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Abstract

In the paper k-chordal (or k-inscribed) polygons of first and second kind with
given index are considered. Existence result is proved for equilateral chordal
polygon which side lengths are already known. The convex and nonconvex cases
are discussed depending on the orientation of the polygon. Secondly, the num-
ber of different radii of circumcircles of equilateral k-inscribed n-gon cannot be
greater then

s[n] = [n;1}+{n;3} +[n;5}+---+2+1.

A very natural conjecture is formulated on the existence of side lengths of k-
chordal n-gons when the minimal number of different circumcircle radii is

= (1) P () [0 =3

where n—2p = 3(4) for n odd (even). Thirdly, the so-called main equation (kind
of related characteristic algebraic equation for a polygon) is introduced for the
class Cp(a1,---,an) of k-chordal related polygons. In few illustrative examples
we obtain the number and the numerical values of different radii of quadrangle,
pentagon, octagon and enneagon, solving the related main equations, when only
the side lengths of initial polygons are known. In the final section certain in-
teresting properties of the so-called main equations are discussed, proving that
the positive roots of the main equations are the radii of the circumcircles of the
chordal n-gons whose sides have the lengths a1, - - -, ar. The equilateral pentagon
is presented in detail with three different positive solutions of its main equation
which is an eigth degree algebraic equation. In the same section the main equa-
tion of An-gons is characterized, when the initial n-gon is A times continued on
the same circumcircle, A positive integer.
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1 Introduction

The subject and the main purposes of this article are very closely connected to the
current interests of the first two authors in elementary geometry, more precisely
in properties of generalized plane polygons. The main tools and definitions of the
frequently mentioned basic geometrical object as k-chordal-, k-tangential-, (k, A, 1)-
chordal-, (k, f,1)-chordal polygon, polygon of first /second kind are introduced, treated
and discussed in ([6], [7], [8], [9], [10], [11]). There existence results are proved for
chordal polygons under necessary and sufficient conditions upon the side lengths, while
for (k, f,1)-chordal polygons upon the function f, i.e. upon the lengths aq,- - -, a, and
f(a1), -+, f(an) being side lengths of a k-chordal and I-chordal polygons respectively
in the same time ([6]). The approach in investigations by Gézdz in ([1]) and Pech in
([5]) is more or less different then in previously cited articles, namely, these authors
uses complex methods and harmonic/Fourier series methods in getting characteris-
tic inequalities and equations for different polygonal plane structures, such that are
convex. The classical works by Kiirschdk concerns to the isoperimetric questions on
the chordal and tangential n-gons to the given circle, where by their original method
it was shown that the equilateral case is the extremal ([3], [4]). Some comments and
explanations can be found in depending Horvéth’s essay ([2]). Finally ([12]) is con-
taining many known inequalities relating circumradius (and further characteristics)
of planar convex sets, such that could be treated and generalized to our nonconvex,
k-inscribed setting and similarly Temesvari’s optimization paper could be found in-
teresting in further investigations for the maxima of the power sums of side lengths
of some classes of k-chordal polygons, compare ([13]).

In this paper we follow the previous investigations focusing mainly ourselves to
the so-called Main Equation of the k-chordal n-gon, and to computing all different
radii of depending circumcircles, when the polygons side lenghts are already known.

A polygon with vertices Aj,---, A, (in this order) will be denoted by A =
Ap--- A, and the lengths of its sides by ai,---,a,. The interior angle at the ver-
tex A; will be denoted by «; or ZA;. Thus

ZAZ = ZAiflAiAH,l, 1= ].,77,,

where Ag = A, Apy1 = Ax.

A polygon A is called chordal if there exists a circle Cp such that VA; € Cy.
Whenever A is chordal, then C, p and C 4 stand for the centre, radius and the cir-
cumcircle of A respectively. Throughout this paper very important roles are playing
by (oriented) angles

(1) Bi = LOA A,
(2) Y = ZAZ‘CAH_l, 1= 1, n.

Also it is important to emphasize that §; and ¢; are in opposite orientations, compare
the following figure.
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Figure 1. Angles of chordal polygons
Notice 1 We consider chordal polygons with property that no two of their consecutive
vertices are the same.

Of course, the measure |¢| of an oriented angle ¥ we take depending on the orientation
of v, in radians. So, by Notice 1. it is

vis
0§|ﬂz’|<§, 0 < |ps| <,

Notice 2 It will be no confusion there writing B;, p; the measures of oriented angles
Bispi given by (1),(2).
Notice 3 In the following we shall suppose that no (5; is zero.
Let us remark that in the case when some (3; is equal to zero, then we have
2p = max{ai,---,an}

Accordingly, in the following when we speak about a chordal polygon A it will be
meant (by Notice 1 and Notice 3) that A has no two the same consecutive vertices
and no one of its sides is its diameter.

Definition 1 Let A = Ay --- A, be a chordal polygon. We say that A is of the first
kind if inside C p_there exists a point O that all oriented angles LA;OA;1 have the
same orientation. If such a point O does not ezist, i.e. not all LA;OA;+1 have the
same orientation, we say that A is of second kind.

