosen, we can
consider (2.2.1) also for Lie groups not carrying a bi-invariant metric. In this case
the equation does not correspond to a known variational problem associated with a
functional of type (2.1.2). It would be interesting to find geometric interpretations
[30, Chapter 6, Section 3] for (2.2.1) also in this case.

3 Loop groups and factorization theorems

3.1 Let G be a connected Lie group, (or, as well, the connected component of
a given Lie group), admitting a faithful finite dimensional representation. We assume
that G and its Lie algebra g are realized by N x N matrices. As in [2] we consider

various loop groups associated with G. To this end, let

(311) A=A ={fN) =D N alfa€C > we(n)-|fa] < oo},

nezZ nezZ

where
(3.1.2) wr(n) =1+ |n|)", ne Z,

with 7 € IN\{0} fixed. Then A is organized as a complex Banach algebra with the

norm

(3.1.3) A1l = A1 =D we(n)l fal-

neZ

On the set of mappings
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AMat(N, A) = {A:S" = Muxn(C) | (A(N)ij € Aforalli,j=1,...,N},

we introduce the norm

N
(314 lhatll = _wx { Zl400s1}-

ERRES}

Then Mat(N, A) with the norm (3.1.4) becomes an associative Banach algebra. The
complexification g® = g + ig of the real Lie algebra g of G can also be regarded as a

Lie algebra of complex matrices. Then

(315)Ag=g"@A={f:5" = g% | (f(\)i; €A, foralli,je{l,...,n}},
together with the norm (3.1.4) is a Banach Lie algebra, and the group

(3.1.6) AG®={f:8" =G| (f(\)ij € A, foralli,je{1,...,n}},
becomes a Banach Lie group with the Lie algebra Ag®. Moreover, the group
(3.1.7) AG ={f € AG®| f()\) € G, for all A € S}

is a real Banach subgroup of AG®, and has the Lie algebra

(3.1.8) Ag={fecAg®| f(\) €g, forall A€ S'}.

In the following we shall consider based loops, i.e., the subset

(3.1.9) MG®={feAG®| f(1) =1} C AG®,

where we denoted by I the identity matrix of order N x N. Similarly, one can define
A1G. Then the corresponding Lie algebras A;g® and A;g are defined by the condition

f(1) = 0. The elements of A;g® have expansions of the form

(3.1.10) FN= > A\ =1Dfn, fneg”
neZ\{0}

and each loop f € A;G® has an expansion of the form

(3.1.11) JO =T+ 3 =D fa € Myen(@).

neZ\{0}

3.2 Loop group splittings are essential tools in the DPW method [10]. Such splittings
were used in the study of harmonic maps by Uhlenbeck [29], later by Pressley, Segal
[27], and recently by Guest and Ohnita [14]. Also, in a slightly different differential

geometric context, such splittings have been used in [11] and [15].

The splittings involve at the Lie algebra level the subalgebras A1g, A g®and A g®,
where
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(3.2.1) Afg®={fcAg®]| f, =0, forn <0}
In particular, every element f € A{g® is of the form

o

(32:2) FO) =Y (A" =1 fa,

n=1

and similarly one can describe the elements of A] g®. The following result is straight-

forward
Lemma. The three algebras above have pairwise trivial intersections and
(3.2.3) Mg®=Mg+ATg"=Ag"+Afg"

We define the following subgroups of AG®:

ATG®={g € AG®| g and g~! extend holomorphically to D},

A=G®={g€ AG®| g and g~' extend holomorphically to C\ D},
where D = {z € €| | z |< 1} and € = CU{oc} denotes the Riemann sphere. Then the
Lie subalgebras AT g® and A} g® above determine respectively the based subgroups

(3.2.4) AfGC=ATG N MG, ATG®=A"G*NAGE
Proposition. The groups AT G® and A7 G® are connected Banach subgroups of
MG

Proof. For g € A{G® and r € [0, 1], we have that also g, (\) = g(r)~! - g(r)) is in
AT G® and the mapping r — g, is continuous.
O

Similarly one verifies that A7 G is connected. From [2, Theorem 4.5] we recall

Theorem. (Birkhoff Factorization Theorem).

Any element g € AG® can be written as

(3.2.5) 9=9-Dgy

where g+ € A*G®, D = sbT € AYG®, and

(3.2.6) AG®= U s(A"BYF
sEANIHCT

and

(3.2.7) (A"B®%; ={bec A"B®|sbs™' € A"B}

(3.2.8) (A"B®F ={be A"B®|sbs"' € AT B®}.
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The expression (3.2.5) will be called a Birkhoff decomposition, of g.

Corollary. If g € AiG€ is contained in the big cell A=G®- ATG® of AGC, then
g =g g+ with uniquely determined g_ € Ay G® and g+ € AT G°.

Moreover, the big cell AT G- AT G® is open and dense in AT G® and the map
ATGEx ATG® — ATG®- ATGE, (9-,9+) — g—g+
s an analytic diffeomorphism.

Proof. By assumption ¢ = §_g, with g_ € A"G® and g, € ATG® Then g_ =
g--g-A =171 € ATG% g, = g-(N\ = 1)§ € ATG® and g = g,g_. Since
g € MG, also gy € AT G®. Assume now g_g, = §_g, with g_,§_ € A G® and
g+,G+ € ATG® Then g='§_ = g4(§4)~' = A is independent of \. But evaluating
the left side at A = 1 yields I, whence A = I and the decomposition is unique.

To show the last statements it suffices to prove that the big cell is dense in A1 G °.
Let g € A;G®. Then, since the big cell of AG€ is dense, for every € > 0 there exists
some § € AG® such that ||g — g|| < e. Let h = g5 'g, where gy = gx=1)- Then h is
still in the big cell of AG® and we have

llg = hll < llg =gl + 11 = o all <e+11gll - 111 = 55 'II-

Since evaluation at A = 1 is a continuous map,

329 Il > (g—adll< D g —dull=llg—gll <e,
i,j€{1,....,N} i,j€{1,....N}

we conclude that we can choose h arbitrarily close to g. O

3.3 The second splitting we are using in this paper is a generalized Iwasawa splitting.

From [2, Theorem 6.5] we recall

Theorem. (Iwasawa Factorization Theorem).

