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SPACES OF DLp-TYPE AND A CONVOLUTION PRODUCT

ASSOCIATED WITH THE RIEMANN-LIOUVILLE OPERATOR

(DEDICATED IN OCCASION OF THE 65-YEARS OF

PROFESSOR R.K. RAINA)

C.BACCAR AND L.T.RACHDI

Abstract. We define and study the spaces Mp(ℝ2), 1 ⩽ p ⩽ +∞, that are

of DLp -type. Using the harmonic analysis related to the Fourier transform
connected with the Riemann-Liouville operator, we give a new characterization

of the dual space M ′
p(ℝ2) and we describe its bounded subsets. Next, we define

a convolution product in M ′
p(ℝ2)×ℳr(ℝ2), 1 ⩽ r ⩽ p < +∞, whereℳr(ℝ2)

is the closure of the space S∗(ℝ2) in Mr(ℝ2) and we prove some new results.

1. Introduction

The space DLp(ℝn); 1 ≤ p ≤ +∞; is formed by the measurable functions on ℝn
such that for all � ∈ ℕn; the function D�(f) belongs to Lp(ℝn, dx) (the space of
functions with ptℎ power integrable on ℝn with respect to the Lebesgue measure
dx on ℝn).

Many aspects of these spaces have been studied [1, 2, 6, 24]. In [8]; the authors
have defined some spaces of functions that are of DLp -type but replacing the usual

derivative by the Bessel operator 1
r2�+1

d
dr

(
r2�+1 d

dr

)
, and they have established

many results for these spaces.
In [3]; we define the so-called Riemann-Liouville operator; defined on C∗(ℝ2)

(the space of continuous functions on ℝ2, even with respect to the first variable) by

R�(f)(r, x) =

⎧⎨⎩

�

�

∫ 1

−1

∫ 1

−1

f
(
rs
√

1− t2, x+ rt
)

×
(
1− t2

)�− 1
2
(
1− s2

)�−1
dtds; if � > 0,

1

�

∫ 1

−1

f
(
r
√

1− t2, x+ rt
) dt√

1− t2
; if � = 0.
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The dual operator tR� is defined by

tR�(f)(r, x) =

⎧⎨⎩

2�

�

∫ +∞

r

∫ √u2−r2

−
√
u2−r2

f(u, x+ v)

×
(
u2 − v2 − r2

)�−1
ududv; if � > 0,

1

�

∫
ℝ
f
(√

r2 + (x− y)2, y
)
dy; if � = 0.

The operators R� and tR� generalize the mean operator R0 and its dual tR0 ([28]),
defined respectively by

R0(f)(r, x) =
1

2�

∫ 2�

0

f (r sin �, x+ r cos �) d�,

and

tR0(f)(r, x) =
1

�

∫
ℝ
f
(√

r2 + (x− y)2, y
)
dy.

The mean operator R0 and its dual tR0 play an important role and have many
applications, for example, in image processing of so-called synthetic aperture radar
(SAR) data [12, 14], or in the linearized inverse scaterring problem in acoustics [11].

The Fourier transform F� connected with the Riemann-Liouville operator R�

is defined by

F�(f)(�, �) =

∫ +∞

0

∫
ℝ
f(r, x)'�,�(r, x)d��(r, x),

where
. '�,�(r, x) = R�

(
cos(�.)e−i�.

)
(r, x).

. d��(r, x) = r2�+1

2�Γ(�+1)
√

2�
dr ⊗ dx.

We have constructed the harmonic analysis related to the Fourier transform F�

(inversion formula, Plancherel formula, Paley-Wiener theorem, Plancherel theo-
rem...)

On the other hand the uncertainty principle play an important role in harmonic
analysis, and many aspects of these principle have been studied. In particular,
the Heisenberg-Pauli-Weyl inequality [13] has been established for several Fourier
transforms [21, 22, 23].

In [17, 18, 19, 20], the author gave many generalizations of this inequality for
the usual Fourier transform. In this context, we have established in [4] an Lp −Lq
version of Hardy theorem’s for the Fourier transform F�. Also, in [16] the second
author with the other have established the Heisenberg-Pauli-Weyl inequality for
F�.

Our investigation in the present work consists to define and study some function
spaces denoted by Mp(ℝ2), 1 ⩽ p ⩽ +∞, similar to DLp , but replacing the usual
derivatives by the operator

Δ� = −(
∂2

∂r2
+

2�+ 1

r

∂

∂r
+

∂2

∂x2
).

For this, let S∗(ℝ2) be the space of infinitely differentiable functions on ℝ2,
rapidly decreasing together with all their derivatives and even with respect to the
first variable and S ′∗(ℝ2) its topological dual that is the space of tempered dis-
tribution on ℝ2 even with resect to the first variable. Then, the singular partial
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differential operator Δ� is continuous from S∗(ℝ2) into itself. Moreover, for all
T ∈ S ′∗(ℝ2) we define Δ�(T ) by

∀' ∈ S∗(ℝ2); ⟨Δ�(T ), '⟩ = ⟨T,Δ�(')⟩,

then, Δ� is also continuous from S ′∗(ℝ2) into itself.
The space Mp(ℝ2) consists off all measurable functions on ℝ2 even with respect

to the first variable such that for all k ∈ ℕ; there exists a function denoted by
Δk
�(f) ∈ Lp(d��) satisfying Δk

�(Tf ) = TΔk
�(f); where

. Tf is the tempered distribution, even with respect to the first variable given
by the function f .

. Lp(d��), 1 ⩽ p ⩽ +∞, is the space of measurable functions f on [0,+∞[×ℝ,
such that

∥f∥p,�� =
(∫ +∞

0

∫
ℝ
∣f(r, x)∣p d��(r, x)

)1/p

< +∞, 1 ⩽ p < +∞;

∥f∥∞,�� = ess sup
(r,x)∈[0,+∞[×ℝ

∣f(r, x)∣ <∞, p = +∞.

Using the convolution product and the Fourier transform F� associated with the
Riemann-Liouville operator, we establish firstly the following results which give a
nice characterization of the elements of the dual space M ′

p(ℝ2)
∙ Let T ∈ S ′∗(ℝ2). Then T belongs to M ′

p(ℝ2), 1 ⩽ p < +∞, if and only if there

exist m ∈ ℕ and {f0, ..., fm} ⊂ Lp
′
(d��);

p′ = p
p−1 , such that

T =

m∑
k=0

Δk
�(Tfk),

where

∀' ∈Mp(ℝ2); ⟨Δk
�(Tf ), '⟩ =

∫ +∞

0

∫
ℝ
f(r, x)Δk

�(')(r, x)d��(r, x);

∙ Let T ∈ S ′∗(ℝ2), p ∈ [1,+∞[, and p′ = p
p−1 . Then T belongs to M ′

p(ℝ2) if,

and only if for every ' ∈ D∗(ℝ2), the function T ∗' belongs to the space Lp
′
(d��),

where
. T ∗ ' is the function defined by T ∗ '(r, x) = ⟨T, �(r,−x)('̌)⟩, with '̌(r, x) =

'(r,−x).
. �(r,x) is the translation operator associated with the Riemann-Liouville trans-

form, defined on Lp(d��) by

�(r,x)f(s, y) =
Γ(�+ 1)

√
� Γ

(
�+ 1

2

) ∫ �

0

f
(√

r2 + s2 + 2rs cos �, x+ y
)

sin2�(�)d�.

. D∗(ℝ2) is the space of infinitely differentiable functions on ℝ2, even with respect
to the first variable and with compact support.

Next, by the fact that a subset of M ′
p(ℝ2) is bounded if, and only if it is equicon-

tinuous, we show the coming result that is a good description of the bounded subsets
of the dual space M ′

p(ℝ2)

∙ Let p ∈ [1,∞[ and let B′ be a subset of M ′
p(ℝ2). The following assertions are

equivalent

(i) B′ is weakly (equivalently strongly) bounded in M ′
p(ℝ2),
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(ii) there exist C > 0 and m ∈ ℕ, such that for every T ∈ B′, it is possible to

find f0, ..., fm ∈ Lp
′
(d��) satisfying

T =

m∑
k=0

Δk
�(Tfk) with max

0⩽k⩽m
∥fk∥p′,�� ⩽ C,

(iii) for every ' ∈ D∗(ℝ2), the set
{
T ∗ ', T ∈ B′

}
is bounded in Lp

′
(d��).

Finally, we define and study a convolution product on the space M ′
p(ℝ2) ×

ℳr(ℝ2), 1 ⩽ r ⩽ p < +∞, where ℳr(ℝ2) is the closure of the space S∗(ℝ2) in
Mr(ℝ2). More precisely
∙ Let p ∈ [1,+∞[. For every (r, x) ∈ [0,+∞[×ℝ, the translation operator �(r,x)

is continuous from Mp(ℝ2) into itself.
∙ Let 1 ⩽ r ⩽ p <∞ and q ∈ [1,+∞], such that

1

q
=

1

r
− 1

p
.

