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Abstract

In this paper some properties of covering space and the automorphism group
of the covering space are obtained.
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1 Introduction

Let X be a connected space, X be a space and let p : X — X be a continious map.
If for every & € X has an path connected open neighbourhood U such that p~1(U) is

open in X and each component of p~1(U) is mapped topologically onto U by p then
p is called a covering map. In this case the pair (X, p) is called a covering space of X.

Let ()?,p) be a covering space of X, Ty € )?,and p(To) = xo. Then, for any path
ain X with initial point x(,there exists a unique path Fin X with initial point Iy
such that pg = a.

Let ()?,p) be a covering space of X and x € X. For any point Z € p~1(x) and any
a € (X, ) we define Ta € p~!(z) as follows: From above there exists a unique path
class & in X such that p, (&) = o and the initial point of &is the point Z. Define Zo
to be the terminal point of the path class a. Then it is easily verify that

Za)B = z(aph),

Te = T.
Thus 7(X,x)be a group of right operators on the set p~!(x). Moreover the group
7(X,x)acts transitively on the set p~1(z). To show this let Z,Z; € p~!(x).Since
X is arcwise connected, there exists a path class & in X with initial point To and

terminal point Z7. Let p.(@) = . Then, a is an equivalence class of closed paths, and
obviously Zoa = 77.Thus, the set p~!(x) is a homogeneous right 7(X,z)— space.
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From the definition, we see that for any point € p~!(z), the isotropy subgroup
corresponding to this point is precisely the subgroup p*w()?,f) of m(X,z). Hence
p~Y(x) is isomorphic to the space of cosets, m(X,z)/ p.m(X,%), and the number of
sheets of the covering is equal to the index of the subgroup p,ﬂr()?, Z)in (X, x)

If X is simply connected then the fundamental group m(X, ) is trival and the
index of p,m(X,) in m(X,z) is 1. So (X,p) is an one-sheeted covering of X and
therefore p is a homeomorphlsm Similarly if X is simply connected then 7T(X T) is
trival and the index of p,7(X,7) in m(X, z) is equal to the order of (X, z).

A covering transformation of a covering space ()~( ,p) of X is a homeomorphism
h: X — X such that ph = p. The set of all covering transformations of (X,p) form
a group denoted by A()~( D).

Let ()Z',p) be a covering space of X and p(Z1) = p(Z2) = z for Z1,Ts € X and
x € X. Let consider the homomorphisms

P« : 7.('()(7%2) HTF(X71‘)

Let {v;: i € I} be a path class in X with inital point #; and terminal point Zs.
Define
m(X,71) — 7(X,T2)

1

to be us(a) =~y tay for v € {7; : i € I'}.Then we have the commutative diagram in

Figure 1.
E.
X, %) > X, x)
iy .
ATy , X, )
B
Figura 1.

Here v, (8) = (p«y) 1B(p«7). Since P« is a closed it is a path in 7(X,z). So
the images of the fundamental groups 7r(X Z1) and 7T(X Zo) under p. are conjugate
subgroups of 7(X, x).

Lemma 1.1 Let ()? p) be a path connected covering space of a locally pathwise
connected space X and p(F,) = p(ZF3) = x for #1,72 € X and x € X. Then

(X, Z1) and p. 7(X,%2) are conjugate subgroups of w(X,x) iff there exists a
¢ € A(X,p) such that o(T1) = T».[4]
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Lemma 1.2 Let (Xl,pl) and ()Z'g,pg) be two covering space of a locally pathwise
connected space X . Then these two covering are isomorphic iff there exists a homeo-
morphism h : X1 — Xa such that pah = p1.[4]

Lemma 1.3 If two space are homeomorphic, then their fundamental groups are iso-
morphic,i.e. if h : (X,2) — (Y,y) is a homeomorphism, then h, : n(X,z) —
m(Y,y) is an isomorphism.[3)

Lemma 1.4 If (X1,p1) and (Xa,p2) are two simply connected covering space of a lo-
cally pathwise connected space X, then there exists a homeomorphism h : (X1,p1) —
(Xo,p2) such that poh = p.[2]

Lemma 1.5 Let (X1,p1) and (X2,p2) be two covering space of a locally pathwise
connected space X. Then there exists a morphism ¢ from (X1, p1) into (Xa,p2) such
that @(%1) = fg Z_ﬁ

prm(X1,T1) = poum(Xa, T2). [4]

Lemma 1.6 Let ()?,p) be path connected covering space of a locally pathwise con-
nected space X. Then pis a homeomorphism iff p.w(X,%) = n(X, ). [6]

From Lemma 1.1 we have if ()21,;01) and ()N(g,pg) are two covering spaces of
a locally pathwise connected space X ,then these two coverings are isomorphic iff
p1m(X1, T1) and pa.7(Xa, T2) are conjugate subgroups of w(X,x).