Let G be a connected real Lie group, which admits a finite-dimensional faithful
representation. Then

(3.3.1) AG®=AG -A"G®- ATGY,

is a disjoint union of double cosets indexed by the middle terms

(3.3.2) A"G®= U (AB)¥.s,
sEA™HC

where (AB)# = s.AB.s™ 1.

More precisely, every g € AG® has a unique representation of the form
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(3.3.3) g = hbwsbhy

where g = hb and h = hshy is the unique representation of he AH®=AH-AH®.
ATH® as described in the Appendiz of [2].

Corollary. If g € AiG® is contained in AG - ATG®, then
(3.3.4) g =hvy,

with uniquely determined h € A1G and vy € A1G°.

Moreover, if the big cell AG - ATG® is open and dense in AGS, then the big cell
NG Ach 1s open and dense in A1G® and the map

(3.3.5) MG x AFG® — AG-ATGE, (h,vy) — hvy,
is an analytic diffeomorphism.
Proof. The proof is almost verbatim identical with the proof of Corollary 3.2. O

Remark. We would like to point out that one can show that AG x ATG® is
dense in AG € if the semisimple part of a maximal compact subgroup of G ¢ is simply
connected [2, Theorem 7.2]. This applies when the semisimple part of AG® is simply
conneceted. Moreover, AG.ATG® = AG? iff the reductive part of G (i.e., the group
H in [2, Section 2]) is compact.

3.4 Using [27, 8.6,8.7], we characterize the group elements not in the big cell by
the vanishing of some function. This will be of importance in Theorem 4.7.

We can also prove a different splitting by [27, 8.6,8.7], and give a more direct

proof using [8] to a more particular result.

We consider the ”lexicographic” isomorphism [27, 6.6], [8, 3.1] of L™ with £ =
L?(S1). This induces an injection of AG ® into G Lyes(L). We first split £L=L_® L,
where £_ is spanned by the functions A, n <0 and £ by the A", n > 0. This way
the bounded operators of £ decompose naturally into 2 x 2 blocks. An algebra B of
such blocks has been presented for a large class of weights in [8, 1.10]. In our case,
we use the weight w,_1; = (1 + |n|)"!, for g€ defined by the weight w,. From 8,
Proposition 3.4] we know that the embedding of g® into the bounded operators L is
contained in B. Since the inclusion of B into the bounded operators with off-diagonal
Hilbert-Schmidt operators is bounded, it follows that the map A°G® — G Lyeg(£) is
holomorphic, where A°G © denotes the connected component of AG®. Since G Lyes(L)
acts holomorphically on the Grassmannian Gr(L) as defined in [27, Chapter 7, Section
7], the map
(3.4.1) g€ NG —i(g).L_ € Gr(L)



A Weierstrass - Type Representation for Harmonic Maps 15

is holomorphic. Finally, since the 7-function defined in [28, Chapter 3, Paragraph 3],
[27, Chapter 8, Paragraph 10] is holomorphic on Gr(L), we obtain altogether that the
map

(3.4.2) ©: A'G®— €, ¢(g) =1(i(g).L_), forall g€ A’G®

is holomorphic. Hence we have

Theorem.
(3.4.3) pl9) #0 e g€ (ATG).(ATGO).

Proof. Since G® C SL(n,C), one obtains the Birkhoff decomposition g = a_da
for all g € A°G®. Then
(3.4.4) w(g) =7 (i(az)i(d)i(ay)) Lo =7 (i(a2)i(d).L_).

Hence ¢(g) # 0 iff ¢(d) # 0 and it follows directly that ¢(d) # 0 iff d = e. O

4 Generalized Weierstrass representation

4.1 For areal Lie group G we can characterize the harmonicity of the map ¢ : D —
G, in terms of its associated Maurer-Cartan form

a=¢ 'dp: D — g = Lie(G).

We assume in the following that G is endowed with a bi-invariant pseudo-Riemannian
metric. First we call [29, p. 5]:

Proposition. The following statements are equivalent:
a) The map ¢ is harmonic.

b) The form « satisfies the integrability and harmonicity equations:

(41.1) { da+ 3lanal =0

0za/ + 0,0/ =0,

where o and o' are the holomorphic and the antiholomorphic parts of the differential

form «, respectively.

K. Uhlenbeck’s proof of the Proposition above carries over without change to the

present pseudo-metric situation.

4.2 Following a successful procedure in soliton theory and related geometric theories
[29], [10, p. 647], [11, 2.5, p. 50], we introduce a parameter A into our theory. We will
use d = 0, + 05 and split forms as
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7 " _— = . 1,0 0,1 C 1
a=a +a" =A,dz+Azdz: TD &TD — g% forallAe S .

Then we introduce the g®valued ”loopified form” «) defined on D,

11—t 1—X
(4.2.1) =7 o + 5 a”,

for all A € S'. Then we see by a straightforward compuatation that the system of
equations (4.1.1) can be replaced by one equation:

Proposition. ¢ is harmonic iff the loopified form ay is integrable for all X € S,

i.e., it satisfies the integrability condition:

1
(4.2.2) doy + 5[&)\ N CV)\] =0.

We would like to point out that equation (4.2.2) implies that we can find some map

(”extended harmonic map”)
o (2,4 0) €D x 81 = p(z,y,)) € G,

such that
ax=¢ ldp:D xS —>g,
for any A € S'. This will be the basis for our group splitting method.

We will call the family of extended harmonic maps definied above the ”associated
*
family” for ¢. We notice that though the parameter A can be chosen arbitrary on C |,

in certain cases, the condition a(z,y;\) € g requires A € S*.
4.3 We prove the following statement.

