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A STUDY ON ABSOLUTE FACTORS FOR A TRIANGULAR

MATRIX

(DEDICATED IN OCCASION OF THE 65-YEARS OF

PROFESSOR R.K. RAINA)

W. T. SULAIMAN

Abstract. In this paper a result concerning summability factors theorem for
lower triangular matrices is presented. This result generalized and extend the

result of Savas [1].

1. Introduction

Let T = (tnv) be a lower triangular matrix, (sn) be the sequence of the n-th
partial sums of the series

∑
an, then, we define

Tn :=

n∑
v=0

tnvsv. (1.1)

A series
∑
an is said to be summable ∣ T ∣k, k ≥ 1, if

∞∑
n=1

nk−1 ∣ ΔTn−1 ∣k<∞. (1.2)

One of the most interesting cases of ∣ T ∣k-summability is the case when T is chosen
to be the Cesaro matrix. That is by putting

tnv =
A�−1n−v
A�n

, v = 0, 1, ..., n, A�n =
Γ(n+ �+ 1)

Γ(�+ 1)Γ(n+ 1)
, n = 0, 1, ... .

Given any lower triangular matrix T one can associate the matrices T and T̂ , with
entries defined by

tnv =

n∑
i=v

tni , n and i = 0, 1, 2, ..., t̂nv = tnv − tn−1,v,
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respectively. With sn =
∑n
i=0 ai�i, we define and derive the following

tn :=

n∑
v=0

tnvsv =

n∑
v=0

tnv

v∑
i=0

ai�i =

n∑
i=0

ai�i

n∑
v=i

tnv =

n∑
i=0

tniai�i, (1.3)

Yn := tn − tn−1 =

n∑
i=0

tniai�i −
n−1∑
i=0

tn−1,iai�i =

n∑
i=0

t̂niai�i, as tn−1,n = 0. (1.4)

Xn := un − un−1 =

n∑
i=0

ûniai�i. (1.5)

We call T a triangle if T is lower triangular and tnn ∕= 0 for all n. A triangle A is
called factorable if its nonzero entries amn can be written in the form bmcn for each
m and n. Recall that t̂nn = tnn. We also assume that (pn) is a positive sequence
of numbers such that

Pn = p0 + p1 + ...+ pn →∞, as n→∞.

A positive sequence (an) is said to be almost increasing if Abn ≤ an ≤ Bbn,
where (bn) is a positive increasing sequence and A and B are positive constants
(see [1]).
A positive sequence (n) is said to be quasi �−power increasing sequence if there
is a constant K = K(�, ) ≥ 1 such that Kn�n ≥ m�m holds for all n ≥ m ≥ 1.
It should be mentioned that every almost increasing sequence is quasi �−power in-
creasing sequence for any � > 0, while the converse need not be true as for example
n = n−� , � > 0.

Here we generalize the quasi �-power increasing sequence by giving the following.
Definition.
A sequence (�n) is said to be quasi (� − )−power increasing sequence if there
exist K = K(�, ) ≥ 1 such that Kn�(log n)�n ≥ m�(logm)�m holds for all
n ≥ m ≥ 1,  ≥ 0. Clearly quasi (�− 0)−power increasing sequence is the quasi �−
power increasing sequence.

The series
∑
an is said to be summable ∣ R, pn ∣k, k ≥ 1, if

∞∑
n=1

nk−1 ∣ �n − �n−1 ∣k<∞,

where

�n =
1

Pn

n∑
v=0

pvsv.

The (C, 1)−mean of the sequence (fn) is equal to 1
n+1

∑n
v=0 fv, and we said that

f(n) = O(g(n)) if limn→∞
f(n)
g(n) = k <∞.

Very recently, Savas [1] proved the following theorem.



A STUDY ON ABSOLUTE FACTORS FOR A TRIANGULAR MATRIX 3

Theorem 1.1. Let A be a lower triangular matrix with nonegative entries such
that
(i) an0 = 1, n = 0, 1, ...,
(ii) an−1,v ≥ anv for n ≥ v + 1,
(iii)nann = O(1), 1 = O(nann),

(iv)
∑n−1
v=1 avv ∣ ân,v+1 ∣= O(ann).

Let t1n denote the n−th (C, 1) mean of (nan). If
(v)
∑∞
v=1 avv ∣ �v ∣k∣ t1v ∣k= O(1),

(vi)
∑∞
v=1 ∣ avv ∣1−k∣ Δ�v ∣k∣ t1v ∣k= O(1),

then the series
∑
an�n is ∣ A ∣k summable, k ∈ N.