Then for every T ∈M ′
p(ℝ2), the mapping

� −→ T ∗ �

is continuous from ℳr(ℝ2) into Mq(ℝ2).

2. The Fourier transform associated with the Riemann-Liouville
operator

In this section, we recall some harmonic analysis results related to the convolution
product and the Fourier transform associated with Riemann-Liouville operator. For
more details see [3, 5, 7, 16].

Let D and Ξ be the singular partial differential operators defined by⎧⎨⎩
D =

∂

∂x
;

Ξ =
∂2

∂r2
+

2�+ 1

r

∂

∂r
− ∂2

∂x2
; (r, x) ∈]0,+∞[×ℝ, � ⩾ 0.

For all (�, �) ∈ ℂ2; the system⎧⎨⎩
Du(r, x) = −i�u(r, x);

Ξu(r, x) = −�2u(r, x);

u(0, 0) = 1,
∂u

∂r
(0, x) = 0; ∀x ∈ ℝ.

admits a unique solution '�,�, given by

∀(r, x) ∈ [0,+∞[×ℝ; '�,�(r, x) = j�

(
r
√
�2 + �2

)
exp (−i�x) , (2.1)

where j� is the modified Bessel function defined by

j�(s) = 2�Γ (�+ 1)
J�(s)

s�
= Γ (�+ 1)

+∞∑
k=0

(−1)k

k!Γ (�+ k + 1)

(s
2

)2k

,
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and J� is the Bessel function of first kind and index � [9, 10, 15, 29]. The modified
Bessel function j� has the integral representation

j�(s) =
Γ (�+ 1)

√
� Γ

(
�+ 1

2

) ∫ 1

−1

(
1− t2

)�− 1
2 exp (−ist) dt. (2.2)

Consequently, for all k ∈ ℕ and s ∈ ℝ; we have

∣j(k)
� (s)∣ ⩽ 1. (2.3)

The eigenfunction function '�,� satisfies the following properties

∙ sup
(r,x)∈ℝ2

∣'�,�(r, x)∣ = 1 if, and only if (�, �) ∈ Γ, (2.4)

where Γ is the set defined by

Γ = ℝ2 ∪
{

(i�, �); (�, �) ∈ ℝ2, ∣�∣ ⩽ ∣�∣
}
. (2.5)

∙ The function '�,� has the following Mehler integral representation

'�,�(r, x) =

⎧⎨⎩

�

�

∫ 1

−1

∫ 1

−1

cos
(
�rs
√

1− t2
)

exp (−i�(x+ rt))

×
(
1− t2

)�− 1
2
(
1− s2

)�−1
dtds; if � > 0,

1

�

∫ 1

−1

cos
(
r�
√

1− t2
)

exp(−i�(x+ rt))

× dt√
1− t2

; if � = 0.

The precedent integral representation allows us to define the Riemann-Liouville
transform R� associated with the operators Δ1 ans Δ2 by

R�(f)(r, x) =

⎧⎨⎩

�

�

∫ 1

−1

∫ 1

−1

f
(
rs
√

1− t2, x+ rt
)

×
(
1− t2

)�− 1
2
(
1− s2

)�−1
dtds; if � > 0,

1

�

∫ 1

−1

f
(
r
√

1− t2, x+ rt
) dt√

1− t2
; if � = 0.

where f is any continuous functions on ℝ2, even with respect to the first variable.
∙ From the precedent integral representation of the eigenfunction '�,�, we have

∀(r, x) ∈ [0,+∞[×ℝ, '�,�(r, x) = R�(cos(�.)e−�.)(r, x).

In the following, we will define the convolution product and the Fourier transform
associated with the Riemann-Liouville transform. For this, we use the product
formula for the function '�,� given by
∀(r, x), (s, y) ∈ [0,+∞[×ℝ,

'�,�(r, x) '�,�(s, y) =
Γ(�+ 1)
√
�Γ
(
�+ 1

2

) ∫ �

0

'�,�
(√

r2 + s2 + 2rs cos �, x+ y
)

× sin2�(�)d�. (2.6)

Definition 2.1.
(i) The translation operator associated with Riemann-Liouville transform is defined
on L1 (d��), by for all (r, x), (s, y) ∈ [0,+∞[×ℝ,

�(r,x)f(s, y) =
Γ(�+ 1)
√
�Γ
(
�+ 1

2

) ∫ �

0

f
(√

r2 + s2 + 2rs cos �, x+ y
)

sin2�(�)d�.
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(ii) The convolution product of f, g ∈ L1(d��) is defined for all (r, x) ∈ [0,+∞[×ℝ,
by

f ∗ g(r, x) =

∫ +∞

0

∫
ℝ
�(r,−x)(f̌)(s, y)g(s, y)d��(s, y),

where f̌(s, y) = f(s,−y).

We have the following properties

∙ The product formula (2.6), can be written

�(r,x)('�,�)(s, y) = '�,�(r, x)'�,�(s, y).

∙ For all f ∈ Lp(d��), 1 ⩽ p ⩽ +∞, and for all (r, x) ∈ [0,+∞[×ℝ, the
function �(r,x)(f) belongs to Lp(d��) and we have∥∥�(r,x)(f)

∥∥
p,��
⩽ ∥f∥p,�� . (2.7)

∙ For f, g ∈ L1(d��), the function f ∗ g belongs to L1(d��); the convolution
product is commutative, associative and we have

∥f ∗ g∥1,�� ⩽ ∥f∥1,�� ∥g∥ ∣1,�� .

Moreover, if 1 ⩽ p, q, r ⩽ +∞ are such that 1
r = 1

p + 1
q − 1 and if f ∈

Lp(d��), g ∈ Lq(d��), then the function f ∗ g belongs to Lr(d��), and we
have

∥f ∗ g∥r,�� ⩽ ∥f∥p,�� ∥g∥q,�� . (2.8)

In the sequel, we use the following notations

∙ Γ+ is the subset of Γ given by

Γ+ = ℝ+ × ℝ ∪
{

(it, x); (t, x) ∈ ℝ2; 0 ⩽ t ⩽ ∣x∣
}
.

∙ BΓ+
is the �-algebra defined on Γ+ by

BΓ+
=
{
�−1(B) , B ∈ BBor([0,+∞[×ℝ)

}
,

where � is the bijective function defined on the set Γ+ by

�(�, �) = (
√
�2 + �2, �). (2.9)

∙ d
� is the measure defined on BΓ+
by

∀ A ∈ BΓ+ ; 
�(A) = ��(�(A)).

∙ Lp(d
�), p ∈ [1,+∞[, is the space of measurable functions f on Γ+, such
that

∥f∥p,
� = (

∫ ∫
Γ+

∣f(�, �)∣pd
�(�, �))
1
p <∞, if p ∈ [1,+∞[,

∥f∥∞,
� = ess sup
(r,x)∈[0,+∞[×ℝ

∣f(r, x)∣ < +∞, if p = +∞.

Proposition 2.2.
i) For all non negative measurable function g on Γ+, we have∫ ∫

Γ+

g(�, �)d
�(�, �) =
1

2�Γ(�+ 1)
√

2�

(∫ +∞

0

∫
ℝ
g(�, �)(�2 + �2)��d�d�

+

∫
ℝ

∫ ∣�∣
0

g(i�, �)(�2 − �2)��d�d�
)
.
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ii) For all nonnegative measurable function f on [0,+∞[×ℝ (respectively integrable
on [0,+∞[×ℝ with respect to the measure d��) fo� is a nonnegative measurable
function on Γ+ (respectively integrable on Γ+ with respect to the measure d
�) and
we have ∫ ∫

Γ+

(f ∘ �)(�, �)d
�(�, �) =

∫ +∞

0

∫
ℝ
f(r, x)d��(r, x).

Definition 2.3. The Fourier transform associated with the Riemann-Liouville op-
erator is defined on L1(d��), by

∀(�, �) ∈ Γ, F�(f)(�, �) =

∫ +∞

0

∫
ℝ
f(r, x)'�,�(r, x)d��(r, x),

where '�,� is the eigenfunction given by the relation (2.1) and Γ is the set defined
by the relation (2.5).

We have the following properties

∙ From the relation (2.4), we deduce that for f ∈ L1(d��) the function F� (f)
belongs to the space L∞(d
�) and we have∥∥F�(f)

∥∥
∞,
�

⩽ ∥f∥1,�� . (2.10)

∙ For f ∈ L1(d��), we have

∀(�, �) ∈ Γ, F� (f) (�, �) = F̃�(f) ∘ �(�, �), (2.11)

where

∀(�, �) ∈ ℝ2, F̃� (f) (�, �) =

∫ +∞

0

∫
ℝ
f(r, x)j�(r�) exp(−i�x)d��(r, x), (2.12)

and � is the function defined by (2.9).
∙ Let f ∈ L1(d��) such that the function F�(f) belongs to the space L1(d
�),

then we have the following inversion formula for F�, for almost every
(r, x) ∈ [0,+∞[×ℝ,

f(r, x) =

∫ ∫
Γ+

F�(f)(�, �)'�,�(r, x)d
�(�, �).