Definition 2 Let A be a chordal polygon and let X be a point inside C 5 such that

Z ;| = 2w(X)m,
j=1

where 1; = measure/A; X A1 and w(X) is a positive integer. Then we say that A
is k-inscribed polygon of the first (second) kind when

k= max w(X).
X€int(CA)

Here int(S) stays for the interior of the set S.
We say that j is the index of A if |1 + -+ pn| = 247, 7 €{0,1,---, k}.
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Definition 3 The polygon A is said to be k-chordal polygon if it is of first kind and
if j =k, where j is the index of A and k is given by Definition 2.

It is easy to see that A is k-chordal iff
T
|ﬂl 4 +ﬂn| = (71 - 2k)§a

where 3; > 04 = 1,n or §; <0, i = 1,n. For example, if V3; > 0, then ¢; < 0, i =
1,n, and it is valid
(p1++(pn:—2kﬂ"

or in other words 231 + - -+ + 28, = nm — 2kmw, since ¢; = —n + 20;. Thus, if 5; >
0,7=1,n, then
T
Prt- ot P = (n=2k)5.

The sign of the sum (7 + --- + G, depends of the orientation of the polygon, we
discuss this in brief. Let A be a chordal k-inscribed polygon and let B = By --- B, be
a polygon with vertices B; = A,_14;, j = 1,n. Then A = B but their orientations
are opposite (orientation of A is positive (negative) depending on the circumscription
of Cp to A ”counter-clockwise” (”clockwise”)).

If A is k-chordal, then §;, j = 1,n are negative if A is positively oriented and
vice versa. But in the case when A is a chordal polygon of second kind, then there
are 3;’s of opposite signes.

Notice 4 In the following we shall assume that polygons are negatively oriented. Then
o1+ F o, <0but fr+---+ 6 >0.

So, for example, the case Fig. 2.(a) gives #1 + --- + O < 0, and the case Fig. 2.(b)
one concludes 31 + ---+ G5 > 0.

Lemma 1 If A = Ay --- A, is a k-inscribed chordal polygon whose index is j, then

3) But et B = (0 =200+ 9) 5,

where v = §{m| By, < 0} and

(4) [Bal 4+ 1Bl = (n =20 + )5 + 2,

where T=— > Bmn.

m: B, <0

a) b)

Figure 2. Chordal pentagons of opposite orientations



On Equations and Properties Concerning Some Classes of Chordal Polygons 61

Proof. Since ¢; = —m + 28; if §; > 0, and ¢; = m + 28; for B; < 0, the equality
$1+ -+ pn = —2j7 can be written as

2004+ 20, +vr — (n—v)m = =2jm,

from which follows (3). Now, by (3) we get (4) easily.
At this point we introduce certain symbols such that we will use frequently in the
sequel.

1. [a] denotes the largest integer contained in a. Obviously, if A = A;--- A, is
k-inscribed chordal polygon, then

n—1
5 k<
o) <%
because it has to be n — 2k > 0. Of course, there are extremal cases, when the
equality holds in (5), e.g. when A is equilateral, i.e. a; = -+ = ay,.

2. P(ay, " ,an; 51, -, 0n). Let A = A;--- A, be a chordal n-gon. Then this n-
gon will also be written as

(6) P(a17"'aan;/817"'7ﬂn)-

Sometimes instead of (6) we write
(7) P(ala"'aan;ﬁla"'7ﬁn;p)-

In the equilateral case (a; = a) it stays P(a; 81, -+, 0n) or P(a;B1,- -, Bn; p)-

3. P(ay,- -, an;i1,---,iy). If B, j = 1, v are negative, then this situation we note
as
(8) P(alv"'van;ih'"viu)u

or appropriately P(a;iy, - ,i,).
4. SZ. Let p be an integer such that 0 < p < n. If p =0, then

S§ = cosfy - - - cos By
If p > 0, then Sz is the sum of < Z ) products of the form

sin ﬁh -+ -sin 52'17 COS ﬂip-m + COos ﬂin?
where (i1, -+, 1y,) is a permutation of the set {1,---,n}, e.g.

Sg = sin (31 sin (B3 cos B3 + sin 31 cos (2 sin B3 + cos (31 sin B sin (3.
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2 Existence of k-inscribed chordal polygon

Let aq,---,a, be given lengths such that satisfies the constraint
n
9) Zaj > 2max{a, -, an}.
j=1

Then there exists (at least) n-gon P(a1,---,an; 01, -+, Fn), where V3; > 0 and 51 +
-+ 4 Bn = (n — 2)7/2. Namely, then there exists a positive real p (which is in fact
certain length), such that satisfies

Qj - ™
(10) Z arccos 2 (n— 2)5

Figure 3. Tightening of circumscribed circle one gets closed chordal polygon

Taking a sequence of circles with respect to decreasing radii we achieve the case
My = My; see the strong proof of (10) in ([7, proof of Theorem 2]).
Let us remark that (10) exists iff there are lengths r, R; r < R, such that