Let X be a connected space. The category of connected spaces of X has objects
which are covering projections p : X — X, where X is connected, and morphisms

plz)?1—>X, p2:)~(2—>X and f:)~(1—>)?2

such that po f = p1. _

Definition. Let X be a connected space and X be a locally path connected space.
A universal covering space of X is an object p: X — X of the category of connected
covering spaces of X such that for any object p; : X; — X there is a morphism
f X — Xjsuch that pif = p.[6]

Lemma 1.7 If ()Z', p) is an universal covering space of a locally pathwise connected
space X,then the automorphism group A()Z' , D) is isomorphic to the fundamental group
m(X,x), and the number of the sheets of the covering is equal to the order of the
fundamental group m(X,x).[4]

Let X be be a pathwise connected space and let ()~( ,p) be a covering space of a
locally pathwise connected space X . Then (X, p) is a regular covering space of X iff
p«7(X,Z) is a normal subgroup of m(X, z).

Lemma 1.8 Let p: X — X be a covering map such that p(Z,) = p(Z2) for &1, 72 €
X. Then p is regular iff p.m(X,T1) = pam(X,T2).[6]
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Lemma 1.9 Let X be be a pathwise connected space and let ()ip) 18 a reqular cov-
ering space of a locally pathwise connected space X . Then X homeomorphic to the
quatient space X | A(X,p).[6]

Let G be a group of homeomorphisms of X. If for every x € X, there exists a
neighbourhood V of = such that gV NV =0, for all g € G different from the unity of
G, then we say G acts discontiniously on X.

Lemma 1.10 Let G be a discontinious proper group of homeomorphisms of a locally
pathwise connected space X and let ¢ : X — X/G be a naturel projection defined by
q(z) = [z]. Then (X, q) is a regular covering space of X/G and A(X,q) is isomorphic
to G. [6]

2 On the covering space and its automorphism group

In this paper we obtain some properties of covering spaces and their automorphism
and fundamental groups.

Theorem 2.1 Let ()Z'l,pl) and (5(:2,]?2) be two universal covering space of a locally
pathwise connected space X . Then

1. these two covering spaces are homeomorphic, and therefore the fundamental
groups w(X1,T1) and w(Xa,T2) are isomorphic.

2. A(Xy,p1) and A(Xy,ps) are isomorphic.

Proof. 1. Let ()Z'l,pl) and ()?g,pg) be two universal covering space of X . Then
from Lemma 1.4. there exists a homeomorphism & : ()N(l,pl) ()N(g, p2) such that
poh = p1. Therefore these two covering are isomorphic. Therefore form Lemma 1.3.
the fundamental groups 7r(X1, Z1) and 7r(X2, x2) are isomorphic.

2.Let p1(Z1) = p2(Z2) = x for T, € Xl and T, € Xg Since (Xl,pl) and
()?2, p2) are universal covering space of X, from Lemma 1.8. the automorphism
group A()Z' 1,p1) is isomorphic to the fundamental group 7(X,z), and the automor-
phism group A(XQ, p2) is isomorphicto the fundamental group 7(X,x). Therefore
A(Xl,pl) and A(Xg,pg) are isomorphic.

Theorem 2.2 Let ()Z' p) be an universal covering space of a locally pathwise con-
nected space X and p(T1) = p(Ta) = x for T1,T2 € X. Then there exists an auto-
morphism ¢ € A(X,p) such that p(T1) = o, i.e. A(X,p) acts transitively on the set

p ().

Proof. Since ()? ,p) is anuniversal covering space of X ,there is a path v in X with
initial point z; and terminal point 5. Using 7 define

(X, %) — m(X, %)

to be uy(0) = v 'ay. Then u, is an isomorphism and thus p,m(X,%;) and

«m(X,Ty) are conjugate subgroups of m(X, x). Therefore from Lemma 1.1. p(Z) =

Zo.
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Theorem 2.3 Let ()Z',p) be a covering space of a locally pathwise connected space

X . Then there exists a ¢ € A(X,p) such that o(F1) = Ty iff (X,p) is a regular
covering space of X .