∙ Let f ∈ L1(d��). For all (s, y) ∈ [0,+∞[×ℝ, we have

∀(�, �) ∈ Γ, F�

(
�(s,y)(f)

)
(�, �) = '�,�(s, y)F�(f)(�, �).

∙ For f, g ∈ L1(d��), we have

∀(�, �) ∈ Γ, F� (f ∗ g) (�, �) = F�(f)(�, �)F�(g)(�, �).

∙ Let p ∈ [1,+∞]. the function f belongs to Lp(d��) if, and only if the
function f ∘ � belongs to the space Lp(d
�) and we have∥∥f ∘ �∥∥

p,
�
= ∥f∥p,�� . (2.13)

Since the mapping F̃� is an isometric isomorphism from L2(d��) onto itself,
then the relations (2.11) and (2.13) show that the Fourier transform F�

is an isometric isomorphism from L2(d��) into L2(d
�), namely, for every
f ∈ L2(d��), the function F�(f) belongs to the space L2(d
� and we have

∥F�(f)∥2,
� = ∥f∥2,�� . (2.14)
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Proposition 2.4. For all f in Lp(d��), p ∈ [1, 2]; the function F�(f) lies in

Lp
′
(d
�), p′ = p

p−1 , and we have∥∥F�(f)
∥∥
p′,
�

⩽ ∥f∥p,�� .

Proof. The result follows from the relations (2.10), (2.14) and the Riesz-Thorin
theorem’s [25, 26]. □

We denote by

∙ S∗ (Γ) (see [3, 28]) the space of functions f : Γ −→ ℂ infinitely differen-
tiable, even with respect to the first variable and rapidly decreasing together
with all their derivatives, that means for all k1, k2, k3 ∈ ℕ,

sup
(�,�)∈Γ

(
1 + �2 + 2�2

)k1 ∣∣∣∣∣
(
∂

∂�

)k2( ∂

∂�

)k3
f(�, �)

∣∣∣∣∣ < +∞,

where

∂f

∂�
(�, �) =

⎧⎨⎩
∂

∂r
(f(r, �)) , if � = r ∈ ℝ;

1

i

∂

∂t
(f(it, �)) , if � = it, ∣t∣ ⩽ ∣�∣.

∙ S ′∗
(
ℝ2
)

and S ′∗ (Γ) are respectively the dual spaces of S∗
(
ℝ2
)

and S∗ (Γ).

Each of these spaces is equipped with its usual topology.

Remark 2.5. (See [3]) The Fourier transform F� is a topological isomorphism
from S∗(ℝ2) onto S∗(Γ). The inverse mapping is given by for all (r, x) ∈ ℝ2,

F�
−1(f)(r, x) =

∫ ∫
Γ+

f(�, �)'�,�(r, x)d
�(�, �).

Definition 2.6. The Fourier transform F� is defined for all T ∈ S ′∗(ℝ2) by

⟨F�(T ), '⟩ = ⟨T,F−1
� (')⟩, ' ∈ S∗(Γ).

Since the Fourier transform F� is an isomorphism from S∗(ℝ2) into S∗(Γ), we
deduce that F� is also an isomorphism from S ′∗(ℝ2) into S ′∗(Γ).

3. The space Mp(ℝ2)

We denote by

∙ Δ� the partial differential operator defined by

Δ� = −
(
∂2

∂r2
+

2�+ 1

r

∂

∂r
+

∂2

∂x2

)
.

∙ For all f ∈ Lp(d��), p ∈ [1,+∞], Tf is the element of S ′∗(ℝ2) defined by

∀' ∈ S∗(ℝ2), ⟨Tf , '⟩ =

∫ +∞

0

∫
ℝ
f(r, x)'(r, x)d��(r, x).

∙ For all g ∈ Lp(d
�), p ∈ [1,+∞], Tg is the element of S ′∗(Γ) defined by

∀ ∈ S∗(Γ), ⟨Tg,  ⟩ =

∫ ∫
Γ+

g(�, �) (�, �)d
�(�, �),
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From proposition 2.4 and remark 2.5, we deduce that for all f ∈ Lp(d��), 1 ⩽ p ⩽ 2,

the function F�(f) belongs to the space Lp
′
(d
�) and we have

F�(Tf ) = TF�(f̌), (3.1)

with p′ =
p

p− 1
.

On the other hand, since the operator Δ� is continuous from S∗(ℝ2) into itself; we
define Δ� on S′∗(ℝ2) by setting

∀' ∈ S∗(ℝ2), ∀T ∈ S′∗(ℝ2); ⟨Δ�(T ), '⟩ = ⟨T,Δ�(')⟩.
Then Δ� becomes a continuous operator from S ′∗(ℝ2) into itself; moreover for all
f ∈ S∗(ℝ2) and for all integer k we have

Δk
�(Tf ) = TΔk

�(f).

Definition 3.1. Let p ∈ [1,+∞]. We define Mp(ℝ2) to be the space of measurable
functions f on ℝ2, even with respect to the first variable, and such that for all
k ∈ ℕ there exists a function Δk

�(f) ∈ Lp(d��), satisfying

Δk
�(Tf ) = TΔk

�(f), in S ′∗(ℝ2).

The space Mp(ℝ2) is equipped with the topology generated by the family of
norms


m,p(f) = max
0⩽k⩽m

∥∥Δk
�(f)

∥∥
p,��

, m ∈ ℕ,

Also, we define a distance dp, on Mp(ℝ2) by

∀(f, g) ∈Mp(ℝ2), dp(f, g) =

∞∑
m=0

1

2m

m,p(f − g)

1 + 
m,p(f − g)
.

Then, a sequence (fk)k∈ℕ converges to 0 in
(
Mp(ℝ2), dp

)
if,and only if

∀m ∈ ℕ; 
m,p (fk) −→ 0
k→∞

.

In the following, we will give some properties of the space Mp(ℝ2).

Proposition 3.2.
(
Mp(ℝ2), dp

)
is a Frchet space.

Proof. Let (fm)m∈ℕ be a Cauchy sequence in (Mp(ℝ2), dp) and (Δk
�(fm))m∈ℕ ⊂

Lp(d��), such that

Δk
�(Tfm) = TΔk

�(fm), k ∈ ℕ.

Then, for all k ∈ ℕ; (Δk
�(fm))m∈ℕ is a Cauchy sequence in Lp(d��). We put

gk = lim
m→+∞

Δk
�(fm), k ∈ ℕ, (3.2)

in Lp(d��). Thus,

∀ k ∈ ℕ; lim
m→+∞

Δk
�(Tfm) = lim

m→+∞
TΔk

�(fm) = Tgk , in S ′∗(ℝ2).

Since the operator Δ� is continuous from S ′∗(ℝ2) into itself and using the relation
(3.2) we deduce that for all k ∈ ℕ

Δk
�(Tg0) = Tgk

This equality shows that the function g0 belongs to the space Mp(ℝ2) and that for
all k ∈ ℕ, Δk

�(g0) = gk.
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Now, the relation (3.2) implies that the sequence (fm)m converges to g0 in
(Mp(ℝ2), dp) □

Remark 3.3. The operator Δ� is continuous from Mp(ℝ2) into itself. Moreover,
for all m ∈ ℕ; we have

∀f ∈Mp(ℝ2); 
m,p(Δ�(f)) ⩽ 
m+1,p(f).

We denote by
∙ C∗(ℝ2) the space of continuous functions on ℝ2, even with respect to the first

variable.
∙ E∗(ℝ2) the subspace of C∗(ℝ2)consisting of infinitely differentiable functions

on ℝ2.

Proposition 3.4. Let p ∈ [1, 2] and f ∈Mp(ℝ2) then

(i) For all k ∈ ℕ, the function

(�, �) 7−→ (1 + �2 + 2�2)kF�(f)(�, �)

belongs to the space Lp
′
(d
�), with p′ = p

p−1 .

(ii) Mp(ℝ2) ∩ C∗(ℝ2) ⊂ E∗(ℝ2).

Proof. (i) Let f ∈Mp(ℝ2), 1 ⩽ p ⩽ 2. From the relation (3.1), we have

F�(Δk
�(Tf )) = F�(TΔk

�(f)) = TF�(Δk
�(f̌)).

On the other hand,

F�(Δk
�(Tf )) = (�2 + 2�2)kF�(Tf ),

= T(�2+2�2)kF�(f̌),

hence,

(�2 + 2�2)kF�(f) = F�(Δk
�(f)),

this equality, together with the fact that the function F�(Δk
�(f)) belongs to the

space Lp
′
(d��) implies (i).