Jj=1

Generally speaking, if Z?:l Bj = km/2, for k integer, and if 5; = (—1)%|3;|, where
€j € {0,1}, then there exists P(ai,---,an; 01, -, 0n) iff there are lengths (positive
reals) r, R;r < R such that

n n
€5 ] 7T < €5 aJ
E arccos - - E arccos ——
2 - 2R’

j=1
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Example 1 Put aj = 2+ .15, j = 1,5 and Z?Zl B; = /2, where B < 0, then
there is a pentagon P(2.1,---,2.5;01,--+,05), see Figure 4. below. In this case may
be taken 2r = 2.806, 2R = 2.807, namely then the radius p of the circumcircle C 5
satisfies 2.806 < 2p < 2.807. But for 85 < 0 no pentagon is there, since it is

. . 2. . . T
arccos 5, + arccos — -+ arccos — -+ arccos — — arccos — > 2p > as.
p

2p 2p 2p 2 2’

Figure 4. P(2.1,--+,2.5;B1,---,5) with Y2°_, 8; = 5; 1 < 0.

Theorem 1 Ifa; =a, j =1,n, then for each angle

Bk =(n—2k)-,  k=L[n-1)2

there is a k-chordal equilateral n-gon P(a; B(k)).
Proof. It is easy to see that for 2p, = a/ cos(n — 2k) 7= it is
narccos —— = (n— Qk)z.
2/);c 2

As an ilustration of this result we give the case of equilateral 2-chordal pentagon
P(1;3(2)) presented on Figure 5.:
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Figure 5. 2 - chordal pentagon P(1,3(2))

3  Number of k-inscribed chordal polygons

Let s[n] be defined by

(11) s[n] == [n;1]+[n_3]+[n;5]+~--+2+1.

Theorem 2 Ifa; = --- = a, = a, then the number of k-inscribed chordal n-gons
wich have not equal radii cannot overgrow s[n.

Proof. From (n —2v)3(k,v) = (n — 2(k + v))w/2 it follows that

(12) st = (1- 25 ) 5.

n— 2v

where

repn [ e o [ ke [

Then by the Theorem 1. using the notation v = §{m/| §,, < 0} introduced in Lemma
1. we deduce that there are

[n—?u—l

2 :| pOlngl’lS P(a;ﬁ(k7y))v ke {1727' ) |:n_221/_1:| } .

Let us remark that here k refers to the term k-inscribed polygon in Definition 2. Now
obvious transformations lead to the assertion of the theorem.

As an example we give the heptagon with parameters a = 1, £k =1, v = 2. If
i1 = 1, ia = 5 (compare (8)), then the heptagon P(1;i; = 1,49 = 5) is presented on
Figure 6 a). On Figure 6 b) the heptagon P(1;i; = 1,i2 = 2) is shown. Although
these heptagons are not equal, they have equal radii.
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Figure 6. a) Heptagon P(1;i; = 1,i5 = 5); b) Heptagon P(1;i; = 1,15 = 2)

Remark 1 If n is even then there is one more equilateral n-gon A = Ay --- A,
where Ay = A3 =---=A,_1, Ao =Ay=--- = A,. But in the Notice 3 terminology
speaking it is not included in s[n].

In the following considerations it is very important to see that the number of
different radii of corresponding circumcircles of the chordal polygons is less then s[n]
ifn > 7. So, for example when n =9 then the 3-chordal enneagon and the 1-inscribed
chordal enneagon with three negative angles have equal radii since 3(3,0) = w/6 =
8(1,3).

Generally speaking if n — 2i and n — 2j are different entries of the sequences
nn—2n—4,---,3 where n is odd
nn—2n—4,---,4 where n is even

and GCD(n — 2i,n — 2j) > 3(4) for n odd (even) respectively, then the number of
different radii is less then s[n].

In the continuation we introduce the symbol

worlal = [+ (1) 2+ (00 ) [0+ () 2.

where

(14) n2u_{3 n in odd

4 n in even.

Having in mind Theorem 2 and the dicussion about Figure 3, we give the following
hypothesis.
Conjecture. There are the lengths aq,- - -, a, such that the number of different radii
of the circumcircles is at least o [n].

Here we point out that we have proved the assertion of the Conjecture for n =
3,4,5,6,7. Something about this will be exposed in following examples.

Intuitively, this conjecture is very reasonable having in mind the following fact (in
connection to Figure 3): if €1, - -, €, are different positive numbers, a; = a +¢;, j =

1,n and
n
p =na+ Z €5,
j=1

then
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p—(at+e)#p—(ate)
whenever j # .
Example 2 As in Example 1 consider pentagon with the given side lengths a; =

2 + .15, j = 1,5. (There is shown that 35 has to be positive!). Then using the
equations

) ™

(15) 51+"'+65:(5_2(J+V))§a

we find that

H j \ v \ negative angle \ 2p € H

110 none (3.9,4)
210 none (3.50,2.51)
111 B (2.806,2.807)
11 Ba (2.750,2.760)
111 03 (2.680,2.690)
11 B (2.604, 2.605)

But, if we put e.g. a; = 3+ .15, j = 1,5, then 5 < 0 is acceptable as well. Namely,
then there is 3.6 < 2p < 3.7 such that

5
a; m a; ™
arccos — < — arccos — > —.
Z:l 3.6 2’ z:l 3.7 2
i=

Thus by (15) we deduce that there are at least o[5] = 7 chordal pentagons whose
sides have the lengths a; = 3 + .15, 7 = 1,5, and the corresponding radii p; of the
circumcircles are different.