Theorem. Letu: D — A1G be an extended harmonic map such that u(0,0,1) = I.
Then there exists a map vy : D — AT G® such that

(4.3.1) g=uvy : D — AG®

is holomorphic and g(0) € AT G®. Also, for certain holomorphic maps Q, A, : D — g
we can write

(4.3.2) g tdg= (1 _2)\_1 Q(z) + Z(l — )\”)An(z)> dz.
Proof. Consider

(4.3.3) u !t du =
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Then we have

(4.3.4) (wi) td(uvg) = vt umt s du vy + ol doy.

Hence the dz part of this expression is

(4.3.5) vyt % Avy 4+ v 050y

In order to make uv; holomorphic we must annihilate this expression with vy €

AT GS, i.e., we must satisfy the differential equation
1—X-
(436) 8g’l}+ = *TA’U_F,
with v € A G®.
Since A is real analytic, we can consider z and Z as independent variables and solve
1—X-
(4.3.6) for z € D. Since the coefficient matrix fTA € AT G®, we can assume that

the solution is in A]G'®. Hence we have shown that exists some v, : D — AT G, such
that ¢ = wvy is holomorphic. Since w(0,0,A) = I, we obtain g(0,A) = v4(0,0,A) €
AT G®. Finally, we have

1 1= 1—X. 1
(4.3.7) g dg=v 5 Adz+ TA dz ) vy + vy dug
which shows that g—! dg has the required form (4.3.2). O

4.4 Consider a holomorphic map R: D — A{G® of the form

-t
2

(4.4.1) R(z,\) = Q(z) + Y (1= A" An(2),
n=0

i.e., @ and all A, are holomorphic maps from D into g® Next we consider the
differential equation
(4.4.2) g 'dg=R dz, g¢(0)=1.

This differential equation has a unique solution g € A1G® once ¢(0) is given. We
note that actually g € AYG® holds since Af G ¢ is connected. Since g € A;G® and
9(0,\) = I, we can apply Corollary 3.3 and we split

(443) 9(2’7)\) = u(z,i,)\)v+(z,2,)\),
where u € A;G and vy € AT G

Theorem. The mapping u is an extended harmonic map from D into G and
u(0,0,\) = 1.



18 V.Balan and J.Dorfmeister

Proof. Differentiating (4.4.3), we obtain

(4.4.4) R=gtdg=v;" u" du-vy+v]"dvs.
We use (4.4.2) and conjugate by vy. Then we have

(4.4.5) viRvi'dz =ut du+ dog ool

From (4.4.5) we see that u~! du is of the form

(4.4.6) utdu =

AT = X
5 g1 +;(1 = A") gk

But v~ !du = u~! du, whence only 1 —A~! and 1 — A can occur in v~ ! du. Proposition
4.2 now shows that (4.1.1) holds.

This shows that u is an extended harmonic map. Finally, since ¢(0,0,)) € AT G¢,
from (4.4.3) and the uniqueness of the splitting we obtain (0,0, \) = I. |

4.5 Considering the previous results we conclude that the set H of (extended)
harmonic maps u : D — A;G satisfying u(0,0,\) = I and the set R of ”potentials”
R as in (4.4.1) are closely related. In the following we shall make this relation more

precise.

First we note that in (4.4.3) we can obtain a unique solution g associated with R by
requiring g(0,\) = I. In this case v; defined in (4.4.2) then satisfies v4(0,0,\) = I
as well. This way we obtain a map ¢ : R — H. Following the proof of Theorem 4.3,
we see that the requirement v, (0,0,\) = I determines v, (z,Z,\) uniquely up to a
holomorphic factor ¢4 (z,A) satisfying ¢4 (0, \) = I. Any choice of ¢4 will produce
some R € R and 9(R) is the same given u € H for all these R. This shows that v is

surjective. To describe the fibers of ¢ we consider the ”generalized gauge group”
(4.5.1) Gt ={q; : D — ATG®| ¢, holomorphic ,q,(0,\) = I}.

We define the action of Gt on R as follows: let R € R and define g as in (4.4.1)
with g(0,\) = I. Then split ¢ = wvy and form § = uvyqy = gq4+. We consider
g 1dg= Rdz and set R, = R. It is straightforward to see that

(4.5.2) R.qy = q7'Rqy +q; " dgy

holds, and also (R.q+).p+ = R.(q4+p+). Hence we have the following

Theorem. a) The group GT acts on the right on R by gauge transformations.
b) The map ¥ : R — H is surjective.
¢) The fibers of 1 are orbits of GT in R.
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4.6 Further, we consider a group action on H by ATG® Let w, € AfG®
Note that wy = w4 (A) does not depend on z or z. Let u € H. Then we consider
wy (Nu(z, 2, \)wy (N~ and split

(4.6.1) wy (Nu(z, 2, Nwy (V) = a(z, 2, \) o, (2, 2, \).
We set
(4.6.2) wy.u = .

Then we have the following
Theorem. The operation (4.6.2) defines an action of AT G on H.

Proof. Clearly, @(0,0,\) = I. To see that @ is an extended harmonic map, it suffices
to show that 4~! d4 is of the form (4.2.1). For this it suffices to show that is of the
form (4.4.1), since & € A1G. But

(4.6.3) (wiuw )t d(wivw ) = wi (vt du)wit = (wpRwi?)

is of the form (4.4.1), whence 4 € H. To see that the action (4.6.2) is a group action,
we note that w,.u = 4 is equivalent with wiu = @vy for some vy : D — AT G®.
Hence

(4.6.4) Pt-(wyu) = pi(wiu)ay = py(wiuby)ag = (prwy)ulbray),

whence

(4.6.5) py-(wy.u) = (prwy).u.

Comparing the two actions defined here and in section 4.5, we have
Proposition. For every R € R and every wy € AT G® we have
(4.6.6) Y(wiRwi') = wi(R).

