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Abstract

Within the framework of jet spaces endowed with non-linear connection, are
characterized the special curves of these spaces (h-paths, v-paths and geodesics,
Lorentz-type paths and electromagnetic Lagrangian-action minimizers) which
extend the Riemannian classical electromagnetic field model. Remarkable special
cases outline the extension and computer-drawn graphic Maple-V plots for paths
are provided.
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1 Geometric objects on J'(T, M)

The geometrized framework on osculating first and higher-order osculating spaces
was introduced and widely studied by Acad. R.Miron and collaborators ([4], [5]). As
a complementary extension of the tangent (first-order osculating) framework in the
last decade was developed with significant results the geometric approach on first-
order jet spaces ([11], [9], [1], [3])-

In the sequel let & = (E = JY(T,M),n,T x M) be the first order jet bundle of
mappings ¢ : T — M, where T and M are C* real differentiable manifolds (dim T =
m, dim M = n). The local jet coordinates on E will be denoted by

(taa xia yA)(oz,i,A)EI* = (yu),u€la
where the set of indices I splits as follows
I=1,Ul,, Ip=14Uly,, ,=m+n+1,m+n+mn

Iy =Tom, Dy =mFLmFn, L= In, x In, x L.

and the indices implicitly take values as described below:
o,B,... €l 4,4,...€1n,; AB,...€ly; A\p,...€1.
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As well, when appropriate, we identify A=m+n+n(i—m—1)+aas A= (fl) and
denote y4 = 2(s) = gf;.
We endow FE with a the extended Lagrangian of electrodynamics ([9]) of the form

(1.1) L(t,z,y) = gan(t, z, y)yAyB +Ualt, m):‘/A + @(t, z),

where U (t,z) is a 1-form on F, ® € F(E) and assume the Kronecker decomposition
(12) gAB Eg(}))(f@) = haﬂ(t7x)glj(taxay)7

with hog and g;; non-degenerate tensor fields. The derived Euler-Lagrange equations
evidentiate a spray, which under certain restrictive conditions provides a non-linear

connection N = {N;:‘}Mefh,Aer on E which leads to the splitting TE = HE ® VE,
where VE = Ker m, [11, 5]. As well, N determines the local adapted basis of X' (E)

(13) B = {6047 6i7 (;A}(og,i,A)GI* = {5H}MEI7

with 0, = %,82» = % and

(1.4) Su = O — N2Ga, 6= 0 — NASa, 04=0n=
. el fel e 3 7 () i ; 8yA

The dual basis of B in (1.3) writes then B* = {6%,6%,6} 4.5 4)er, = {6"}er, Where
(1.5) 6% = dt®, §' =dz’, 6 =y = dy? + NAdt* + NAda'.

The existence of Lagrangian-derived non-linear connections in the general Kronecker
case represents still an open problem ([9]). However, in the following cases where §
admits a particular Kronecker splitting, the problem is tractable.

We note as particular case the ARL (almost Riemann Lagrange) jet case, where
the tensor field hog(t) is a metric tensor field on T'; then the Lagrangian (1.1) produces

the canonical nonlinear connection N = {N, B(a), N j(“)} of coefficients

e N =[]0, Nj(a>:\;k|y(ﬁ)+igik(2aagjk+haw(g)j),

5
B ap

where U( )i = 5[jU(

A k]
B)J B
Tj.iand Ty 0y = T+ Tio e Also we have

) means the ha—curl of U; generally, we denote ;. ;) = 7. j —

(1.7) gap = $0%pL.

More particular, in the ARLS (almost Riemann Lagrange separated) jet case, g;;
is a metric tensor field on M, and both the nondegenerate metric tensors h, g and the
potentials U, determine the nonlinear connection N of coefficients
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y(5), Nj(ia) _ Ukw(’é) + gk hasUs),-

k
8

(1.8) N - -

v
ap

If E is endowed with a non-linear connection N = { N2, N/}, any linear connec-
tion V = {Li‘w}A,u,ueI on E has its components relative to the adapted basis (1.3)
provided by the relations 6*(Vs,6,,) = Lﬁy, VYA, i, v € 1. According to the three sets
of indices Iy, , I1,,, I,, these components group in 3% = 27 distinct subsets.

The subsets of nontrivial coefficients of V can be strongly reduced for the connec-
tions I'(IV) (called ” N-connections”), whose covariant derivative preserves the sections

S(HE) and S(VE); these obey the conditions
(1.9) Ly, =0, V(\u) € (nxI,)U (I x I).