In the case n = 7; a; =5+ .15, j = 1,7, it can be shown that there are o[7] = 38
chordal heptagons with different corresponding radii of its circumcircles. As we can
see by (13) the number o[n] increases with the n growing: o[5] =7, a[6] =8, o[7] =
38, o[8] =47, o[9] = 187, etc.

4  Classes of related polygons and their main
equations

In this section we consider certain relationships between polygons which possess the
sides with same lengths. Firstly we introduce the term related polygons.

Definition 4 Let aq,---,a, be given lengths and let X = X;---X,,, Y =Y1---Y,
be chordal polygons with the property that the lengths of their sides satisfy

(16) T; = Yi = Gy, 1= 17”'

Then we say that X and Y are related polygons (with respect to their sides); the set
consisting from all related polygons with respect to given ay, - - -, a, we denote with the
symbol Cp(ay, -, an).
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In our next considerations we deal according to the Notice 1; also whenever we consider
a polygon from Cy(a1,- -, a,) we will assume that no (; vanishes (Notice 3).

Let ay,- -, ay, be already known and let X € Cy,(ay, - -, ay) and choose the angles
Bj, 7 = 1,n so that X = P(a1,---,an; 01, -, 0n). If j is the index of X and v =
#{m| B < 0}, then by (3) we get

) 7r
Prt -t fn= =20 +v))5.
Hence we have the following equalities

(17) COS(ﬁl + -+ ﬁn) = 07 n Odd7
(18) sin(B1+--+ 06, = 0, n even.

Using the symbol 6; we can transform the above two equalities into
(19) 62 - 6; + GZ — (—1)9162_1 = 0, modd
(20) 6? - 6; + 6; — (—1)0262_1 = 0, mneven

where ; = (1+3+54+---4+n)+1,0=(1+3+5+---+(n—1))+ 1. Now, the
following steps will be done in (19) and (20). Replace sin §; with

2
(9
2 )
and put a;/(2p) instead of cos 8;. Then rationalizing and simplifying (19) and (20)
in p these equations become

(21) Fi(ay,--,an;p) = 0, modd
(22) Fy(ay, - ,an;p) = 0, n even,
where F, (a1, -, an;p) are polynomials in p, m =1, 2.

Definition 5 The equation (21) or (22) is said to be the Main Equation concerning
the k - inscribed polygons in Cp(ay,---,ay) for each k admissible in the sense of
Definition 2.

Example 3 In this example we consider the main equation of chordal n-gons in
Cpn(1,---,1), when n is odd. Take n = 9. Let P(1;51(k,v), --,Bo(k,v)) be k - in-
scribed enneagon with v negative angles. Of course, it could be v € {0,1,2,3} and it
is unessential which v angles are negative, since the depeneding radii of corresponding
circumcircles equals in length.

As |Bu(k,v)| = --- = |Bo(k, )|, let B(k,v) = |B1(k,v)| > 0. Then

(9 —2v)8(k,v)
= ((9—2v)=-2K)F =(9—-2(k+v))7.

Bi(k,v) + -+ Bo(k,v)

Consequently
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B(k,0) = (9-2k)75, k=1,2,3,4,
Bk, 1) = (7—-2k){, k=1,2,3,
B(k,2) = (5-2k){5, k=1,2,
B(1,3) = .
Hence we have
(23) cos96(k,0) = 0, k=1,2,3,4,
(24) cos 76(k, 1) 0, k=1,2,3,
(25) cos55(k,2) 0, k=1,2,
(26) cos33(1,3) = 0.

Now, from(23-26) using the well - known trigonometric equality

n

cosna = cos” o — ( 9

it is easy to see that

) cos" 2 asin?a + <

n

4 )cos”_4<stin404—---7

1. 2) = cos B(k,0), k =1,2,3,4 are the positive roots of the equation

(27)2° — 3627 (1 — 2?) 4+ 1262°(1 — 2%)? — 4223 (1 — )% + 9z(1 — zH)* = 0,

2. x} = cos B(k,1), k =1,2,3 are the positive roots of the equation
(28) 2" —212°(1 — 2%) + 3523(1 — 2%)? — 72(1 — 2?)% = 0,

3. 27 = cos B(k,2), k = 1,2 are the positive roots of the equation
(29) 2 —102%(1 — 2%) + 5x(1 — 2%)* = 0,

4. 23 = cos 3(1, 3) is the unique positive root of

(30) 23— 32(1—=x

Let the left hand sides of the equations (27-30)
respectively. Then the main equation of the cho
the form