Proof. Let R € R and solve g~'dg = Rdz, g(0,\) = I. Then

(4.6.7) wiRwi' =§7'dg, g(0,\) =1

has the solution § = w+gw;1‘ Hence 1/J(w+Rw;1) = 4 where ¢ = 40,. On the other
hand § = w+gwjrl implies

. -1 —1 ~1 —1
(4.6.8) §=wiuviw, = wiuw, wivgwy = (Wiu)grw vpwy,

for some v;,q; : D — A]G® The uniqueness of the group splitting now shows

w4.u = U, whence the claim.



20 V.Balan and J.Dorfmeister

Remarks. a) To know all the (extended) harmonic maps it suffices to know a
representative for each orbit of ATG ®on H. It is an open question to provide geometric

conditions which point out such a representative in each orbit.

b) The composition of the two actions looks like
(4.6.9)  wy.(Rqy) =wy(qi Rey +q; ' dgy)wi!, for wy € Gf = ATG®,
and respectively

(4.6.10) (wi-R).qr = (wi'qy) 'R(wi'qy) +qi" dgy,
for ¢, : D — AfG® holomorphic, where

1—)21

(46.11)  R:D— MG R(z\) = —— Q) + D (1= A" An(2),

n>0

and @, A, : D — C are holomorphic maps. We notice that the two (left resp. right)
actions generally do not commute on the level of potentials. However, the induced ac-
tions on the level of harmonic maps trivially commute, since the gauge transformation

acts trivially on the immersions.

4.7 We have seen in 4.5 that the group G acts on R by gauge transformations and
that the GT orbits correspond to the points of H. We shall examine if it is possible to
find a natural representative in each G+ orbit. We guess that it might be a potential
R without any component in A]G'®. This can be achieved, if we drop the requirement
that R stays holomorphic, as shows the following

Theorem. a) Let u € H; then there exists a discrete subset S, C D and a map
vy : D\S, — AT G vy (0,0,)) =1,
such that g = uvy is meromorphic on D and

(4.7.1) g tdg=Rdz
71— )\-1
is of the form R = — Q(2) with Q : D — g® meromorphic. Moreover, the poles
of g and Q are contained in S, .
1-X71

b) On the other hand, let R = 3

pole set S. Assume that

Q(2) be meromorphic on D with discrete

g tdg=Rdz, g(0,\) =1

has a meromorphic solution in D with poles in S. Then we split g = uvy for z € D\S

and obtain an extended harmonic map u: D\S — G.
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Proof. a) Let u € H. Then Theorem 4.3 shows that there exists some ¢ : D —
AT G® such that § = ug, is holomorphic and §(0,\) = I. This shows that §(z, - ) €
NG ¢ for every z € D. We consider the map o : D — €, o(2) = ¢(g(z, - )), where ¢
has been defined in (3.4.2). Since ¢ and § are holomorphic, ¢ is holomorphic as well.

Moreover,
(4.7.2) o(0) = (0, - )) = (1) = T(H_) £ 0.

From Theorem 3.4 we now conclude
(4.7.3) gz, ) €EATGT-AfG"

for all z € D\S,, where S, = {z € D | o(2) = 0} is a discrete subset of D. In

particular,
(4.7.4) w(z,2,\) = a_(z,z,N)ay(z,2,\)

for all z € D\S,. Moreover, from [10, Lemma 2.6] we obtain that the singularities of

a_ and a4 are only poles. Hence g =a_ = u.q+.a;1 for z € D\S,,. Now it is easy to
1— —1
see that ¢! dg is of the form

Q(z) with @ holomorphic on D\S,, and has

only poles in S,.

b) can be proved as in 4.4. O

Remarks. a) The theorem above seems to suggest that one should consider ”sin-
gular harmonic maps” rather than holomorphic harmonic maps. However, in this
case, similar to [9], one needs to investigate the question when a singular R gives a

nonsingular extended harmonic map.

b) If w is an extended harmonic map and v = u_uy for z € D\S then R
associated with u_, u~' du_ = R dz makes the choice of R independent of gauge

transformations (i.e., R is unique). This is justified by the following argument: for

1=
2

R Qz), R=
one obtains g,§ € A G® which split ¢ = uvy,§ = udy whence g~ lg = f}frlmr is
holomorphic, and hence vy = fz;lw+(z, A) implies g = gw,.. Since g,§ € AT G% wy €
ATG ¢ from the uniqueness of the splitting, we get w; = I, which infers R = R.

c¢) The action of A] G on the ge{leral R was provided simply by the adjoint

action. Fixing the form of R as Q(z), makes the A G'® action more compli-

cated.

4.8 In general it is fairly difficult to carry out the required group splittings. How-

ever, if one knows the harmonic map then it is not difficult to find the meromorphic
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potential. The result below extends Wu’s formula to the case of generalized harmonic
maps into arbitrary Lie groups.

Theorem. Let u(z,2,\) : D — G be an extended harmonic map. Then u has a
meromorphic extension to D x D and the meromorphic potential R associated with u
satisfies

(4.8.1) R(z,\) = u(z,0,\)"10.u(2,0,)).