(ii) Let f ∈ Mp(ℝ2) ∩ C∗(ℝ2). From the assertion (i) and the relations (2.11)
and (2.13), we deduce that for all k ∈ ℕ, the function

(�, �) 7−→ (�2 + �2)kF̃�(f)(�, �),

belongs to the space Lp
′
(d��). Hence, by using Hölder’s inequality, we deduce that

the function F̃�(f) belongs to the space L1(d��) ∩ L2(d��).

On the other hand, the transform F̃� is an isometric isomorphism from L2(d��)

onto itself, then from the inversion formula for F̃�, and using the continuity of the
function f , we have for all (r, x) ∈ ℝ2,

f(r, x) =

∫ +∞

0

∫
ℝ

F̃�(f)(�, �)j�(r�) exp (i�x)d��(�, �). (3.3)

Then, the result follows from the derivative theorem, the relations (2.3) and (3.3).
□

Proposition 3.5. Let p ∈ [1, 2]. Then, for all � ∈ [2,+∞],

Mp(ℝ2) ∩ C∗(ℝ2) ⊂M�(ℝ2).
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Proof. Let f ∈ Mp(ℝ2) ∩ C∗(ℝ2), p ∈ [1, 2], � ⩾ 2 and �′ = �/(� − 1). From
proposition 3.4, we deduce that f ∈ E∗(ℝ2) and that for all k ∈ ℕ, the function

(�, �) 7−→ (�2 + �2)kF̃�(f)(�, �),

belongs to the space Lp
′
(d��). By applying Hölder’s inequality it follows that this

last function belongs to the space L�
′
(d��).

On the other hand, for all (r, x) ∈ ℝ2,

Δk
�(f)(r, x) =

∫ +∞

0

∫
ℝ

(
�2 + �2

)k
F̃�(f)(�, �)j�(r�) exp (i�x)d��(�, �),

= F̃�

(
(�2 + �2)kF̃�(f̌)

)
(r, x).

From proposition 2.4 and the fact that for all g ∈ L�′(d��),

∥F�(g)∥�,
 =
∥∥∥F̃�(g)

∥∥∥
�,��

,

we deduce that for all k ∈ ℕ, the function Δk
�(f) belongs to the space L�(d��). □

4. The dual space M ′
p(ℝ2)

In this section, we will give a new characterization of the dual space M ′
p(ℝ2) of

Mp(ℝ2).
It is well known that for every f ∈Mp(ℝ2), the family {Nm,p,"(f),m ∈ ℕ, " > 0},

defined by

Nm,p,"(f) =
{
g ∈Mp(ℝ2), 
m,p(f − g) < "

}
is a basis of neighborhoods of f in

(
Mp(ℝ2), dp

)
.

Hence, T ∈M ′
p(ℝ2) if, and only if there exist m ∈ ℕ and C > 0, such that

∀ f ∈Mp(ℝ2); ∣⟨T, f⟩∣ ⩽ C
m,p(f). (4.1)

For f ∈ Lp′(d��) and ' ∈Mp(ℝ2), we put

⟨Δk
�(Tf ), '⟩ =

∫ +∞

0

∫
ℝ
f(r, x)Δk

�(')(r, x)d��(r, x); (4.2)

with Δk
�(T') = TΔk

�('). Then

∣⟨Δk
�(Tf ), '⟩∣ ⩽ ∥f∥p′,�� ∥Δ

k
�(')∥p,��

⩽ ∥f∥p′,��
k,p('),

this proves that for all f ∈ Lp′(d��) and k ∈ ℕ, the functional Δk
�(Tf ) defined by

the relation (4.2), belongs to the space M ′
p

(
ℝ2
)
.

In the following, we will prove that every element of M ′
p(ℝ2) is also of this type.

Theorem 4.1. Let T ∈ S ′∗(ℝ2). Then T belongs to M ′
p(ℝ2), 1 ⩽ p < +∞, if and

only if there exist m ∈ ℕ and {f0, ..., fm} ⊂ Lp
′
(d��), such that

T =

m∑
k=0

Δk
�(Tfk), (4.3)

where Δk
�(Tfk) is given by the relation (4.2).
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Proof. It is clear that if

T =

m∑
k=0

Δk
�(Tfk), {f0, ..., fm} ⊂ Lp

′
(d��),

then T belongs to the space M ′
p(ℝ2). Conversely, suppose that T ∈M ′

p(ℝ2). From
the relation (4.1), there exist m ∈ ℕ and C > 0, such that

∀ ' ∈Mp(ℝ2), ∣⟨T, '⟩∣ ⩽ C
m,p(').

Let
(
Lp(d��)

)m+1

=
{

(f0, ..., fm), fk ∈ Lp(d��), 0 ⩽ k ⩽ m
}
, equipped with the

norm ∥∥∥(f0, ..., fm)
∥∥∥

(Lp(d��))m+1
= max

0⩽k⩽m
∥fk∥p,�� .

We consider the mappings

A : Mp(ℝ2) −→
(
Lp(d��)

)m+1

' 7−→ (',Δ�('), ...,Δm
� (')),

and

B : A(Mp(ℝ2)) −→ ℂ; B(A') = ⟨T, '⟩.

From the relation (4.1), we deduce that∣∣∣B(A(')
)∣∣∣ = ∣⟨T, '⟩∣

⩽ C
∥∥A(')

∥∥
(Lp(d��))m+1 ,

this means that B is a continuous functional on the subspace A(Mp(ℝ2)) of the

space
(
Lp(d��)

)m+1

. From Hahn Banach theorem, there exists a continuous ex-

tension of B to (Lp(d��))m+1, denoted again by B.

By Riesz theorem, there exist
(
f0, ..., fm

)
∈
(
Lp
′
(d��)

)m+1

, such that for all

('0, ..., 'm) ∈
(
Lp(d��)

)m+1

,

B('0, ..., 'm) =

m∑
k=0

∫ +∞

0

∫
ℝ
fk(r, x)'k(r, x)d��(r, x).

By means of the relation (4.2), we deduce that for ' ∈Mp(ℝ2), we have

⟨T, '⟩ =

m∑
k=0

∫ +∞

0

∫
ℝ
fk(r, x)Δk

�(')(r, x)d��(r, x) =

m∑
k=0

⟨Δk
�(Tfk), '⟩.

□

Proposition 4.2. Let p ⩾ 2. Then for all T ∈ M ′
p(ℝ2), there exist m ∈ ℕ and

F ∈ Lp(d
�); such that

F�(T ) = T(1+�2+2�2)mF .
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Proof. Let T ∈ M ′
p(ℝ2). From Theorem 4.1, there exist m ∈ ℕ and (f0, ..., fm) ⊂(

Lp
′
(d��)

)m+1

, p′ = p
p−1 , such that

T =

m∑
k=0

Δk
�(Tfk).

Consequently,

F�(T ) =

m∑
k=0

F�(Δk
�(Tfk)) =

m∑
k=0

(�2 + 2�2)kF�(Tfk).

From the relation (3.1), we get

F�(T ) = T(1+�2+2�2)mF ,

where

F =

m∑
k=0

(�2 + 2�2)k

(1 + �2 + 2�2)m
F�(f̌k).

□

Proposition 4.3. Let T ∈ S ′∗(ℝ2), then T ∈ M ′
2(ℝ2) if, and only if there exist

m ∈ ℕ and F ∈ L2(d
�), such that

F�(T ) = T(1+�2+2�2)mF . (4.4)

Proof. From Proposition 4.2, we deduce that if T ∈M ′
2(ℝ2), then there exist m ∈ ℕ

and F ∈ L2(d
�) verifying (4.4).
Conversely, suppose that (4.4) holds with F ∈ L2(d
�). Since F� is an isometric

isomorphism from L2(d��) into L2(d
�), then there exists G ∈ L2(d��), such that
F�(G) = F and from the relation (3.1), we have

F�(TǦ) = TF .

Consequently,

F�(T ) = F�((I + Δ�)m(TǦ)),

thus,

T =

m∑
k=0

CkmΔk
�(TǦ),

and Theorem 4.1 implies that T belongs to M ′
2(ℝ2). □

We denote by

∙ D∗(ℝ2) the space of infinitely differentiable functions on ℝ2, even with
respect to the first variable and with compact support, equipped with its
usual topology.
∙ For a > 0, D∗,a(ℝ2) the subspace of D∗(ℝ2), consisting of function f , such

that suppf ⊂ ℬ(0, a) =
{

(r, x) ∈ ℝ2, r2 + x2 ⩽ a2
}
.

∙ For a > 0, D ′∗,a(ℝ2) the dual space of D∗,a(ℝ2).
∙ For a > 0 and m ∈ ℕ, Wm

a (ℝ2) the space of function f : ℝ2 7−→ ℂ; of
class C2m on ℝ2, even with respect to the first variable and with support
in ℬ(0, a), normed by

N∞,m(f) = max
0≤k≤m

∥∥Δk
�(f)

∥∥
∞,��

.
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Lemma 4.4. For all m ∈ ℕ, there exists � ∈ ℕ sufficiently large, such that the
function

(�, �) 7−→ g�(�, �) = F̃�

( 1

(1 + r2 + x2)
�

)
(�, �), (4.5)

is of class C2m on ℝ2, even with respect to the first variable, and infinitely differ-
entiable on ℝ2 ∖ {(0, 0)}.