Further, one may consider the special N-connections T',(N), whose covariant deriv-
atives preserve the distributions Span(da)acr,, and Span(di)ier,,; they satisfy the
supplementary relations

(1.10) Ly, =0, ¥ (\p) € (In, x Iny) U (Iny x In,).

More particular, the so-called "TI'-linear h-normal connections” T',,(N) [9] have just
four essential sets of components

(1.11) {L§,, Ly, Ly, Lia} = V,

which provide the other 5 derived sets by means of

(o) _so7i _g5i|8 a — () _sp
L(Z;)W_(saLj"’ 5j|a,y, LBk_L(é)k—(sa

D — (L) _ 7 (o [
Lo = L(_;;)C =0iLic, LG, =0, L§o=0.

We shall further consider the case when hqog(t) and g;;(t, z, y) in the Lagrangian L in
(1.1) are non-degenerate, and we endow F with a semi-Riemannian metric

A
L4,

b

i
jk

(1.12) G = hap(t)dt* @ dt° + gi;(t, z,y)dz’ @ da? + Gap(t, =, y)oyt @ oy”,

h g g

where gap = g(g)(g) = h*®(t)gi;(t, z,y). In this case the so-called the Cartan linear
connection, which is an h—normal connection, is metrical and satisfies the conditions
(1), [9) L | |

L, = é&ygjk, ijk] =0, LEJ’(H) =0.

Its four essential sets of coefficients (1.11) are given by

a

63

L3, =16

)

i — Lgik s
(1.13) s Ly = 59" 049k, Ly, = ’;k

L
~

LéA = L;(s) = %gil((S(gk)gjl} — (5( )gjk).
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The adapted components of the torsion 7 and of the curvature R of V are defined
by the relations
SMNT(8,,6,)) =T,

pvs

6>\(R(5V75#)§P) =R

p pvr

Y\ p,v,p€el.
Then the Cartan essential torsion coefficients are ([9]; for ARL case [11, Theorem
4.4])

%) ) %)
L0y Ty Toy o

The nontrivial non-holonomy coefficients w

i ] A A A
"5 Tjas Tg " T T 5 1

A

. are described by the relations

[5#,5V]:wfV§AET:‘§A7 Y, v € Ip,

v

[6M’6B] = WZ?B(SA = aBN;f(Sx‘h V/L e,

and are explicitly provided for the ARL case in [9, Theorem 2.3|. Ultimately, the five
essential and three derived nontrivial sets of curvature N-tensor fields are respectively

R'i/\Av RjiCD}7 {R (;) R(;) R(L)

« %
i A () 001G T wad

K
J J oA Y

for Ae I}, pel.

In this framework, the Liouville field C = y*64 on (E, N, V) produces the deflec-
tion tensor fields
dft =5'Vs,C, pel Ael,

which lead further to the associated to N and V electromagnetic 2-form F = FA#§yA/\
dy*, of nontrivial components

_ . _ 1 ay (k)
Fap =Fi)g =5 (A" giky\> 1
(1.14) Fap=Fyo) =3

Fai=Fuyi=2dn =21y :l(y(:)hcwg )

J=40) T 2 (g)j] 2 (E;)m 2 k[i hk
where |a, |7 and [A are the covariant derivations given by V5, , for u € I, , I, and I,
respectively. Considering the raising/lowering of the indices performed by the metric
tensor field G, F' provides the electromagnetic force

(1.15) F=F}5,
of nontrivial essential components,
F§ =h*PFag, Fi = g Faj, F§ = g°PFap.

We note that in the particular ARLS case, the Cartan connection has just two
basic nontrivial coefficients
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{ng = |g’v|7 Lj'k = |Jlk|}’

and its non-trivial torsion N —fields are {Togg ) , Tl(]” ),TOE; )} ([9]).

Moreover, for m = 1, n = 4 and hy; = 1, one finds as particular case, the pseudo-
Riemannian weak gravitational model endowed with the metric g¢;;(z) = n;; +¢e45(x),
where the weakness of the gravitational field g;; is expressed by its decomposition into
the flat Minkowski metric n;; = diag(—1,1,1,1) and a small perturbation ¢;;(x), a
symmetric tensor field with |e;;(z)] << 1.