Proof. We consider the based double loop group X = A1G® x A;G® and its

subgroups

(4.8.2) Xt = AfG®xATGE®
X~ = ATG®xATGE

and X2 = {(g,9) | g € A1G}. Let o denote complex conjugation in A;G ® relative to
A1G. Then for every h € A1G® we set i(h) = (h,o(h)). Splitting

(4.8.3) i(h) = (p,p)(hs,h_) p € MG, he € A°GS,

we obtain h = phy, o(h) = ph_. (Note, if G = SU(N), then this is the classical
Iwasawa decomposition). Splitting

(4.8.4) i(h) = (g+,q-)(1+,1-)

we obtain h = ¢4l_ and o(h) = ¢_l4. If h = u is an extended harmonic map, then
o(h) = h and ¢_ leads to the holomorphic potential R, while ¢4 = o(g_) leads
to the ”complex conjugate” meromorphic potential o(R). Consider now the pair of
potentials R = ( R(z) dz,0(R)(w) dw ). Solving the ODE B~!dB = R yields a
function B : D x D — X which is meromorphic in (z, @). Clearly B = (g(z), o(g(w))).
Splitting

(4.8.5) B = (p,p)(h+,h-)

yields g(z) = p(z,w)hi(z,w) and o(g(w)) = p(z,w)hy(z,w). Because of
(4.8.6) g (2)a(g(w)) = hi' (z,w)h-(z,w),

we have that hy and h_ are meromorphic in (z, w). Therefore also p is meromorphic in
(z,w). Finally setting w = zZ we obtain g(z) = p(z, 2)h4(z), whence p(z,z) = u(z, 2)
and p(z,w) is a meromorphic extension of w.

Let now v4(z, 2, A) be chosen as in Theorem 4.7. Then g(z,\) = u(z, z, \)vy(z, 2, A).
Setting zZ = 0 this yields

(4.8.7) g(z, A) = u(z,0,\)vp (2,0, N).
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But the equation v~ '0,u = 17371 o' can be evaluated at z = 0 and we obtain
1 I—-A1
(4.8.8) u(z,0, )" 0,u(z,0,\) = — o

Since the right side is in A7 G, this ODE has a unique solution h € A G sat-
isfying the initial condition h(z = 0) = I. Moreover, h(z,A\) = c¢(A)u(z,0,\).
But I = u(0,0,)) implies ¢(A) = I and h(z,A) = u(z,0,\) € A7 G®. Therefore
g(z,A) = u(z,0, ) and the claim follows. O

Corollary. Let ¢ : D — G be a harmonic map and u its harmonic extension.
Then
(4.8.9) u(z,Z2, A= —1) = ¢(z, 2)

and ¢ has a meromorphic extension to D x B and the meromorphic potential R

associated with w is of the form

1—X1t
2

Proof. This follows from (4.8.8) if one sets A = —1.

(4.8.10)  R(z,\) =u(2,0,\) " *0.u(z,0,)) = ©0(2,0)710.¢(z,0).

5 Applications

Below we list several Lie groups and determine their bi-invariant metrics. Moreover,
we spell out the harmonic map equations (2.2.1) for these groups and illustrate these
equations with some examples. We would like to recall, that in the cases, where
there does exist a (non-degenerate) bi-invariant metric, these equations follow from a
variational principle. In the other cases we can write down the equations, but do not
know of any variational and/or geometric interpretation. We note that throughout the
section, the loop group decompositions, as stated in the theorems, are in the based

loop groups. Moreover, due to our conventions (see Section 4), for every harmonic
map ¢ we assume (0,0) = I.
5.1 Let G be the nilpotent group

(5.1.1) G:{(é C{) ae[R}.

In this case Lie(G) is one dimensional; therefore every nondegenerate symmetric

bilinear form is determined by a non-zero scalar. Since G is abelian, the left-invariant

metrics are also right-invariant.

Consider now a map ¢ : D — G,
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(5.1.2) o(z,y) = ( (1) a(asl,y) ) , a €C*D,R),

for all (z,y) in D C R. Applying (2.2.1) we obtain that ¢ is harmonic if and only if

(5.1.3) Ap = (pa)a + (py)y =0,
which is the canonical harmonicity equation for maps with values in (R, +).

Let ¢ : D — G be a harmonic map (5.1.2). Then a = Re (ay), with a;, a holomorphic

function. The Maurer Cartan form associated to ¢ is then

0 da 0 O.a 0 Osa
5.1.4 =p lp= = ® d ? dz
( ) ow=ee (0 0 ) (0 0 ) Z+<0 0 ) =

1-2"1
2

(5.1.5) N :f< 8 86“ ) dz+f< 8 aéa ) dz.

We note that dza = 9.a and see that one can integrate the equation gy ' dgy = wy,

and, denoting f = , the loopified form is,

with initial condition gy(z, Z, )| ,=s=0 = I2 and obtains

(5.1.6) (2.2, )) = ( L (fan(2) + fan(2))/2 )
0 1
The Birkhoff decomposition gy = gx_ - gx+ provides then
1 fan(2)/2
(5.1.7) o = ( . f h(l )/ )

whence the meromorphic potential is

(5.1.8) R=gr"'0.gr_ = ( 8 faza,(;(z)/Q ) _ f( 8 88a ) .

We note that Wu’s extended formula (4.8.10) in Corollary 4.8 produces directly

0 O.a
5.1.9 =0 19,0 |5 0= # ,
(5.1.9) §=¢"0:00 |z=0 ( 0 0 )
which yields (5.1.8).
We have traced above explicitely all the steps of our general theory, starting with
a harmonic map finally arriving at its potential. Conversely, it is easy to follow the

splitting procedure outlined in Theorem 4.7 in this example: let a be some meromor-

1-xt[0
phic function and R = — ( 0 g ) the corresponding meromorphic potential.
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We solve the differential equation g=! dg = R dz (4.7.1) with the initial condition
g(0,A) = I. We see that in our case

(5.1.10) g = ( (1) L fozla(w) dw )

and ¢ is meromorphic if all residues of a vanish. The Iwasawa splitting g = u- vy then
is

(5.1.11) g = ( (1) Re ((1 —A_ll) Jo alw) dw) > . ( 1251 % a(w) dw ) |

0 1

This shows that in this case we recover the well known fact that every harmonic

function is the real part of a holomorphic function.

5.2 Let G be the (Heisenberg) group of upper triangular unipotent matrices

1
(5.2.1) G = 0
0

S = Q2

c
b a,b,ce R
1

From [24] it follows that the Heisenberg group does not have a bi-invariant metric.