Proof. From the relation (2.12), we have for all (�, �) ∈ ℝ2,

g�(�, �) =

∫ +∞

0

∫
ℝ

j�(r�) exp(−i�x)

(1 + r2 + x2)
�

d��(r, x).

Using the relation (2.3) and the derivative theorem, we can choose � sufficiently
large, such that the function g� is of class C2m on ℝ2.

On the other hand, from the integral representation (2.2) of the function j� and
applying the Fubini’s theorem, we get

g�(�, �) =
1

�2�−
1
2 Γ(�+ 1

2 )

×
∫
ℝ

(∫ +∞

0

r

(1 + r2 + x2)�
( ∫ r

0

(r2 − t2)�−
1
2 cos(�t)dt

)
dr

)
exp(−i�x)dx

=
1

�2�−
1
2 Γ(�+ 1

2 )

∫
ℝ

(∫ +∞

0

cos(�t)
( ∫ +∞

t

(r2 − t2)�−
1
2

(1 + r2 + x2)�
rdr
)
dt

)
exp(−i�x)dx,

using the change of variables s = r2−t2
1+r2+x2 , we obtain

g�(�, �) =
Γ(� − �− 1

2 )

�2�+1/2Γ(�)

∫
ℝ

∫ +∞

0

cos(�t) exp(−i�x)

(1 + t2 + x2)�−�−1/2
dtdx,

=
Γ(� − �− 1/2)

2�+1/2Γ(�)

∫ +∞

0

j0(t
√
�2 + �2)

(1 + t2)�−�−
1
2

tdt.

again, from the relation (2.2), we deduce that for all x ∈ ℝ,∫ +∞

0

j0(tx)

(1 + t2)�−�−
1
2

tdt =

∫ +∞

0

cos(sx)
( ∫ +∞

s

(t2 − s2)−1/2

(1 + t2)�−�−
1
2

tdt
)
ds,

=

√
�

2

Γ(� − �− 1)

Γ(� − �− 1
2 )

∫ +∞

0

cos(sx)

(1 + s2)�−�−1
ds,

and therefore for all (�, �) ∈ ℝ2,

g�(�, �) =

√
�

2�+ 3
2

Γ(� − �− 1)

Γ(�)

∫ +∞

0

cos(s
√
�2 + �2)

(1 + s2)�−�−1
ds.

Now, from [10, 29] it follows that for all (�, �) ∈ ℝ2 ∖ {(0, 0)},

g�(�, �) =
1

2�+1Γ(�)
(
√
�2 + �2)�−�−

3
2 K�−�− 3

2
(
√
�2 + �2)

where K�−�− 3
2

is the Bessel function of second kind and index � − � − 3
2 , called

also the Mac-Donald function.
This shows that the function g� is infinitely differentiable on ℝ2 ∖ {(0, 0)}, even

with respect to the first variable. □
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Proposition 4.5. Let a > 0 and m ∈ ℕ. Then there exists no ∈ ℕ, such that
for every n ∈ ℕ, n ⩾ no, it is possible to find 'n ∈ D∗,a(ℝ2) and  n ∈ Wm

a (ℝ2)
satisfying

� = (I + Δ�)nT'n + T n
in S ′∗(ℝ2). Where � is the Dirac distribution.

Proof. Let � ∈ D∗,a(ℝ2), such that

∀ (r, x) ∈ ℝ2, r2 + x2 ⩽
a2

4
, �(r, x) = 1.

From Lemma 4.4; there exists n0 ∈ ℕ, such that for all n ⩾ n0, the function
gn is of class C2m on ℝ2, even with respect to the first variable and infinitely

differentiable on ℝ2∖{(0, 0)}. Since the transform F̃� defined by relation (2.12), is
an isomorphism from S∗(ℝ2) onto itself, and for all ' ∈ S∗(ℝ2), (r, x) ∈ ℝ2, we
have

'(r, x) =

∫ +∞

0

∫
ℝ

F̃�(')(s, y)j�(rs) exp(ixy)d��(s, y). (4.6)

Then, from the relations (4.5) and (4.6), we deduce that for all ' ∈ S∗(ℝ2), we
have

⟨(I + Δ�)nTgn , '⟩ = ⟨Tgn , (I + Δ�)n'⟩,

=

∫ +∞

0

∫
ℝ
gn(r, x)(I + Δ�)n'(r, x)d��(r, x)

=

∫ +∞

0

∫
ℝ

1

(1 + r2 + x2)n
F̃�

(
(I + Δ�)n

)
(')(r, x)d��(r, x),

=

∫ +∞

0

∫
ℝ

F̃�(')(r, x)d��(r, x),

= '(0, 0).

This means that for all n ⩾ n0; (I + Δ�)nTgn = �. Then

�(I + Δ�)nTgn = (I + Δ�)nTgn = �. (4.7)

Using the fact that the function gn is infinitely differentiable on ℝ2∖{(0, 0)}, even
with respect to the first variable, we deduce that the function

'n(r, x) = (�− 1)(I + Δ�)ngn + (I + Δ�)n((1− �)gn), (4.8)

belongs to the space D∗,a(ℝ2). From the relation (4.7), we have

T(�−1)(I+Δ�)ngn = (�− 1)(I + Δ�)nTgn = 0,

and this implies, by using the relation (4.8) that

T'n = T(I+Δ�)n((1−�)gn) = (I + Δ�)n(T(1−�)gn).

Hence,
T'n + (I + Δ�)nT�gn = (I + Δ�)nTgn = �,

and this completes the proof of the proposition if we pick  n = �gn. □

In the following, we will prove that the elements of all bounded subset ℬ′ ⊂
D ′∗,a(ℝ2), can be continuously extended to the space Wm

a (ℝ2). For this we define

some new families of norms on the space D∗,a(ℝ2).
For f ∈ D∗,a(ℝ2), a > 0, we denote by
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∙ Pm(f) = max
k1+k2⩽m

∥∥∥∥(
∂

∂r
)k1(

∂

∂x
)k2f

∥∥∥∥
∞,��

,

∙ P̃m(f) = max
k1+k2⩽m

∥∥∥∥ℓk1� (
∂

∂x
)k2f

∥∥∥∥
∞,��

,

∙ Np,m(f) = max
0≤k≤m

∥Δk
�(f)∥p,�� , p ∈ [1,+∞].

where ℓ� is the Bessel operator defined by

ℓ� =
∂2

∂r2
+

2�+ 1

r

∂

∂r
.

Lemma 4.6. (i)For all m ∈ ℕ, there exists C1 > 0, such that

∀ ' ∈ D∗,a(ℝ2), Pm(') ⩽ C1P̃m(').

(ii) For all m ∈ ℕ, there exist C2 > 0 and m′ ∈ ℕ, such that

∀ ' ∈ D∗,a(ℝ2), P̃m(') ⩽ C2Np,m′(').

Proof. (i) Let ' ∈ D∗,a(ℝ2). By induction on k1, we have

(
∂

∂r
)k1(

∂

∂x
)k2'(r, x) =

k1∑
n=0

Pn(r)(
∂

∂r2
)n(

∂

∂x
)k2'(r, x), (4.9)

where ∂
∂r2 = 1

r
∂
∂r and Pn is a real polynomial. Also, by induction, for all n ⩾ 1, we

get

(
∂

∂r2
)n(

∂

∂x
)k2'(r, x) = (4.10)∫ 1

0

. . .

∫ 1

0

ℓn�(
∂

∂x
)k2'(rt1 . . . tn, x)t

2�+1+2(n−1)
1 . . . t2�+1

n dt1 . . . dtn,

from the relations (4.9) and (4.10), it follows that for all m ∈ ℕ,

Pm(') ⩽ C1P̃m(').