Proof. Let assume that there exists a ¢ € A(X, p)such that ¢(Z1) = Zo. Then from
Lemma 1.5 p.m(X,Z1) = p.m(X,%2). Thus from Lemma 1.9 (X,p) is a regular
covering space of X .

Conversely let (X,p) is a regular covering space of X . Then from Lemma
1.9 p.w(X, %) = po(X, %), and from Lemma 1.5 there exists a ¢ € A(X,p)such
that gﬂ(fl) = 5[72.

Theorem 2.4 Universal covering is reqular.

Proof. Let ()~( ,p) be an universal covering space of a locally pathwise connected space
X ,and let Z; and Z, be two points of X such that p(Z1) = p(Z2) = . Since (X, p)
is an universal covering space of X ,there exists a path « in X with initial point x;
and terminal point Zy. Define u, : 7(X,#;) — (X, I3) to be u.(a) = v~ 'ay. Then
Uy is an isomorphism and thus p,.ﬂr()N(, Z1) and p*w()?,ﬁc'g) are conjugate subgroups
of 7(X,z). Thus from Lemma 1.1.there exists a ¢ € A(X,p)such that o(F;) =
Z3. Therefore from above Theorem ()? ,p) is regular covering space of X .

Let ()? ,p) is a regular covering space of a locally pathwise connected space X .

Then we know from Lemma 1.10 that X is homeomorphic to the quatient space
X /A(X,p), i.e. there exists a homeomorphism 7 : X /A(X,p) — X.

Theorem 2.5 If ()?,p) is an universal covering space of a locally pathwise connected

space X, then the order of the automorphism group A ()?/A()N(,p), 7") of the quatient
space )N(/A(f(,p) is equal to the number of the sheets of the covering ()?,p) of X.

Proof. Since universal covering space is regular ()~( ,p) is a regular covering space
of X . So there exists a homeomorphism r : X/A(X,p) — X.On the other hand
since (X, p) is an universal covering space of X , (X, ¢) is an universal covering space

of )?/A(X,p), and the number of the sheets of the covering is equal to the order
of the group 7(X,z). r is an universal covering map since p and ¢ are universal

covering. So from Lemma 1.8. A ()? /A()~( ,p),r) is isomorphic to the fundamental

group 7(X, x). Thus the number of the sheets of the covering ()Z',p) of X is equal the
the order of the automorphism group A ()N(/A()?,p)7 r) )

Theorem 2.6 If ()?,p) is an universal covering space of a locally pathwise connected
space X and A()~(7p) is the discontinious proper group of homeomorphisms of )?, then
the fundamental groups m(X,x) and ()?/A()ap), [E]) are isomorphic under the na-
turel projection B N _

q: X — X/A(X,p)

defined by q(Z) = [Z].
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Proof. Since A(X p) be the discontinious proper group of homeomorphisms of X
q is a regular map and the automorphism group A(X q) is isomorphic to A(X D).
Since (X p) is an universal covering space, (X q) is an universal covering space of
X /A()? p). Therefore the automorphism group A()Z' ,p) is isomorphic to the funda-
mental group 7(X,z) and A(X,q) is isomorphic to ()?/A()N(,p), [ﬂ) Hence the
fundamental groups 7(X,z) and (X /A(X,p),[Z]) are isomorphic since A(X,q) is
isomorphic to A(X,p).

Let (5( ,p) be a universal covering space of a locally pathwise connected space
X . Then from above Theorem we have following corollaries.

Corollary 2.7 The number of the sheets of the covering is equal to the order of the
fundamental group © ()?/A()?,p), [%]) )

Corollary 2.8 A(X,p) is isomorphic to ()?/A()N(,p), [9?]) .

Theorem 2.9 Let ()~(1,p1) and ()?27]92) be two universal covering space of a simply
connected space X and let G1 and Ga be discontinious proper group of homeomor-
phisms of X1 and Xa, respectively. Then the diagram in Figure 2 is commutative.

Proof. Since X is simply connected, p; and ps are homeomorphisms and therefore
p1s and po, are isomorphisms. On the other hand, since (yl,pl) and ()?2,])2) are
universal coverlng space of X, there exists a homeomorphism  : X 1 — X2 such that
pgh = p1.S0 h, (Xl,:rl) — ﬂ'(Xg,xz) is an 1somorph1sm for 7; € X; and 75 €
X,. Since these covering space are universal A(Xy,p;) and A(Xa, ps) are isomorphic
to the fundamental group 7(X,x),i.e. there exist the isomorphisms 1. and po,.
From Theorem 2.6. there exist the isomorphisms r1, and r1,. Hence the diagram is
commutative.