This can also easily be verified directly. Let now ¢ : D — G,

(5.2.2) o(z,y)=1 0 1 b(z,y) |, a,b,ceC*D,R)

2
for all (z,y) in D C R . Then, denoting

z=x+1y, a, = (ay —iay)/2, az = (az +iay)/2,
the (formal) harmonicity equation (2.2.3) reads

Aa=4 2Z — 07 bzé =0
(5.2.3) a="a
Cyz =— (azbg + agbz>/2

It is easy to see that (5.2.3) is equivalent with a,b and ¢— %ab are harmonic functions.

From Wu’s extended formula (4.8.10) we obtain that the meromorphic potential asso-
ciated with any harmonic map ¢ of the form (5.2.2) is given by R = % V10.Vdz,
where

(5.2.4) V =9(z/2,—iz/2).

A straightforward computation yields

0 0.,a 9,c—adb

0 0 d:b ;
0 0 0

(5.2.5) R=
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where a = a(z/2,—iz/2), b =b(z/2,—iz/2), ¢ = c(z/2,—iz/2).

As in section 5.1, also for the Heisenberg group every step of the general theory leading

from a harmonic map to the potential can be made explicit.

a c

For a given harmonic map ¢ = 1 b as in (5.2.2), its Maurer-Cartan form
0 1

is

(5.2.6) e tde = db

1
0
0
0 da de—adb
0

whence by splitting da = d,adz+ d;adz, and similar for db, de, one gets the loopified

Maurer-Cartan form

0 O,a 0,c—ad,b

11—t
(5.2.7) wy = 5 0 0 0,b dz +
0 0 0
0 aga 856 — aagb
1-A _
+T 0 O 0zb dz.
0 0 0
1 A C
Then an extended frame oy =| 0 1 B | has the Maurer-Cartan form
0 0 1
0 dA dC—-AdB
(5.2.8) oxtdex=10 0 dB

0 O 0

To find its coefficients A, B, C requires to solve the system

1

dA=1=2"9.adz+1 aadz
(5.2.9) dB = =29, bdz+ 1229.bdz
dC’:AdB—I—lg‘ (8zc ad.b) dz + 152 (0:c — ad:b) dz

A~
2
AT

Remark that a,b and k = ¢ — “—b are real parts of holomorphic functions, and hence

(5.2.10) b(=) = (bu(2) + (=) /2

where ay, by, kj, are holomorphic functions which vanish at z = 0. As a consequence,
we have the relations
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(5.2.11) .0 = O-a, Db = 9-b, D.k = 0:k,

Setting f = 17;‘71, the first two relations yield

(5.2.12) 9.A = fd.a, 9.B = fo.b,

and the equations can be rewritten as

dA = fo.adz+ fo.,adz, A(0)=0
(5.2.13)
dB = f0,bdz+ fo.bdz, B(0) =0,
whence, using an argument similar to that of case 1, we integrate and obtain
(5.2.14) A(z) = Re (fan(z)), B(z) = Re (fon(z)).
The last equation of (5.2.9) writes
(5.2.15) dC = AdB + f(9.c — ad,b) dz + f(0zc — adsb) dz.

We assume C'(0) = 0. Since dC' = 09,C dz+ 9:C dz, 0,B = f0.b, and A = Re(fay)

we have

(5.2.16) 9.C = AJ.B+ f(0.c—ad.b) =
= f- [azc+ (Re (fan) — a)@sz

whence

(5.2.17) C(z,2) = flcelz)+u(z)) +cp(2) =
= [ (k(2) +0(2) + ¢ (2),

where we denoted
(5.2.18) u = / " [Re(fan(w)) — a(w)] O.b(w) dw
0
b : Far, b [*
v = %JFUZ/O W@ZH(‘;_/O a(w)d.b(w) dw).

Since k = k and C' = C, we have

(5.2.19) 0=C—-C=(f—Nk+(fv—fo)+c, —p,
whence
(5.2.20) cp—C = (f— Hk+ (fv — fo).

Note that in view of (5.2.10), the factor k is the sum of a holomorphic and an anti-

holomorphic function. Therefore also the last term on the right splits this way,
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(5.2.21) (fv — fv) = wp, +w,.

Actually, the expansion of (5.2.21) in terms of holomorphic and antiholomorphic parts
yields the given terms in the right, since the terms which are not purely holomorphic
or antiholomorphic drop out by the harmonicity equation. Then explicit expressions
of the two outcoming terms are

(5.2.22) wp = f-r /Z ap(w)0:by (w) dw + f
0

8

1 fahbh

-7

(5.2.23) Wy = 1 '/OZ ap(w)0,by(w) dw + !

ﬁ'bfh

and separate the holomorphic/antiholomorphic parts in (5.2.20), which implies
(5.2.24) ¢ —wa— (F = [fn/2 =5 + (F = F)ln/2 + wh.

Now, taking into account that v(0) = k(0) = C(0) = ¢,(0) = 0, this yields that both
terms in (5.2.24) vanish, and

(5225) Cp = Wq + (f - f)?h/2,
whence
(5.2.26) C = Re (fkn) + fv+ wq.

Then the extended frame is

1 Re (fapn) C

(5.2.27) ex=1 0 1 Re (fbp)
0 0 1
1 A C
Denoting oy =| 0 1 B |, we perform its Birkhoff splitting
0 0 1
1 A C 1 A C_ 1 Ay C4
01 B |l=px—oxx=|0 1 B_ |-|0 1 B,y |€AG"ATG",
0 0 1 0 O 1 0 0 1
(5.2.28)
which leads to the relations
(5.2.29) A = A+ A c AN CH+HATC
(5.2.30) B = B_+B,cAN C+ATC
(5.2.31) C = C_+Cy+A_By

where A4, Bi € A*C are uniquely determined by the Birkhoff decomposition of the
entries A and B,
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A_ = fLLh/Q7 A+ :I

(5.2.32) { B — fo2 Be =B

The entry C rewrites as Birkhoff sum
(5.2.33) C=2Re(Cp)=Cp+Cpe A C+ATC.