The aim of this paper is to give the following three improvements to the previous
result (see Theorem 2.):
1. The lower triangular matrix we assumed is not restricted to nonnegative entries.
2. The kind of summability we obtained is ∣ A, � ∣k, � ≥ 0, in which ∣ A ∣k≡∣ A, 0 ∣k,
and k is not restricted to integers but k ∈ [1,∞).
3. An extension is made by assuming further hypothesis.

2. Results.

The following is our main result.

Theorem 2.1. Let T be a lower triangular matrix, tn denote the n−th (C, 1) mean
of the sequence (nan), and let (�n) be a sequence of numbers such that T, tn, �n are
all satisfying

n ∣ tnn ∣= O(1), 1 = O(n ∣ tnn ∣), (2.1)

n−1∑
v=1

∣ tvv ∣∣ t̂nv ∣= O(∣ tnn ∣), (2.2)

n−1∑
v=1

∣ tvv ∣∣ t̂n,v+1 ∣= O(∣ tnn ∣), (2.3)

∞∑
n=v+1

n�k ∣ t̂nv ∣= O(v�k), (2.4)

n−1∑
v=1

∣ Δv t̂nv ∣= O(∣ tnn ∣), (2.5)

∞∑
n=v+1

n�k ∣ Δv t̂nv ∣= O(v�k ∣ tvv ∣), (2.6)

∞∑
v=1

v�k ∣ tvv ∣∣ tv ∣k∣ �v ∣k= O(1), (2.7)

∞∑
v=1

v�k ∣ tv ∣k∣ tvv ∣1−k∣ Δ�v ∣k= O(1), (2.8)
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then the series
∑
an�n is summable ∣ T, � ∣k, k ≥ 1, � ≥ 0.

Furthermore if (Xn) is a quasi (�−)−power increasing sequence, 0 < � < 1,  ≥ 0,
and if (�n) is a sequence of numbers satisfying

Δ�n ≤ �, (2.9)

�n → 0 as n→∞, (2.10)

∞∑
n=1

n ∣ Δ�n ∣ Xn <∞, (2.11)

∣ �n ∣ Xn = O(1), (2.12)

m∑
v=1

v�k−1 ∣ tv ∣k

Xk−1
v

= O(Xm), (2.13)

then the conditions (2.7) and (2.8) are omitted in order to obtain the ∣ T, � ∣k
−summability of

∑
an�n.

Proof of Theorem 2.1. We have

Yn :=

n∑
v=0

t̂nv�vav =

n∑
v=1

vav
t̂nv�v
v

=

n−1∑
v=1

(
v∑
r=1

rar

)
Δv

(
t̂nv�v
v

)
+

(
n∑
v=1

vav

)(
tnn�n
n

)

=

n−1∑
v=1

(v + 1)tv

(
1

v(v + 1)
t̂nv�v +

1

v + 1
Δt̂nv�v +

1

v + 1
t̂n,v+1Δ�v

)
+
n+ 1

n
tntnn�n

=

n−1∑
v=1

(
1

v
tv t̂nv�v + tvΔv t̂nv�v + tv t̂n,v+1Δ�v

)
+
n+ 1

n
tntnn�n

= Yn1 + Yn2 + Yn3 + Yn4.

In order to prove the Theorem, by Minkowski’s inequality, we have to show that

∞∑
n=1

n�k+k−1 ∣ Ynj ∣k<∞, j = 1, 2, 3, 4.
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By Holder’s inequality

∞∑
n=2

n�k+k−1 ∣ Yn1 ∣k =

∞∑
n=2

n�k+k−1 ∣
n−1∑
v=1

1

v
tv t̂nv�v ∣k

≤
∞∑
n=2

n�k+k−1
n−1∑
v=1

v−k ∣ tvv ∣1−k∣ tv ∣k∣ t̂nv ∣∣ �v ∣k
(
n−1∑
v=1

∣ tvv ∣∣ t̂nv ∣

)k−1

= O(1)
∞∑
n=2

n�k(n ∣ tnn ∣)k−1
n−1∑
v=1

v−k ∣ tvv ∣1−k∣ tv ∣k∣ t̂nv ∣∣ �v ∣k

= O(1)

∞∑
v=1

v−k ∣ tvv ∣1−k∣ tv ∣k∣ �v ∣k
∞∑

n=v+1

n�k ∣ t̂nv ∣

= O(1)

∞∑
v=1

v�k−k ∣ tvv ∣1−k∣ tv ∣k∣ �v ∣k

= O(1)

∞∑
v=1

v�k ∣ tvv ∣∣ tv ∣k∣ �v ∣k= O(1),

in view of (2.2) and (2.7).