(ii) Let p ∈ [1,+∞], m ∈ ℕ and m1 ∈ ℕ, such that

∥∥∥∥∥ 1(
1 + r2 + x2

)m1

∥∥∥∥∥
1,��

< +∞,
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then, for all ' ∈ D∗,a and k1, k2 ∈ ℕ such that k1 + k2 ⩽ m, we have∥∥∥∥ℓk1� ( ∂∂x)k2(')

∥∥∥∥
∞,��

=

∥∥∥∥F̃−1
�

(
F̃�

(
ℓk1� (

∂

∂x
)k2(')

))∥∥∥∥
∞,��

⩽

∥∥∥∥F̃�(ℓk1�
( ∂
∂x

)k2
')

∥∥∥∥
1,��

=
∥∥∥�2k1�k2F̃�(')

∥∥∥
1,��

⩽
∥∥∥(1 + �2 + �2)mF̃�(')

∥∥∥
1,��

=

∥∥∥∥ 1

(1 + �2 + �2)m1
F̃�

(
(I + Δ�)m+m1'

)∥∥∥∥
1,��

⩽

∥∥∥∥ 1

(1 + �2 + �2)m1

∥∥∥∥
1,��

∥∥∥F̃�

(
(I + Δ�)m+m1'

)∥∥∥
∞,��

⩽

∥∥∥∥ 1

(1 + �2 + �2)m1

∥∥∥∥
1,��

∥∥(I + Δ�)m+m1'
∥∥

1,��
,

and by Hölder’s inequality, we get∥∥∥∥ℓk1� ( ∂∂x)k2'
∥∥∥∥
∞,��

⩽

∥∥∥∥ 1

(1 + �2 + �2)m1

∥∥∥∥
1,��

(
�(ℬ(0, a))

) 1
p′ ∥∥(I + Δ�)m+m1'

∥∥
p,��

,

⩽

∥∥∥∥ 1

(1 + �2 + �2)m1

∥∥∥∥
1,��

(
�(ℬ(0, a))

) 1
p′

2m+m1Np,m+m1
(').

which implies that

P̃m(') ⩽ 2m+m1

(
�(ℬ(0, a))

) 1
p′ ∥ 1

(1 + �2 + �2)m1
∥1,��Np,m+m1

(').

□

Theorem 4.7. Let a > 0 and let B′ be a weakly bounded set of D ′∗,a(ℝ2). Then,
there exists m ∈ ℕ, such that the elements of B′ can be continuously extended to
Wm
a (ℝ2). Moreover, the family of these extensions is equicontinuous.

Proof. Let p ∈ [1,+∞[. Since B′ is weakly bounded in D ′∗,a(ℝ2), then from [27]
and Lemma 4.6 there exist a positive constant C and m ∈ ℕ, such that

∀T ∈ B′, ∀' ∈ D∗,a(ℝ2), ∣⟨T, '⟩∣ ⩽ CNp,m('). (4.11)

We consider the mappings

A :Wm
a (ℝ2) −→

(
Lp(d��)

)m+1

,

' 7−→ (Δk
�('))0⩽k⩽m,

and for all T ∈ B′,

LT : A(D∗,a(ℝ2)) −→ ℂ; ⟨LT ,A'⟩ = ⟨T, '⟩.

From the relation (4.11), we deduce that

∀' ∈ D∗,a(ℝ2); ∣⟨LT ,A'⟩∣ ⩽ C ∥A'∥(Lp(d��))m+1 ,
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this means that LT is a continuous functional on the subspace A
(
D∗,a(ℝ2)

)
of the

space
(
Lp(d��)

)m+1

, and that for all T ∈ B′,

∥LT ∥A(D∗,a(ℝ2)) = sup
∥A'∥(Lp(d��))m+1⩽1

∣⟨LT ,A'⟩∣ ⩽ C

From the Hahn Banach theorem, LT can be continuously extended to the space(
Lp(d��)

)m+1

, denoted again by LT . Furthermore, for all T ∈ B′

∥LT ∥(Lp(d��))m+1 = sup
∥ ∥(Lp(d��))m+1⩽1

∣∣⟨LT ,  ⟩∣∣
= ∥LT ∥A(D∗,a(ℝ2)) ⩽ C. (4.12)

Now, from the Riesz theorem, for all T ∈ B′, there exists (fk,T )0⩽k⩽m ⊂ Lp
′
(d��),

such that for all  = ( 0, ...,  m) ∈
(
Lp(d��)

)m+1

,

⟨LT ,  ⟩ =

m∑
k=0

∫ +∞

0

∫
ℝ
fk,T (r, x) k(r, x)d��(r, x);

with

∥LT ∥(Lp(d��))m+1 = max
0⩽k≤m

∥fk,T ∥p′,�� .

Thus, from the relation (4.12) it follows that

∀T ∈ B′, ∀k ∈ ℕ, 0 ⩽ k ⩽ m; ∥fk,T ∥p′,�� ⩽ C. (4.13)

In particular, for ' ∈ Wm
a (ℝ2), we have

⟨LT ,A'⟩ =

m∑
k=0

∫ +∞

0

∫
ℝ
fk,T (r, x)Δk

�(')(r, x)d��(r, x).

Using Hölder’s inequality and the relation (4.13), we get for all T ∈ B′ and ' ∈
Wm
a (ℝ2), ∣∣⟨LT ,A'⟩∣∣ ⩽ C(m+ 1)

(
��(ℬ(0, a))

)1/p

N∞,m('),

this shows that the mapping LT oA is a continuous extension of T onWm
a (ℝ2), and

that the family {LT oA}T∈B′ is equicontinuous, when applied to Wm
a (ℝ2). □

In the following, we will give a new characterization of the space M ′
p(ℝ2).

Theorem 4.8. Let T ∈ S ′∗(ℝ2), p ∈ [1,+∞[, and p′ = p
p−1 . Then T belongs to

the space M ′
p(ℝ2) if, and only if for every ' ∈ D∗(ℝ2), the function T ∗ ' belongs

to the space Lp
′
(d��), where

T ∗ '(r, x) = ⟨T, �(r,−x)('̌)⟩.

Proof. ∙ Let T ∈ M ′
p(ℝ2). From Theorem 4.1, there exist m ∈ ℕ and f0, ..., fm ∈

Lp
′
(d��), such that

T =

m∑
k=0

Δk
�(Tfk),
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in M ′
p(ℝ2). Thus, for every ' ∈ D∗(ℝ2);

T ∗ ' =

m∑
k=0

Tfk ∗Δk
�(') =

m∑
k=0

fk ∗Δk
�(').

Since, for all k ∈ ℕ, 0 ⩽ k ⩽ m, fk ∈ Lp
′
(d��) and Δk

�(') ∈ L1(d��); then from

the inequality (2.8), we deduce that fk ∗Δk
�(') ∈ Lp′(d��). This implies that the

function T ∗ ' belongs to the space Lp
′
(d��).

∙ Conversely, let T ∈ S ′∗(ℝ2) such that for every ' ∈ D∗(ℝ2)) the function T ∗'
belongs to the space Lp

′
(d��). For ',  in D∗(ℝ2), we have

⟨TT∗',  ⟩ = ⟨T, ' ∗  ̌⟩ = ⟨T,  ∗ '̆⟩ = ⟨TT∗ , '⟩.

Thus, from Hlder’s inequality and using the hypothesis, we obtain

∣⟨TT∗',  ⟩∣ ⩽ ∥T ∗  ∥p′,�� ∥'∥p,�� ,

from which, we deduce that the set

B′ =
{
TT∗', ' ∈ D∗(ℝ2); ∥'∥p,�� ⩽ 1

}
,

is bounded in D ′∗(ℝ2). Now, using Theorem 4.7, it follows that for all a > 0 there
exists m ∈ ℕ, such that for all ' ∈ D∗(ℝ2); ∥'∥p,�� ⩽ 1, the mapping TT∗' can
be continuously extended to the space Wm

a (ℝ2) and the family of these extensions
is equicontinuous, which means that there exists C > 0, such that for all ' ∈
D∗(ℝ2), ∥'∥p,�� ⩽ 1, and  ∈ Wm

a (ℝ2),

∣⟨TT∗',  ⟩∣ ⩽ CN∞,m( ).

This involves that for all ' ∈ D∗(ℝ2), for all  ∈ Wm
a (ℝ2),

∣⟨TT∗',  ⟩∣ ⩽ CN∞,m( )∥'∥p,�� . (4.14)

On the other hand, we have for all ' ∈ D∗(ℝ2), and  ∈ Wm
a (ℝ2),

⟨TT∗',  ⟩ = ⟨T ∗ T , '̌⟩, (4.15)

where, for all ' ∈ S∗(ℝ2),

⟨T ∗ T , '⟩ = ⟨T, T ∗ '⟩ = ⟨T,  ∗ '⟩.

The relations (4.14) and (4.15) lead to, for all ' ∈ D∗(ℝ2),

∣⟨T ∗ T , '⟩∣ ⩽ CN∞,m( )∥'∥p,�� .

This last inequality shows that the functional T ∗T can be continuously extended

to the space Lp(d��) and from Riesz theorem there exists g ∈ Lp′(d��), such that

T ∗ T = Tg (4.16)

Furthermore, from proposition 4.5, there exist n ∈ ℕ,  n ∈ Wm
a (ℝ2), and 'n ∈

D∗,a(ℝ2) satisfying

� = (I + L)nT n + T'n ,

then,

T = (I + L)n(T ∗ T n) + T ∗ T'n = (I + L)n(T ∗ T n) + TT∗'n .

We complete the proof by using the hypothesis, the relation (4.16) and Theorem
4.1. □
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In the following, we will give a characterization of the bounded subsets of
M ′

p(ℝ2).