XL 5) » o(X,. %)

N AN

X G ED r XX HE, 1G5 )

N N

AZ.p) > AT, P

Figure 2.

Theorem 2.10 If ()Nf,p) is an universal covering space of a locally pathwise con-

nected space X, then the automorphism group A ()?/A(X,p), r) of the quatient space
)?/A()z,p) is 1isomorphic to the automorphism group A()?,p).
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Proof. Since the universal covering is regular this covering is regular. Therefore there
exists a homeomorphism r : X /A(X p) — X. On the other hand since this cov-
ering is universal from Lemma 1.8. the automorphism group A(X ,p) is isomorphic
to the fundamental group m(X,x). Moreover from Theorem 2.5. the automorphism
group A ()?/A(X',p), r) is isomorphic to the m(X, z). Therefore A ()N(/A()ap), r) is

isomorphic to the automorphism group A()N( ,D)-
From above Theorem

Corollary 2.11 If (Xl,pl) and (Xz,pz) are two universal covering spaces of a locally
pathwise connected space X then Xl/A(Xl,pl) and X2/A(X2,p2) are isomorphic.

Proof. Let (il,pl) and ()?2,p2) be two universal covering spaces of X. Then there
exists a homeomorphism A : X1 — X2 such that pah = p;.On the other hand since
these coverings are regular there exist homeomorphisms 71 : X1 /A(X1,p1) — X and
To : )?2/14()?27])2) — X. Hence Xl/A()N(l,pl) and )?Q/A(X2,p2) are isomorphic.

Theorem 2.12 Let ()A(:,p) be a covering space of a locally pathwise connected space X.
the number of the elements in the orbit [T] of the point T € p~—'(x) is equal to the

number of the sheets of the covering ()Z',p) of X.

Proof. We know that the number of the elements in the orbit [Z] of the point = €
p~1(w) is equal to the index of the isotropy subgroup which corresponding to Z in

(X, z). Moreover isotropy subgroup which corresponding 7 is the subgroup p*ﬂ()? ,T)
of (X, x). Since the number of the sheets of the covering is equal to the index of the
subgroup p,7(X,%) in (X, z), the number of the sheets of the covering is equal to
the elements in the orbit [Z] of the point € p~!(x).

Theorem 2.13 If()?,p) is an universal covering space of a locally pathwise connected
space X, then the order of the fundamental group w ()?/A(f(,p), [E]) of the quatient

space )?/A()?,p) is equal to the number of sheets of the covering ()?,p) of X.

Proof. Since universal covermg is regular this covering is regular, and therefore there
exists a homeomorphism r : X/A(X,p) — X. Thus r, is an isomorphism, i.e. the

fundamental groups = ()N( /A(X ,D), [@ }) and m(X,z) are isomorphic. Since this cov-
ering is universal A()Z' ,p) is isomorphic to the fundamental group 7(X, ), and the

number of the sheets of the covering is equal to the order of the fundamental group
(X, z). Therefore the number of the sheets of the covering is equal to the order of

the fundamental group ()?/A()Z',p)7 [ﬂ) since 7 <)~(/A()Z'7p), [55]) and w(X,x) are
isomorphic.

Definition. Let ()Z' ,p) be a covering space of a locally pathwise connected space X .
If the automorphism group A()Z' ,p) acts transitively on the set p~!(z) ,for every z €
X, then ()A(:,p) is called Galois.

Theorem 2.14 Regular covering is Galois.

Then
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Proof. Let ()N(,p) be a regular covering space of X . Then from Theorem 2.3. there
exist a ¢ € A(X,p) such that o(F,) = Iy for T, T, € X,i.e. A(X,p) acts transitively
on the set p~*(z) for z € X. Thus from definition (X, p) is Galois covering of X .

We know from Theorem 2.4. that universal covering is regular. Thus from above
Theorem

Corollary 2.15 Universal covering is Galois.

Theorem 2.16 If ()N(,p) is a 2— sheeted covering space of a locally pathwise con-
nected space X, then this covering is Galois.

Proof. Let ()? ,p) be 2— sheeted covering space of X. Since the number of the sheets
of the covering is equal to the index of the subgroup p,m(X,%) in 7(X, z), p.7(X, )
is a normal subgroup of 7(X,z). Therefore (X, p) is a regular covering space of X
and thus (X, p) is a Galois covering of X.
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