∞∑
n=2

n�k+k−1 ∣ Yn2 ∣k =

∞∑
n=2

n�k+k−1 ∣
n−1∑
v=1

tvΔv t̂nv�v ∣k

≤
∞∑
n=2

n�k+k−1
n−1∑
v=1

∣ tv ∣k∣ Δv t̂nv ∣∣ �v ∣k
(
n−1∑
v=1

∣ Δv t̂nv ∣

)k−1

= O(1)

∞∑
n=2

n�k(n ∣ tnn ∣)k−1
n−1∑
v=1

∣ tv ∣k∣ Δv t̂nv ∣∣ �v ∣k

= O(1)

∞∑
v=1

∣ tv ∣k∣ �v ∣k
∞∑

n=v+1

n�k ∣ Δv t̂nv ∣

= O(1)

∞∑
v=1

v�k ∣ tvv ∣∣ tv ∣k∣ �v ∣k= O(1),
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in view of (2.5), (2.6) and (2.7).

∞∑
n=2

n�k+k−1 ∣ Yn3 ∣k =

∞∑
n=2

n�k+k−1 ∣
n−1∑
v=1

tv t̂n,v+1Δ�v ∣k

≤
∞∑
n=2

n�k+k−1
n−1∑
v=1

∣ tv ∣k∣ tvv ∣1−k∣ t̂n,v+1 ∣∣ Δ�v ∣k
(
n−1∑
v=1

∣ tvv ∣∣ t̂n,v+1 ∣

)k−1

= O(1)

∞∑
n=2

n�k(n ∣ tnn ∣)k−1
n−1∑
v=1

∣ tv ∣k∣ tvv ∣1−k∣ t̂n,v+1 ∣∣ Δ�v ∣k

= O(1)

∞∑
v=1

∣ tv ∣k∣ tvv ∣1−k∣ Δ�v ∣k
∞∑

n=v+1

n�k ∣ t̂n,v+1 ∣

= O(1)

∞∑
v=1

v�k ∣ tv ∣k∣ tvv ∣1−k∣ Δ�v ∣k= O(1),

in view of (2.3), (2.4) and (2.8).
∞∑
n=2

n�k+k−1 ∣ Yn4 ∣k =

∞∑
n=2

n�k+k−1 ∣ n+ 1

n
tntnn�n ∣k

= O(1)

∞∑
n=1

n�k+k−1 ∣ tn ∣k∣ tnn ∣k∣ �n ∣k

= O(1)

∞∑
n=1

n�k ∣ tnn ∣∣ tn ∣k∣ �n ∣k= O(1),

in view of (2.7).
In order to complete the proof the rest, it is sufficient to show that

∞∑
v=1

v�k ∣ tvv ∣∣ tv ∣k∣ �v ∣k= O(1),

∞∑
v=1

v�k ∣ tv ∣k∣ tvv ∣1−k∣ Δ�v ∣k= O(1).

Now,
m∑
v=1

v�k ∣ tvv ∣∣ tv ∣k∣ �v ∣k = O(1)

m∑
v=1

v�k−1 ∣ tv ∣k

Xk−1
v

Xk−1
v ∣ �v ∣k−1∣ �v ∣

= O(1)

m∑
v=1

v�k−1 ∣ tv ∣k

Xk−1
v

∣ �v ∣

= O(1)

m−1∑
v=1

(
v∑
r=1

r�k−1 ∣ tr ∣k

Xk−1
r

)
∣ Δ ∣ �v ∣ ∣ +O(1)