Theorem 4.9. Let p ∈ [1,∞[ and let B′ be a subset of M ′
p(ℝ2). The following

assertions are equivalent

(i) the subset B′ is weakly bounded in M ′
p(ℝ2),

(ii) there exist C > 0 and m ∈ ℕ, such that for every T ∈ B′, it is possible to

find f0, ..., fm ∈ Lp
′
(d��) satisfying

T =

m∑
k=0

Δk
�(Tfk) with max

0⩽k⩽m
∥fk∥p′,�� ⩽ C,

(iii) for every ' ∈ D∗(ℝ2), the set
{
T ∗ ', T ∈ B′

}
is bounded in Lp

′
(d��).

Proof. (1) Suppose that the subset B′ is weakly bounded in M ′
p(ℝ2), then from

[27] B′ is equicontinuous. There exist C > 0 and m ∈ ℕ, such that

∀ T ∈ B′, ∀ f ∈Mp(ℝ2), ∣⟨T, f⟩∣ ⩽ C
m,p(f). (4.17)

As in the proof of theorem 4.7, we consider the mappings

A : Mp(ℝ2) −→
(
Lp(d��)

)m+1

,

f 7−→ (f,Δ�(f), ...,Δm
� (f)),

and for all T ∈ B′,

LT : A(Mp(ℝ2)) −→ ℂ; ⟨LT ,A(f)⟩ = ⟨T, f⟩.

Then, the relation (4.17) implies that for all ' ∈Mp(ℝ2),∣∣LT (A')
∣∣ ⩽ C∥A'∥(Lp(d��))m+1 .

Using Hahn Banach theorem and Riesz theorem, we deduce that LT can be con-

tinuously extended to
(
Lp(d��)

)m+1

, denoted again by LT , and that there exists

(fk)0⩽k⩽m ⊂ Lp
′
(d��), p′ = p

p−1 , verifying for all  = ( 0, ...,  m) ∈
(
Lp(d��)

)m+1

,

⟨LT ,  ⟩ =

m∑
k=0

∫ +∞

0

∫
ℝ
fk(r, x) k(r, x)d��(r, x),

with
∥∥LT∥∥(Lp(d��))m+1 = max

0⩽k≤m
∥fk∥p′,�� ⩽ C.

In particular, if  = A(f), f ∈Mp(ℝ2),

⟨LT ,A(f)⟩ = ⟨T, f⟩ =

m∑
k=0

⟨Δk
�(Tfk), f⟩,

this proves that (i) implies (ii).
(2) Suppose that there exist C > 0 and m ∈ ℕ, such that for every T ∈ B′ one

can find f0, ..., fm ∈ Lp
′
(d��), satisfying

T =

m∑
k=0

Δk
�(Tfk), max

0⩽k⩽m
∥fk∥p′,�� ⩽ C,
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then, for all f ∈Mp(ℝ2) and T ∈ B′,

⟨T, f⟩ =

m∑
k=0

∫ +∞

0

∫
ℝ
fk(r, x)gk(r, x)d��(r, x);

consequently,

∣⟨T, f⟩∣ ⩽ C(m+ 1)
m,p(f),

which means that the set B′ is weakly bounded in M ′
p(ℝ2) and proves that (ii)

implies (i).
(3) Suppose that (ii) holds. Let ' ∈ D∗(ℝ2), then from Theorem 4.8 we know

that for all T ∈ B′ the function T ∗ ' belongs to the space Lp
′
(d��). But

T ∗ ' =

m∑
k=0

Tfk ∗Δk
�(')

thus, for all T ∈ B′, ∥∥T ∗ '∥∥
p′,��

⩽ C(m+ 1)
m,p(').

This shows that the set
{
T ∗ ', T ∈ B′

}
is bounded in Lp

′
(d��) and therefore (ii)

involves (iii).
(4) Suppose that (iii) holds and let T ∈ B′. For all ', ∈ D∗(ℝ2), we have

∣⟨TT∗',  ⟩∣ = ∣⟨TT∗ , '⟩∣ ⩽ ∥T ∗  ∥p′,��∥'∥p,�� ,

from which, we deduce that the set{
TT∗', T ∈ B′, ' ∈ D∗(ℝ2); ∥'∥p,�� ⩽ 1

}
,

is bounded in D ′∗(ℝ2).
Now, using Theorem 4.7, it follows that for all a > 0 there exists m ∈ ℕ, such

that for all ' ∈ D∗(ℝ2); ∥'∥p,�� ⩽ 1, and T ∈ B′, the mapping TT∗' can be
continuously extended on the space Wm

a (ℝ2) and the family of these extensions
is equicontinuous. This means that there exists C > 0 such that for all T ∈ B′,
' ∈ D∗(ℝ2), and  ∈ Wm

a (ℝ2), the inequality (4.14) holds. Using the relations
(4.14) and (4.15), we deduce that the functional T ∗T can be continuously extended

on the space Lp(d��) and from Riesz theorem there exists gT, ∈ Lp
′
(d��), such

that

T ∗ T = TgT, . (4.18)

Applying again the relations (4.14) and (4.15), we deduce that for all T ∈ B′,

∥gT, ∥p′,�� ⩽ CN∞,m( ). (4.19)

Again by Proposition 4.5, it follows that there exist n ∈ ℕ,  n ∈ Wm
a (ℝ2) and

'n ∈ D∗,a(ℝ2) verifying for all T ∈ B′,

T = T ∗ � = (I + Δ�)n(T ∗ T n) + TT∗'n ,

and by the relation (4.18), we get

T = (I + Δ�)nTgT,n + TT∗'n . (4.20)

On the other hand, from the hypothesis there exists C1 > 0, such that

∀T ∈ B′, ∥T ∗ 'n∥p′,�� ⩽ C1, (4.21)
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However, by the relation (4.19), we have

∀T ∈ B′, ∥gT,n∥p′,�� ⩽ C2N∞,m('n). (4.22)

The relations (4.2), (4.20), (4.21) and (4.22) show that the set B′ is bounded in
M ′

p(ℝ2). □

5. Convolution product on the space M ′
p(ℝ2)×ℳr(ℝ2)

In this section, we define and study a convolution product on the space M ′
p(ℝ2)×

ℳr(ℝ2), 1 ⩽ r ⩽ p < +∞, where ℳr(ℝ2) is the closure of the space S∗(ℝ2) in
Mr(ℝ2).

Proposition 5.1. Let p ∈ [1,+∞[. For every (r, x) ∈ [0,+∞[×ℝ, the translation
operator �(r,x) given by Definition 2.1 (i), is a continuous mapping from Mp(ℝ2)

into itself. Moreover, for all f ∈Mp(ℝ2) and k ∈ ℕ, we have

Δk
�(�(r,x)(f)) = �(r,x)(Δ

k
�(f)), (5.1)

where

Δk
�(Tf ) = TΔk

�(f).

Proof. Let f ∈Mp(ℝ2). Since for all (r, x) ∈ [0,+∞[×ℝ, the translation operator
�(r,x) is continuous from Lp(d��) into itself; then the function �(r,x)(f) belongs to

the space Lp(d��). Moreover; for all ' ∈ S∗(ℝ2) and k ∈ ℕ; we have

⟨Δk
�(T�(r,x)(f)), '⟩ = ⟨T�(r,x)(f),Δ

k
�(')⟩

=

∫ +∞

0

∫
ℝ
f(s, y)�(r,−x)(Δ

k
�('))(s, y)d��(s, y)

=

∫ +∞

0

∫
ℝ
f(s, y)Δk

�(�(r,−x)('))(s, y)d��(s, y)

= ⟨Tf ,Δk
�(�(r,−x)('))⟩

= ⟨Δk
�(Tf ), �(r,−x)(')⟩

= ⟨TΔk
�(f), �(r,−x)(')⟩

= ⟨T�(r,x)(Δk
�(f)), '⟩.

Since the operator �(r,x) is continuous from Lp(d��) into itself, we deduce that for

all f ∈Mp(ℝ2) and (r, x) ∈ [0,+∞[×ℝ, the function �(r,x)(f) belongs to the space

Mp(ℝ2) and that for all k ∈ ℕ, Δk
�(�(r,x)(f)) = �(r,x)(Δ

k
�(f)). Moreover, from the

relations (2.7) and (5.1) , we have


m,p(�(r,x)(f)) = max
0⩽k⩽m

∥∥�(r,x)(Δ
k
�(f))

∥∥
p,��
⩽ max

0⩽k⩽m
∥Δk

�(f)∥p,�� = 
m,p(f),

which shows that the operator �(r,x) is continuous from Mp(ℝ2) into itself. □

The precedent proposition allows us to define the coming convolution product

Definition 5.2. The convolution product of T ∈ M ′
p(ℝ2) and f ∈ Mp(ℝ2) is

defined by

∀(r, x) ∈ [0,+∞[×ℝ; T ∗ f(r, x) = ⟨T, �(r,−x)(f̌)⟩.
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Let T ∈ M ′
p(ℝ2) and ' ∈ Mp(ℝ2). From Theorem 4.1, there exist m ∈ ℕ and

{f0, ..., fm} ⊂ Lp
′
(d��), such that

T =

m∑
k=0

Δk
�(Tfk).