(31)

where & = 1/(2p). Its positive roots are

1
Tk = ) =0 ,
kau
V= ;
V= )
v =

) =o0.

be denoted by f;(z), j = 9,7,5,3
rdal enneagons from Cy(1,---,1) of

F(z) = fo(x) f7(x) f5(x) f3(x),

k=1,234,
k=123,
k=1,2,

k=1,



On Equations and Properties Concerning Some Classes of Chordal Polygons 69

where py, is the circumcircle radius of P(1;51(k, v, -, Bo(k,v)).
Analogous results hold for all n odd. With respect to this question we can remark
that the coefficients of the partial polynomials f,(z) could be expressed as

@ - S (g, )(H) i-tamn

i
i=0
Now, when n =9, it is

folx) = coz® +cra” + c52° + c3x® + 1 where

O ORI R

co

9 9 2 9 3 9 4
o= L2 ) e )l ) e )2 )t ( 8 ) ( 3 ) = 576
9 9 3 9 4
Cs = 4 + 6 1 + N 9 | = 432,
9 9 4
—C3 = 6 + 8 1 = 120,
9
C1 = 8 =9.
Generally, if ¢, is the leading coefficient of f,,(x), n odd, then ¢, = 2"~1.
So the main equation of chordal n-gons in C,(1,---,1),n odd may be written in
the form
(33) fn (@) frn2(x) - f5(x) f3(x) = 0.
Of course, f;(x) in (31) are the same as in (33). The number of positive roots in the
equation (33) is at most s[n] = ”le. Also, each factor f;(x) in (33) has a root z = 0.

It is true because of cos n% =0.

Finally, as the interesting consequence of the Example 1, we get some combinatorial /trigo-

nometrical formulze. From f,(z)z~! = 0, using Viete’s formule, it follows that

o T o 3T 5 (n—2)m Cn—2
cos? — 4+ cos® — + - +cost ——— = —
2n * 2n toeet 2n A
2 T o2 3 cos? (n—2)m n
COS —_— —_— e . —_— P
2n 2n 2n 2n—1’

where ¢, _o is given by (32).

Example 4 Here we consider the main equation of chordal n-gons in C,,(1,---,1), n
even. At first concentrate to the octagon, i.e. n = 8. In the same way as in Example
3 it can be found that

Bk, 0) - @—m%, k=1,2,3,

Bk, 1) = B-kg k=12
™

sy = 4

sin86(k,0) = 0, k=1,2,3,

sin68(k,1) = 0, k=1,2,

sin4f(1,2) = 0
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Now, using the identity
sinna = < T ) cos" tasina — < g ) cos" Basinda+---,

we clearly get

1. 29 = cos B(k,0), k = 1,2, 3 are the positive roots of the equation

(34) 2’ =Tt (1 - 2%) + 72°(1 - 2®)” - (1 -2”)° =0,

2. x}, = cos B(k,1), k = 1,2 are the positive roots of the equation

(35) 3zt — 1022(1 — 2%) + 3x4(1 —2?)? =0,

3. w2 = cos (3(1,2) is the unique positive root of

(36) 222 —1=0.

Let the left hand side of equations (34-36) be denoted by f;(z), j = 8,6, 4 respectively.

Al AE
4 A
) g

Figure 7. Degenerated Cs(1,---,1) octagon with S(k,v) =0

Then the main equation of the chordal octagons from Cs(1,---,1) can be written
as
1
(37) fs(@)fo(z)fa(z) =0, x= 2’

excluding the polygon with circumcircle which possesses radius equal to 1/2. The
positive roots of (37) are now given by

T = v=0 , k=123,

v=1 ,k=1,2
v=2 | k=1
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At this point we have to discuss the case of the circumcircle C o which possesses
radius p = 1/2. As

. . n _ n _ .
smnacosasma{( 1 )cos” 2a— < 3 >Cos" 4o¢sln2o¢+...}7

there is a chordal octagon with x = 1, that means 2p = 1 (compare Figure 7). Indeed,
by
B —2v)B(k,v)=(4—-k—v)m; kE+v=4,

it is sin B(k,v) =0, cos B(k,v) = 1.

So we don’t need Notice 3 in this example. Hence, instead of (37) the main equation
of the considered octagon becomes (z — 1) f4(z)fe(z)fs(x) = 0. On the other hand
cos B(k,v) = 0 results with 8(k,v) = 7/2, see Figure 8.

Al A2 i

Figure 8. Degenerated Cs(1,---,1) octagon with g(k,v) =

In general, analogous holds for all n-gons from the class C,,(1,---,1), n > 4, n
even. Therefore the coefficients v; of the factors f,(x) in the main equation can be
expressed in the following form

‘(n 2j—2)/2 n 'L—|—]
3 sy =10 X (0,0 ) (1) d=oaEeL

=0

Now, in our case we get

fa(@) = cex8+ caxt + co2? + cO where
_ (8., (¢ 8
“ = {1 3 7
8 8 2 3
—04—s+51()(2)’
8 8 3
@ = {s5) 7)1
8
—Cp = 7 = 8.