Also, in view of the equality
(5.2.34) f- =+
it follows that the term A_ B, in the third relation of (5.2.29) splits

. 1 1.
(5.2.35) A_By = (fap - fon)/4= gfahbh + gfahbh EAC+ATC,
which is exactly the Birkhoff splitting of A_ B, . Hence (5.2.31) becomes
1 — 1. —
(5.2.36) C=(C_+ gfahbh) +(Cy + gfahbh)~

and, using the uniqueness of the Birkhoff decomposition (5.2.33), one gets

_=C,, — fapbn
(5.2.37) O = Com = fanby/8
C+ = Cp — fahbh/&
So we have o
1 fah/Q C — fahbh/8
(5.2.38) er-=10 1 fon/2 :
0 0 1
‘We use that ; f
ap + fan
2. = 470
(5.2.39) a 5
whence
(5.2.40) 0,a = f0,ap/2
and
(5.2.41) 0,A_ = f0,a,

and obtain the meromorphic potential R = ¢~ 0.¢x_,

A .\ ' (0 0.4 o.C

1
(5.2.42) R = |0 1 B_ 1o o o.B |=
0 0 1 0 0 0
0 d.a 0.C_—A_8.B_
(5.2.43) = 10 o d.b
0 0 0

The computation of the right-upper corner yields

29
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(5.2.44) 0,C_ —A_9,B_ =09,Cy, — 0, <fahbh) P aha ',

8
Comparing (5.2.43) to (5.2.5) we see that it suffices to show that the functions in the

right upper corner of both matrices coincide. To this end we first note

(5.2.45) 0.C = 0,(f(c+u)+cp) = fo,c+f (M - a> 0,b =

2
a.b _ @pd,b
(5.2.46) = fOuc+ P2 4 (f 4+ P - fadb =
(5.2.47) = f2“’la =0 +f < —ad,b+ a"fzb> + fﬁfzb.
This implies
(5.2.48) 9,C,y, = f220%20 aha by <azc ad,b + ahfzb) .

Therefore

(5249)  0.0-—-A-0.B_={ (320 ad:b + ﬁfzb -0 <ahbh)> '

8

From this we infer that 0; annihilates this expression which hence does not depend
on z, and is equal to the one obtained when setting z = 0. But a;(0) = b,(0) = 0,

and hence, for Z = 0 we obtain

(5.2.50) 0.C_ —A_0,B_ = f(0,c— ad.b).
Thus (5.2.5) and (5.2.43) coincide.

As shown in [7, Section 6, p. 158] maps of the form

(5.2.51) o [R2 — G, or,y) = e X vV,

where X, Y € g, satisfy the harmonicity equations (5.2.3). In particular one can choose

for the Heisenberg group X,Y from the generators of g,

010 00 0 00 1
(5252 Ar=[00 0 |.4=[00 1 ],4=]00 0
00 0 00 0 00

More precisely, starting from a harmonic map of type (5.2.51)

(5.2.53) ¢ erp{ T

o O O
o O 2

c 0 a v

b cexzps yl 0 0 =

0 0 0 O

1 ar+ ay cz+’yy+aﬁxy+w

0 1 b + By ; a,bc,0, 8,7 €R,
0 0 1
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we apply Wu'’s formula and derive its meromorphic potential of the form

) 0 2(a—ia) iz(ab—aB)+2(c—iv)
(5.2.54) ¢ = |0 0 2(b—ip)
0 0 0

As in 5.1 we also want to make explicit the converse chain of steps. From a given

potential it is easy to follow the construction principle given in Theorem 4.7.

0 a c
Let a, b, c provide the meromorphic potential R = 1_2‘71 0 O b |[.Then solving
0 0 0
the differential equation g=! dg = Rdz (4.7.1) with the initial condition g(0,\) = I,
we obtain

1 1_5\71 foz a(w) dw 1‘;‘71 foz (c(w) 1+ b(w) fow a(v) dv) dw

(5.2.55) g=1| 0 1 =[5 b(w) dw
0 0 1

In order to make this meromorphic we need to assume that the residues of a, b and
c(z) + b(2) [y a(w) dw all vanish.

1 A C
The Iwasawa splitting of g = | 0 1 B | can be carried out explicitely in this
0 0 1
case:
1 A+A 2Re(C+ A-B) 1 -A AB-C-BA
g=uwvy=1|0 1 B+ B 10 1 -B
0 0 1 0 0 1
(5.2.56)

Thus every extended harmonic map from D to G is of the form

1 A+A 2Re(C+ A-B)
(5.2.57) u=1] 0 1 B+ B ,
0 0 1

where

A=1227 [2a(w) dw, B = 1237 [7 b(w) dw

C= 17;‘_1 Iy (c(w) + b(w) [ a(v) dv) dw.

This implies that in terms of the coefficient functions of the potential every harmonic

(5.2.58)

map from D to G is of the form
1 2Re [;a(w)dw C.

(5.2.59) =10 1 2Re [5bw)dw |,
0 0 1
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where

(5.260) C. — 2Re ( /O ’ (c(w)+b(w) /0 " o) dv) duw+

+/Oza(w)dw-/ozb(w)dw>.

It is straightforward to verify that, indeed, starting from & of the form (5.2.54) formula
(5.2.59) yields exactly (5.2.53).

5.3 Consider the special linear Lie group

(5.31) G = SL(2,R) = { ( Z Z )

For G, as for any simple real Lie group, there exists only one bi-invariant metric, up

a,b,c,de R, ad—bc:l}.

to scalar multiples, the one produced by the Killing form.