Thus,

T ∗ '(r, x) =

m∑
k=0

⟨Δk
�(Tfk), �(r,−x)

ˇ(')⟩

=

m∑
k=0

⟨Tfk , �(r,−x)
ˇ(Δk
�('))⟩

=

m∑
k=0

(
fk ∗Δk

�(')
)

(r, x)

Using the relation (2.8) and the fact that ' ∈Mp(ℝ2) we deduce that the function
T ∗ ' belongs to L∞(d��) and

∣∣T ∗ '∣∣∞,�� ⩽ 
m,p(')

(
m∑
k=0

∣∣fk∣∣p′,��

)
(5.2)

Let T ∈M ′
p(ℝ2), T =

m∑
k=0

Δk
�(Tfk) with {fk}0⩽k⩽m ⊂ Lp

′
(d��) and � ∈ℳr(ℝ2),

1 ⩽ r ⩽ p. From the inequality (2.8), it follows that for 0 ⩽ k ⩽ m the function
fk ∗ Δk

�(�) belongs to the space Lq(d��) with, 1/q = 1/r + 1/p′ − 1 = 1/r − 1/p
and by using the density of S∗(ℝ2) in ℳr(ℝ2), we deduce that the expression
m∑
k=0

fk ∗Δk
�(�) is independent of the sequence {fk}0⩽k⩽m. Then, we put

T ∗ � =

m∑
k=0

fk ∗Δk
�(�).

Again, from the relation (2.8), we deduce that the function T ∗ � belongs to the
space Lq(d��) and

∥T ∗ �∥q,�� ⩽ 
m,r(�)(

m∑
k=0

∥fk∥p′,��) (5.3)

This allows us to say that

M ′
p(ℝ2) ∗ℳr(ℝ2) ⊂ Lq(d��).

Lemma 5.3. Let 1 ⩽ r ⩽ p <∞. Then
i) The operator Δ� is continuous from ℳr(ℝ2) into itself.
ii) For all T ∈M ′

p(ℝ2) and � ∈ℳr(ℝ2), the function T ∗� belongs to the space
Mq(ℝ2) and we have

∀k ∈ ℕ, Δk
�(T ∗ �) = T ∗Δk

�(�).

Proof. i) Let f ∈ℳr(ℝ2). There exists (fk)k ⊂ S∗(ℝ2) such that

∀m ∈ ℕ, lim
k→+∞


m,r(fk − f) = 0.
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However,


m,r(Δ�(fk)−Δ�(f)) ⩽ 
m+1,r(fk − f),

thus, the sequence (Δ�(fk))k of S∗(ℝ2) converges to Δ�(f) in ℳr(ℝ2), which
shows that the function Δ�(f) belongs to the space ℳr(ℝ2).

ii) If � ∈ S∗(ℝ2), then the function T ∗� is infinitely differentiable, and we have

Δk
�(TT∗�) = TΔk

�(T∗�) = TT∗Δk
�(�),

therefore, the result follows from the density of S∗(ℝ2) in ℳr(ℝ2), the relation
(5.3) and the fact that the operator Δ� is continuous from ℳr(ℝ2) into itself. □

Proposition 5.4. Let 1 ⩽ r ⩽ p <∞ and q ∈ [1,+∞], such that

1

q
=

1

r
− 1

p
. (5.4)

Then for every T ∈M ′
p(ℝ2), the mapping

� −→ T ∗ �

is continuous from ℳr(ℝ2) into Mq(ℝ2).

Proof. Let T ∈ M ′
p(ℝ2); T =

m∑
k=0

Δk
�(Tfk) and � ∈ ℳr(ℝ2). From Lemma 5.3,

the function T ∗ � belongs to the space Mq(ℝ2) and for all l ∈ ℕ


l,q(T ∗ �) = max
0⩽k⩽l

∥Δk
�(T ∗ �)∥q,�� = max

0⩽k⩽l
∥T ∗Δk

�(�)∥q,��

According to the relation (5.3), it follows that


l,q(T ∗ �) ⩽
( m∑
k=0

∥fk∥p′,��
)

max
0⩽k⩽l


m,r(Δ
k
�(�))

⩽
( m∑
k=0

∥fk∥p′,��
)

m+l,r(�).

□

Definition 5.5. Let 1 ⩽ p, q, r < +∞, such that (5.4) holds. The convolution
product of T ∈M ′

p(ℝ2) and S ∈M ′
q(ℝ2) is defined for all � ∈ℳr(ℝ2), by

⟨S ∗ T, �⟩ = ⟨S, T ∗ �⟩.

From this Definition and Proposition 5.4, we deduce the following result

Proposition 5.6. Let 1 ⩽ p, q, r < +∞ such that (5.4) holds. Then, for all
T ∈M ′

p(ℝ2) and S ∈M ′
q(ℝ2), the functional S ∗ T is continuous on ℳr(ℝ2).

References

[1] S. Abdullah, On convolution operators and multipliers of distributions of Lp-growth, J. Math.

Anal. Appl. 183 (1994) 196–207, MR 95c: 46060.

[2] S. Abdullah and S. Pillipovic, Bounded subsets in spaces of distributions of Lp-growth,
Hokkaido Math. J. 23 (1994) 51–54, MR 94m: 46065.

[3] C. Baccar, N. Ben Hamadi and L. T. Rachdi, Inversion formulas for the Riemann-Liouville
transform and its dual associated with singular partial differential operators, Internat. J.
Math. Math. Sci. 2006 (2006) 1–26, Article ID 86238.



40 C.BACCAR AND L.T.RACHDI

[4] C. Baccar, N. Ben Hamadi and L. T. Rachdi, An analogue of Hardy’s theorem and its

Lp-version for the Riemann-Liouville transform associated with singular partial differential

operators, J. Math. Sci. (Calcutta) 17 1 (2006) 1–18.
[5] C. Baccar, N. Ben Hamadi and L. T. Rachdi, Best Approximation for Weierstrass Transform

Connected with Riemann-Liouville Operator, Commun. Math. Anal. 5 1 (2008) 65–83.

[6] J. Barros-Neto, An introduction to the theory of distributions, New York, (1973).
[7] N. Ben Hamadi and L. T. Rachdi, Weyl transforms associated with the Riemann-Liouville

operator, Internat. J. Math. Math. Sci. 2006 (2006) 1–19, Article ID 94768.

[8] J. J. Betancor and B. J. Gonzalez, Spaces of DLp type and the Hankel convolution, Pro.
Amer. Math. Soc. 129 1 (2001) 219–228.

[9] Erdely, A. and all, Higher transcendental functions, Mc Graw-Hill Book Co. New York I

(1953).
[10] Erdely, A. and all, Tables of integral transforms, Mc Graw-Hill Book Co. New YorkII (1954).

[11] J. A. Fawcett, , Inversion of N-dimensional spherical means, SIAM. J. Appl. Math. 45 (1985)
336–341.

[12] H. Helesten and L. E. Andersson, An inverse method for the processing of synthetic aperture

radar data, Inverse Problems 4 (1987) 111–124.
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[15] N. N. Lebedev, Special functions and their applications, Dover publications, Inc. New-York

(1972).

[16] S. Omri and L. T. Rachdi, Heisenberg-Pauli-Weyl uncertainty principle for the Riemann-
Liouville operator, J. Inequal. Pure and Appl. Math. 9 3, Art.88 (2008) 1–23.

[17] J. M. Rassias, On the Heisenberg-Pauli-Weyl inequality, J. Inequal. Pure and Appl. Math. 5

1 (2004) 1–70.
[18] J. M. Rassias, On the Heisenberg-Weyl inequality, J. Inequal. Pure and Appl. Math. 6 1

(2004) 1–8.

[19] J. M. Rassias, On the refined Heisenberg-Weyl type inequality, J. Inequal. Pure and Appl.
Math. 6 2 (2005) 1–11.

[20] J. M. Rassias, On the sharpened Heisenberg-Weyl type inequality, J. Inequal. Pure and Appl.

Math. 6 3 (2006) 1–8.
[21] M. Rösler, An uncertaintly principle for the Dunkel transform, Bull. Austral. Math. Soc. 59

(1999) 353–360.
[22] M. Rösler and M. Voit, An uncertaintly principle for Hankel transforms, American Math.

Soc. 127 1 (1999) 183–194.

[23] N. Shimeno, A note on the uncertaintly principle for the Dunkel transform, J. Math. Sci.
Univ. Tokyo 8 (2001) 33–42.

[24] L. Schwartz, , Theory of distributions, Hermann, Paris I/II (1957/1959).

[25] E. M. Stein, Interpolation of linear operators, Trans. Amer. Math. Soc. 83 (1956) 482–492.
[26] E. M. Stein and G. Weiss, Introduction to Fourier analysis on Euclidean spaces, Princeton

Univ. Press. Princeton Math.32 (1971).
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