We see that the leading coefficient ¢,,_» of f,,(x) is equal to 2”1 similarly to the odd
n case. Therefore the main equation of the chordal n-gons in the class C,,(1,---,1), n
even could be written in the form
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(z = 1) fa() fo(x) - - fr2(2) fu(2) = 0.

Finally as an application of (38) and the the Viéte’s formulse we derive the identity
cos? (g—l) % - cos? (%—2) % - cos? (2—3) %-...-COSQ%Z 2[11.

Example 5 Let aq,as2,a3,as be given lengths. The main equation of the chordal
quadrangles in Cy(a1, as,as,as) will be considered. Since

B1 +52+53+54:(4*2(]'+1/))g,

we recognize three different cases; namely (j,v) € {(1,0),(1,1),(0,2)}. For j = 1,v =
0 it is 01 + B2 + B3 + B4 = 7. So, by some heavy but straightforward trigonometry we

deduce
((cos By cos B 4 cos Bs cos 34)? — sin? f sin? 3,
— sin? 35 sin? B4)? =4 sin? 31 sin? 3, sin? B5 sin? 4.

Putting a;/(2p) instead of cos 8; and /1 — (a;/(2p))? instead of sin 3;, by rational-
izing we get the equation in p reads as follows
(39) Rip*> — Q1 =0,
with
Ry —a} — a3 — a3 — aj + 2(a?a3 + a2d? + a3a? + a3a3
a%a? + a%a?) + 8ajazazay,
arazazas(ai + a3 + a3 + af) + afa3(ai + af) + ajai(af + a3).

I+

o)

Figure 9. Three possible cases of Cy(a1, as,as, as) - quadrangles
Similarly for (j,v) € {(1,1),(0,2)} we have the main equation in the form
(40) Rap® = Q2 =0,

where

Ry a} + a3 + ai + aj — 2(a?a3 + a?a3 + a?a?
a3a? + a3a? + a3a3) + 8ajazazay,

ayazagas(ai + a3 + af + af) — afa3 (a3 + a3) — a3ai(af + a3).

1 |

Q2

Let us remark that Ro = Q2 = 0 when the quadrangle is equilateral. In this case (40)
has infinitely many solutions, compare the Figure 10.
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The cases (j,v) = (1,1),(0,2) are mutually exclusive, cannot be satisfied simul-
taneously. Therefore just two different circumcircles exists, consult Figure 9 where
the second circle realizes in the case j = 1,v = 1, while the third circle happens for
j=0,v=2.

By 51+ 02+ 85+ 04 = (2—j —v)7 the main equation concerning chordal polygons
living in Cy(aq, as, as,as) we obtain using sin(8; + G2 + 3 + 084) = 0. Repeating the

procedure explained about the equation (39), we get

(41)

(R1p® — Q1)(R2p” — Q2) = 0.

Figure 10. Trivial degenerated Cy(a, a, a,a) - quadrangles

Example 6 Let a1, a2, as,aq,as be given. Then

Br+ B2+ 3+ s+ 05 =(5—-2(j +v))n/2,

so we begin the main equation derivation transforming e.g.

cos(fB1 + P2 + B3) = L sin(Bs + fBs).

After hard, but obvious computation we deduce

(42)
where

G

+ + | + + |

+ + |

G'sin By sin Bs + H sin By sin B3 + K sin B3 sin §; = L

—64a3a3aiz® + 16(4da3a3a? + 2a3azal + 2a1a3a3 — ajaza3aia?)a®
8(74a§a2a§ — 4a1a§a§ — 2a1a2a§ — a‘;’a‘;’ + alazagai + a1a2a§a§

arazaia?)z® + 4(a1a3 + atas + 3ayaza3 — ajaza? — ajasa?)rt,

—64ata3a3zi® + 16(4a2a3a3 + 2atasa3 + 2ajadas — atazazaia?)x®
8(—4alaqza3 — 4ata3as — 2ajazas — ajai + atazazai + atasasza?

asazala?)z® + 4(aza3 + ajaz + 3alazaz — azazal — asaza?)z?,

—64a3aia3zri® + 16(4a3a3a3 + 2a1aia3 + 2a3adas — aja3azaia?)a®
8(—4dajaZal — datadaz — 2a1a3a3 — alad + a1a3azal + ajadaza?

arazata?)z® + 4(ara3 + adas + 3ara3as — arazal — ajaza)xt,



74

M. Radié¢, T. K. Pogéany, V. Kadum

—64ajasasr? + 16(4a2ajaj + data3ai + dataial — ala2aZa?a?)z'0
8(—8alaZaj — 8alaja? — 8ajada? — afa3 — atai — aja}

a%a%a%ai + a%a%a%a% + a%a%aia% + a%a%aia% + a%a%aia%)xs
4(2a%a3 + 2ata3 + 2a2ai + 2ata? + 2a3ai + 2a3a3 + 15a%a3a3
20202 — a2ala? — a2a2a? — aZala? — a2ada? — aZala} — adalald
— a2a%a? — a3a2a?)2% + (—af — aj — a} — a} — a2 — 6a%a3 — 6a3a3

—  6a2a3 + 2a2a3 + 2a2a2 + 2a3a3 + 2a3a? + 2a%a? + 2a2a? + 2a3a2)2?,

+ 4+

and the abreviation z = 1/(2p) is used.