In this case the harmonicity equations (2.2.1) follow from applying the variational
principle and rewrite

alc—cAa=0
(5.3.2) bAd — dAb =10

alAd — dAa = cAb — bAc,

or, at points where all four functions do not vanish, these have the equivalent form,

Aa Ab Ac A
(5.3.3) Ba _Ab_Ac_Ad

a b c d

In the previous sections we have shown what meromorphic potentials one obtains from
a given harmonic map, both by applying Wu’s Formula and by direct computation
of a Birkhoff splitting. We also followed explicitely the construction of the harmonic

map from a potential, in particular carrying out an Iwasawa splitting.

In the case under consideration in this section the group splittings seem to be very
difficult if not impossible to carry out ”by hand” explicitely. In a sense this under-
lines the strength of the theory presented. We will show in several examples what
harmonicity means in the case of SL(2, R) and compute the corresponding potentials

via Wu'’s Formula.

As a first class of examples we consider harmonic maps for which the coefficient

functions a, b, ¢, d all are of the form p(x) + ¢(y) and satisfy
Ao _Ab_Ac_Ad_

a b ¢ d
It follows that the solutions of (5.3.4) are of the form

(5.3.4) 1.
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a1€® 4+ ase™® 4+ aze¥ +age™Y  bre® + bye™ + bgeY + bye™Y
wly) = 1€ 4+ coe™ T +cze¥ + eV die® +doe ™ + dge¥ + dyeY
(5.3.5)
where the condition det ¢ = 1 is equivalent to the condition that the coefficients
ai, by, i diy i € {1,2,3,4} satisty the system

a;d; = bic;, for alli e {1,2,3,4}
(536) aid]- + ajdi = biCj + bjCi7 for all (Z,j) S {1, 2} X {3, 4}
ardy + azdy + azdy + agds — (bica + bacy + bacs + bycz) = 1.

Also, the condition ¢(0,0) = I implies

=di+do+ds+dys=1
(5.3.7) {a1+a2+a3+a4 1+ do+ag+dy

bi+ba+bs+bs=ci+ca+cz+ca=0.

The family of harmonic maps (5.3.5) provides via Wu’s extended formula potentials
§= ¢7lazg0|2=0 of the form

(5.38) ¢ = (1—1)- p(1+)z/2 ( bicy — diay bidy — dyby )

C1ay4 — C407 —(5104 - d1a4)
bo(144)- 0022 bics — aszdy bids — dqbs n
ciaz —cza;  —(bics —asdy)
b (L) et Gad2 = baca hadz =diby )
CqQ9 — C2Q4 —(a4d2 — b204)
n (1 _ ’L) ) e(flfi)z/Q (ngg — bQCg b3d2 — d2b3 n Ay b*
agcs —aszca  —(asds — bacs) ce di |’

where

ay = —d, = (a1dy — azdy) + (bica — bacy) + i[(asds — azdy) + (bacz — bzcy)]
b, = 2[(b1da — bady) + i(bsds — bsdy))
cx = 2[(c1a2 — caay) + i(csaz — czaq)].

(5.3.9)

Note that for bybabsbydydadsdy # 0, the first equations in (5.3.6) rewrite

(5.3.10) ==k, i=14,
and hence the second set in (5.3.6) yields
(5311) (/ﬂl — kj) : (bzd/j — bjdz) =0, for all (Z,j) S {172} X {3,4}

In this case (5.3.8) rewrites
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: k 1
= (1—4)- (brdy — dyby)eTD=/2 * +
§ (1 =) - (brds — drba)e ik —ha

, k 1
1+1) - (byds — dybg)et—D%/2 ¥
+ (1+1)- (bids —dybs)e Chiks ks +

) k4 1
1+414) - (bady — dybo)el"119)2/2
+ (1 +1) - (badz — dabz)e ki —ky +

, 1
+ (1 =) (bgdy — dybg)el17D=/2 ( ks ) N
3

—koks —k
k1 + ko 2
+  (bpde — bad +
Bk %)
. ks + k4 2
+ byds — bsd .
(bads —bs 4)< ~%ksky  —(ks + ki) >

In particular, for ay = by = ¢c3 = —dy = % and the rest of coefficients zero in (5.3.5),

2
we obtain the following special example of a harmonic map ¢, : R — SL(2,R)

(5.3.12) pu(a,y) = % ( o ) :

C . . _ 1 1
When multiplying ¢. by the constant matrix @*‘zzly:o = \}§< L1 > on the left,

which does not change harmonicity, we obtain the harmonic map ¢ which satisfies
the condition ¢(0,0) =1,

1 e P4+e¥ et —e Y
(5.3.13) o(z,y) = = ( ) .

2\ —e " +e¥ e eV

This is a harmonic map given by J.Inoguchi, which can be obtained from (5.3.5) for
as =az3 =c3 =by =dy =dy =1/2 and ¢; = by = —1/2 and the rest of coefficients
zero. For zZ = 0 this writes

1 ( /2 4 e=iz/2  gz/2 _ 4iz/2 )

(5.3.14) 90\2:0 = 5 —e=2/2 4 =i2/2  o2/2 4 giz/2

and this leads to the holomorphic potential - a particular form of (5.3.8),

_ 1 —(1+1) (1 —i)er(1+D/2
5.3.15 19,00 = = . )
( ) 2 SD‘ 0 92 ( (1 _ i)efz(1+z)/2 1434

Ifamap ¢ : D — SL(2, R) has all its values in the subgroup Hy = SO(2) C SL(2, R),
then
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(5.3.16) o ( cost(xz,y) —sint(x,y) >

sint(xz,y) cost(z,y)

and ¢ is harmonic, i.e., it satisfies (5.3.2), iff ¢ satisfies the Laplace equation At = 0.
We remark that for the subgroup

a b
(5.3.17) Hy = { < . )

the equations (5.3.2) lead to

ad=1, a,b,d € [R} C SL(2,R),

bAd — dAb =0
(5.3.18) {

&+ d2 — dAd = 0.

Moreover, for the subgroup

10
pom e {(10)

the system (5.3.18) reduces to Ab = 0.

be {R} C H; Cc SL(2,R),
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