2 Paths and Lorentz curves on J!(T, M)

We consider in the following on (E, N, V) smooth curves ¢ : J = [a,b] C R — E,
having their images inside a chart U C FE, locally given by

c(s) = (1(s), ' (s), ™ (5)) = (y"(5)), VL € J.

Definitions. a) The field V¥ = 55’—: defined on c is called N -velocity field of the curve
c. Its components are explicitely given by

. - Hy° . .

V" Yuer = (tx 2o g NGO NW)

ds J .

(i, A)el,

where we denote by dot the s-derivation. We denote by F = F*J,, the N-force field
on ¢, which provides the motion of the test-body along ¢ and whose components are
explicitely given by
~ VVH ot OVH

Fl= T VY

b) We call ¢ stationary curve with respect to V iff 7 = 0 along the curve.
c) The curve c is called

e h—curve, if m,(V) =0, and

o v—curve, if 7, (V) =0,

where by 7, and 7, we denoted respectively the h— and v—projectors of the canonic
splitting induced by N.

d) An h — /v—curve which satisfies also the extra condition F = 0, is called
h — /v—npath, respectively.

Analytically, these curves are described by

Theorem 1. Let ¢ : J C R — E be a curve. Then the curves defined above are
characterized as follows:

a) ¢ is an h—-curve iff

ds

(2.16) VA=0 & % =0 & g + N2+ NAid =0, VA€,
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b) ¢ is a v—curve iff

(2.17) VW=0,Vuel, & ¥ =0,Yuel, & c(s)= (to,r0,y(s)),s € J.

¢) ¢ is an h—path (?stationary h—curve or "horizontal geodesic”) iff besides (2.16)

it satisfies
dVH
(218) K + L’,ijVVp = 07 V,LL S Ih.

d) c is a v—path ("stationary v—curve or "vertical geodesic”) iff besides (2.17) it
satisfies

6VA A By,C

We note that the implicit sum in the right term of (2.18)/(2.19) involves just hori-
zontal /vertical index types. The proof is computational.

Consider the triple (E, N, G), where the metric G in the one in (1.12), N is a
fixed nonlinear connection, and V is the Cartan connection attached to G of basic
coefficients (1.13). Then gne can derive the electromagnetic tensor fields in (1.14) and
(1.15) and we have

Definition. A curve c is called Lorentz curve on (E, N,G) iff
VyH

vyr A A
vp ds _FAUV = ds _FAV .

Theorem 2. ([1, 3]) The Lorentz equations (2.20) have the equivalent form

(2.20) G

QB LGotP Ve + Load Ve + LG 717 + LY i787 + LG, 4°4% + LY i/ ih = FRVP
(2.BW LotV + Lici/VE + L 170 + L} #7107 + L i°3" + Ll /5" = FpVP
(2.23) VA + N+ NAi' + LE V080 + LE Vil + Lo vBVe = FAVP,

where VA = g4 + NP + NAi', A€ I,

Remarks. a) The Lorentz h-paths satisfy the extra conditions VA = 0, A € I,, and
since the right side of (2.21)-(2.23) is identically vanishing, they coincide with the

usual h-paths of (E,N,G).
b) The Lorentz v-paths have fixed base-point, i.e.,

VE=0,pel, < (t,z)=(to,x0) €T x M,
and hence the associated Lorentz equations rewrite
FgyvP =0, FpVvP =0, FvP=v*+ L, VPVe.

c¢) In the ARLS case with the nonlinear connection (1.6) induced by the Lagrangian,
the electromagnetic tensors simplify to
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i

. o~ 1 ..
(2.24) Fq = F((Z)v =0, Fi=g"Fa;=~19"Ua;, FB =0,

and the nonvanishing Cartan connection essential coeflicients reduce to

p, =1 = i

: ngzL( ) G

()

Then the Lorentz equations (2.21)-(2.23) get the typical shape

_ 1| B
__5j ayl>

gv = WW ) Lé’k = ‘Jlk

4 |5, |0 =0, &+ ||t = _Zg”UAjVAa VA =0.