(
m∑
v=1

v�k−1 ∣ tv ∣k

Xk−1
v

)
∣ �m ∣

= O(1)

m−1∑
v=1

Xv ∣ Δ�v ∣ +O(1)Xm ∣ �m ∣

= O(1)

m−1∑
v=1

Xv�v +O(1)Xm ∣ �m ∣= O(1).
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m∑
v=1

v�k ∣ tv ∣k∣ tvv ∣1−k∣ Δ�v ∣k = O(1)

m∑
v=1

v�k+k−1 ∣ tv ∣k∣ Δ�v ∣k

= O(1)

m∑
v=1

v�k ∣ tv ∣k

Xk−1
v

(vXv�v)
k−1�v

= O(1)

m∑
v=1

v�k−1 ∣ tv ∣k

Xk−1
v

v�v

= O(1)

m−1∑
v=1

(
v∑
r=1

r�k−1 ∣ tr ∣k

Xk−1
r

)
∣ Δ(v�v) ∣ +O(1)

(
m∑
v=1

v�k−1 ∣ tv ∣k

Xk−1
v

)
m�m

= O(1)

m∑
v=1

Xv�v +O(1)

m∑
v=1

vXv ∣ Δ�v ∣ +O(1)mXm�m

= O(1).

This completes the proof of the Theorem.
Recalling Lemma 2.2 and its proof.

Lemma 2.2. Let (Xn) be a quasi (� − )−power increasing sequence, 0 < � <
1,  ≥ 0, then the conditions (2.10) and (2.11) implies

∞∑
n=1

�nXn <∞ (2.14)

n�nXn <∞. (2.15)

Proof. Since �n → 0, then Δ�n → 0, and hence
∞∑
n=1

�nXn ≤
∞∑
n=1

Xn

∞∑
v=n

∣ Δ�n ∣=
∞∑
v=1

∣ Δ�v ∣
v∑

n=1

Xn

=

∞∑
v=1

∣ Δ�v ∣
v∑

n=1

n�(log n)Xnn
−�(log n)−

= O(1)

∞∑
v=1

∣ Δ�v ∣ v�(log v)Xv

v∑
n=1

n−�(log n)−

= O(1)

∞∑
v=1

∣ Δ�v ∣ v�(log v)Xv

v∑
n=1

n�(log n)−n−�−�, 0 < � < � + � < 1

= O(1)

∞∑
v=1

∣ Δ�v ∣ v�(log v)Xvv
�(log v)−

v∑
n=1

n−�−�

= O(1)

∞∑
v=1

∣ Δ�v ∣ v�+�Xv

∫ v

0

x−�−�dx

= O(1)

∞∑
v=1

∣ Δ�v ∣ v�+�Xvv
1−�−�

= O(1)

∞∑
v=1

v ∣ Δ�v ∣ Xv = O(1),
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in view of (2.11).

n�nXn = nXn

∞∑
n=v

Δ�v ≤ nXn

∞∑
n=v

∣ Δ�v ∣

= n1−�(log n)−n�(log n)Xn

∞∑
n=v

∣ Δ�v ∣

≤ n1−�(log n)−
∞∑
n=v

v�(log v)Xv ∣ Δ�v ∣

≤
∞∑
n=v

v1−�(log v)−Xvv
�(log v)Xv ∣ Δ�v ∣

=

∞∑
n=v

vXv ∣ Δ�v ∣<∞,

in view of (2.11). □

Corollary 2.3. Let (pn) be a positive sequence such that Pn =
∑n
v=0 pv → ∞, tn

denote the n−th (C, 1) mean of the sequence (nan), and let (�n) be a sequence of
numbers such that pn, tn, �n are all satisfying

npn = O(Pn), Pn = O(npn), (2.16)

∞∑
n=v+1

n�k
pn

PnPn−1
= O(v�k/Pv−1), (2.17)

∞∑
v=1

v�k
pv
Pv
∣ tv ∣k∣ �v ∣k= O(1), (2.18)

∞∑
v=1

v�k
(
Pv
pv

)k−1
∣ tv ∣k∣ Δ�v ∣k= O(1), (2.19)

then the series
∑
an�n is summable ∣ R, pn ∣k, k ≥ 1, � ≥ 0.

Furthermore if (Xn) is a quasi (�−)−power increasing sequence, 0 < � < 1,  ≥ 0,
and if (�n) is a sequence of numbers satisfying (2.9)-(2.13), then the conditions
(2.17) are (2.18) omitted in order to obtain the ∣ R, pn ∣k −summability of

∑
an�n.

Proof. The proof follows from Theorem 2.1 by putting T ≡ (R, pn), that is

tnv =
pv
Pn

, t̂nv =
pnPv−1
PnPn−1

, Δv t̂nv = − pnpv
PnPn−1

.

□
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