(43)

Now, transforming once more (42), writing s; = sin §;, we have

4s1s5(HK s34+ GL)? = (L? + G?s}s3 — H?s3s5 — K?s7s3)%.

The equation (43) can be written in the form f(x) = 0, where f is a polynomial in
z. To write this polynomial explicitely we need few pages therefore it is omitted. We
shall here restrict ourselves to the use of the form (43) and consider the following
special cases.

(i) Let a1 = as = a3 = 1,a4 = a5 = /2. In this case there are pentagons where

sin §; sin Bk, 7,k € {1,2,3}, j # k are all positive. Then, (43) becomes

i 2562° — 5122 + 3522* — 9222 + 9 = 0,
where x1 3 = cos % is its double root (compare the first and the second pentagon
on the Figure 11). Let us remark that x3 = cos 5 = % is not the root of (i)

4
but the root of (#? — 1)G = L which becomes 1622 — 7 = 0. Thus 2p3 = 7
is the diameter of the circumcircle of the third pentagon. Finally, it is not hard
to see that if three consecutive sides of the chordal pentagon have the same
lengths, then at most three different circumcircles could arise.

(ii) Let a1 = a3 = a3 = 1,a4 = 2,a5 = 3. Then there is only one pentagon whose

sides have given lengths (Figure 11). Since

G=H=K = —642'0 — 44828 + 30425 — 3224,
L = —642'? — 384210 + 75228 — 4802° + 3224,

the equation (43) becomes now
162% — 9625 + 188z* — 9322 +8 = 0.
we find that 3.0364 < 2p < 3.0365 since

1 2 3 _ 0
3 arccos gggaz + arceos ggagg + arceos ggas; = 269.990 < 2
_ Py
3 arccos 3.0365 + arccos 370365 + arccos 30365 — 27001 >

Let us remark that using the equation (z? — 1)G = M we deduce z = 0 or
p = 0o, compare the second pentagon on Figure 11.
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Figure 11. P(1,1,1,2,3) pentagons with 2p; ~ 3.0364, 2ps = o0

(iii) Now, let a; = a3 = 1,a3 = 2,a4 = 3,a5 = 4. Then two pentagons are there
whose sides have these given lengths, see Figure 12. Since

—10242'0 — 79362° + 143225 — 4424,
—512210 — 377628 + 228825 — 1362* = K,
= —10242'2 — 691220 + 936828 — 378025 + 179x%,

S
I

then (43) can be written as

+2(1 —2?)(HK(1 —42*) + GL) = L*+G?*(1—2?)?
(H? + K?)(1 — 2?)(1 — 42?),

which means
i 41 -22)1-42>)H?=(L-G(1 —2?))?, L+(1-2?)G=0,

where the first equation in (iii) corresponds to the sign +, and the second one
to sign — in its initial equation.

Figure 12. Pentagons P(1,1,2,3,4) with 2p; ~ 4.12004, 2p2 ~ 4.13118

From the first equation we obtain 4.12004 < 2p; < 4.12005, and for the second
one it is 2pg ~ 4.13118 (it is the diameter of the circumcircle of the the triangle
A3 A4As5 on the Figure 12).

(iv) Let aj = j, j = 1,5. Then there are only two different radii - the second and
the third pentagon have equal diameters, compare Figure 13.
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Figure 13. Pentagons P(1,2,3,4,5) with 2p; ~ 5.43513, 2p,y &~ 507762

The diameters of these are 5.43513 < 2p; < 5.43514 and 5.07762 < 2ps <
5.07763.

5 On properties of main equation
It is clear that the main equations

21 Fi(ay, - ,an;p) =0, n odd

22 Fy(ay, - ,an;p) =0, n even
have the following properties.

1. The radius of the circumcircle of k - inscribed chordal polygon whose sides have
the lengths aq, - -, a, is a positive root of the equation (21) or (22).

2. The equations (21), (22) depending on a4, - - -, a,, may have no one positive root,
may have exactly one positive root or may have at least o[n] positive roots if
our Conjecture is true.

Here we give an another property of the main equation.

Theorem 3 The positive roots of the main equations (21), (22) are the radii of the
circumcircles of the chordal n-gons whose sides have the lengths ay,- -, an,.

Proof. Let n be odd. We transform cos(f8; + - - - + 8,) = 0 into the form
n n n n
S -6,+6, -+ (-G, =0,

where §; = (14+3+5+4+---4+ (n—1)) + 1, compare (19). Expressing sin 3; from the
previous equality, we have
(44) U1 sin 51 = V1;

no integer (; exists that sin%¢t1 (1 is a factor of addends in U; or Vi unless sin%¢+2 01
is a factor there as well.
By squaring (44) we get UZ sin® 3; = V2. Writing this equality as

(45) Uz sin By = V3,
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we deduce that no integer (s is there that sin?27! 3, is a factor of an addend in U
or of V5 unless sin®2%2 3, is a factor as well.
Repeating this procedure we finish with

(46) U2 sin’ 3, = V2.