Note that in this case (g dependent on z only), the Berwald connection [11] has the
same coefficients as the Cartan connection, and hence the associated Lorentz curves,
h- and v-paths are described by the same equations. The Lorentz h-paths obey the
extra equations

g+ N§P + Niid =0, A€ I,

which write explicitely

gle) =

iy . . o 1 . .
oB y(”)tﬁ + (’;k‘ y("l) + nghocBU( )]> I =0.

k
3

As well, the Lorentz v-paths for the Cartan connection satisfy the extra condition
— VA = 2V4 having as solutions flat rays within the fibers of E - in accordance with
the particular case J'(R, M) = TM studied in [6].

d) In the ARLSU case (ARLS uniparametric case, for m = 1 and s = t! = ¢, [2]),
for hy; = 1, we recapture the known results derived in [4, 6] for the tangent space
case. For this, after shifting the indices left by one unit (I, = T,n, I, = n+1,2n),
yA = y(l) ot y?, set locally hi; = 1 and we can use the Finsler-Lagrange tangent
space notations from [5].

If we consider the Lagrangian (1.1) of the particular form
9 .
(2.25) L(z,y) = meyis(@)y'y’ + —Ui(@)y" + &(),

with ;; pseudo-Riemannian metric, U = U;dx’ 1-form on M and ® € F(M), then
the fundamental tensor derived from L via (1.7) is

(1)) 75 y) = gij(2) = me (),

the non-linear connection induced by L has the components

Nt =0, N 5]k 4 " Uy i=Tm, A=n+1,2m,

where U(k) = = Ag. In this case, the Cartan (1.13) and Berwald canonic connections
1

have just null and Christoffel (re-indexed) components. For V Cartan connection, the
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Lorentz equations (2.22) confine to the known ones of Lagrange spaces ([5], [4, p.
171])
. . . dxt
(2.26) B 20y =0,y = 2
S
of the Lagrangian spray derived from the Lagrangian L in (2.25) for ® constant,

,t=1m

e

G'= %Wékzﬂyk +
where ”7; k” expresses the canonic covariant derivative on (M,;;).

We note that in the absence of the electromagnetic force F), ,, the equations (2.20)
rewritten in the form (2.26) become the equations of stationary curves of the con-
nection V. Hence, in the absence of the covector potential U, the equations (2.20)
become the equations of geodesics of the manifold M and the equations of h — paths
become the Lorentz equations.

ij k
2m207 jA[j;k]y 5

3 Electromagnetic Lagrangian extremals

In the ARLS case the extremals of the energy action
(3.27) E(L) = / L(t,z,y) dvol ¢
T

of the Lagrangian L in (1.1) are shown to satisfy the PDE system ([8])

(3.28) B0 (@py(=) + 264y =0, i =

In (3.28), an essential role plays the spray Gg&) = 1Gﬂ + ; associated to L,
where

) i
2600 — 11 |0y ) 1+ 156 U + 0.0, + Ugy 2| - i),

which provides the canonic L-induced nonlinear connection N in (1.8) via

a(lG(@ﬁ’))y(i) N 26(2G§f‘_)h56)h
ay%) ’ ! ayG) T

We note that in the ARLSU case for m = 1 and hy; = 1, using the conventions
above, the extremals of the Lagrangian action are characterized by the equations

i i | s 1 i j ij
I+ }jk|xjxk = Z(Fj Yy + 9% 0;®),

and for constant ® these coincide with the extended Lorentz paths produced by the
Liouville tensor field.
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4  Numerical simulation

In the ARLS uniparametric case detailed above, consider n = 2, M endowed with
the Lagrangian L in (1.1) with g = mey;;, ® = 0 and the potential U given by
U = e(2'dx?® — 2%dz'), ¢ € R. Then, denoting by a = ce(m?c)~! the control pa-
rameter of electromagnetid field strength, the appropriately rescaled Lorentz-type
equations (2.26) read

(4.29) B4 | 23 = (1) a(g" @ + g2, i =T,2.

We exemplify further the influence of the electromagnetic force F' derived from U
via (2.24) on h-paths for three cases: R?2, H? and S2. Using Maple V programming
were obtained computer-drawn images representing the Lorentz-type sheaves of curves
(the left-bended lines in the drawings) which are obtained for fixed non-zero values
of a (a = —512 for Euclidean case, a = —1024 for the Poincare half-plane, a = 2 for
the sphere respectively).

08

0B
1R

R? H? S2?

We note that, when the influence of the generalized electric potentials U;(x) dis-
appears (i.e., for a = 0 regarded as a limit case), one obtains the sheaves of geodesics
of the manifold M (marked with thick lines). Hence the geodesics - the solutions
for a = 0 of the system (4.29) deform to Lorentz curves, under the controlled by a
influence of the generalized electromagnetic tensor field.
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