Now we replace

2\ ¢
(47) ;—; — cos 3}, (1 - (aj) > — sin® §;

in all n equalities

Ufsin?=V?2  1=1,n.

This iterative procedure ends with (46), which gives us equation (21).
If p,,, is a positive root of (21), let p be the first integer with the property that p,,
is a root of algebaric equation obtained by the replacement procedure (47) from

(48) UZsin® B, = V2.

Then the following cases arise
® p,, is a root of the equation which originates back to U, sin 8, =V,
® p, is a root of the equation which originates back to U, sin 8, = —V,,.

In both cases py, is the radius of the circumcircle C A of the chordal n-gon A with
side lengths a1, - -, a,, whose angles are not all of the same sign.
Similar holds for n even.

Remark 2 We point out that
Ug sin? 3, = sz
may generate the main equation of the chordal polygon for p < n.
Example 7 So, consider e.g. a equilateral pentagon with unit side lengths. Then
(49) cos(48 + (~1)9 ) = 0,

since in this case only one angle may be negative. Transforming (49) we derive the
equation
64 cos® 5 — 128 cos* B+ 80cos? 5 —15=10

or
(50) 1508 — 20p7 + 80p2 — 1 =0,

where pgcosB(k) =1, k=1,2,3 and

™

B =30, 8= 10, BB =,

(=}
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1
2cos §

Figure 14. P(1) pentagons with p; = =5, po = 5——~—, p3 =
2cos 515 2 cos {5
Adopting the expression (43) in the Example 4 to our case, it becomes
(51) 2562® — 7042° + 7042* — 30022 + 45 = 0,

with positive solutions

T
T3 = CoSs —.

T T
I1 = COS —, Iy = COS—
’ 10’ 6

10
Thus 2p;z; =1, j = 1,2, 3, see Figure 14.
Also, let us remark that the equation (50) can be rewritten into

(5px — 5p1 +1)(3pi — 1) =0,

and then we have at most

=[5 5] cavims

positive roots.

Consider at the end a new kind of n-gons. Denote A(1) = A = A4; --- A, as above,
and let A > 2 positive integer. Then we are interested in the An-gon

which circumcircle C A coincides with C AQ) Now, the new class of An-gons

Chn((a1,--+,an)y), say, we build with the polygons A()) whose initial side lengths
are ai,- -+, a, using it A times.

Theorem 4 Let aq,---,a, be given lengths and let s and t be positive integers such
that s|t. Then

F((a1, -+, an)s; p)|F((a1, -+, an)e; p)s

where F((a1,--+,an)s;p) = 0 and F((ay,---,an); p) = 0 are the main equations of
the polygons in Csn((a1, -, an)s) and Cp,((a1,- -+, an)t) respectively.

Proof. Firstly it could be say that the assertion of the Theorem is evident, since the
polygons A(s), A(t) have equal diameters. Of course, it can be deduced the same
using the properties of sine and cosine too. Namely, noting 7 = 81 +- - - + 3,,, we have
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(52) sin(s7)|sing(sT) ¢ integer,
(53) cos(sT)| cosq(sT) g odd,
(54) sin(s7)|sing(sT) ¢ even.

Starting with sin(s7) = 0 we get F'((a1, -+, an)s; p) = 0, and starting with sin ¢(s7)/ sin(s7)
we finish with the equation T'((a1,---,an)q; p) = 0, that

F((ala e ,an)s;p)T((a1,~ e 7an)q;p) = F((alv' : 'aan)ﬁp)'

Similarly we get the assertions for (53) and (54).
Example. The circumcircles of triangle A(1) = A; A3 A3 and the hexagon A(2) have
the same diameters. Using

™

51+52+ﬁ3+51+52+ﬂ3=(6—2(j+V))2

we have sin 2([31 + 52 + 53) = O, ie. sin(ﬂl + 52 + ﬂg) = 07 COS(ﬁl + 52 + 53) = 0.
Starting with cos(81 + 02 + (3) = 0, we obtain the equation F'(a1,as,as;p) = 0 and
transforming sin(y + 2+ f3) = 0 we finish the computation with T'(a1, as, as; p) =0,
SO

F((a1,a2,a3)2;p) = F(a1,az,a3;p)T (a1, az2,a3;p) = 0.

The diameter of CA(l) and CA(z) is a root of the equation F(ay,as,as;p) = 0.
The diameters of the circumcircles of all other hexagons (whose sides have prescribed
lengths) are the roots of T'(a1,as,as; p) = 0. In this case the equations are:

F(ai,az,a3;p) = (4a%a3a3z? —2a2a3 — 2a3a3 — 2a3a3 + af + a3 + a3)2* = 0,
T(ar,a2,a3;p) = 4afa3a3a’ — (20703 + 20703 + 20303 + ai + a5 + ag)a’

+ 2(a?+a3+a3)r?—-1=0,

where z = 1/(2p).
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