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FABER POLYNOMIALS COEFFICIENT ESTIMATES FOR
BI-UNIVALENT SAKAGUCHI TYPE FUNCTIONS

PALANICHAMY MURUGABHARATHI, BHASKARA SRUTHA KEERTHI,
AND TEODOR BULBOACA

ABSTRACT. In this work, considering a general subclass of bi-univalent Sak-
aguchi type functions, we determine estimates for the general Taylor-Maclaurin
coefficients of the functions in these classes. For this purpose we use the Faber
polynomial expansions, and in certain cases our estimates improve some of
those existing coefficient bounds.

1. INTRODUCTION

Let A denote the class of all functions of the form
f(2) :z+Zanz" (1.1)
n=2

which are analytic in the open unit disk U := {z € C: |z|] < 1}. We also denote by

S the class of all functions in the normalized analytic function class A which are
univalent in U.

It is well known that every function f € S has an inverse f~!, which satisfy

1

f7H(f(2)) =zforallz € Uand f (f~'(w)) = w for all |w| < ro(f), with ro(f) > —.

4
In fact, the inverse function g := f~! is given by

g(w) = fHw) =w — axw® + (243 — a3) w* — (5a3 — basaz + as) w' + ...
=w+ ZAnw". (1.2)
n=2

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U, and let ¥ denote the class of bi-univalent functions in U given by .

The class of analytic bi-univalent functions was first introduced and studied by
Lewin [I5], where it was proved that |az| < 1.51. Netanyahu [16] proved that

las| < 3 Brannan and Taha [4] also investigated certain subclasses of bi-univalent
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functions and found non-sharp estimates on the first two Taylor-Maclaurin coef-
ficients |as| and |as|. For a brief history and interesting examples of functions in
the class X, see [19] In fact, the aforecited work of Srivastava et al. [19] essentially
revived the the investigation of various subclasses of the bi-univalent function class
Y in recent years; it was followed by such works as those by Frasin and Aouf [§],
Xu et al. [21], 22], Hayami and Owa [12].

Not much is known about the bounds on the general coefficient |a,| for n > 3.
This is because the bi-univalency requirement makes the behaviour of the coeffi-
cients of the functions f and f~! unpredictable. In this paper we use the Faber
polynomial expansions for a general subclass of bi-univalent Sakaguchi type func-
tions.

The Faber polynomials introduced by Faber [6] play an important role in various
areas of mathematical sciences, especially in geometric function theory. The recent
publications [9] and [I1] applying the Faber polynomial expansions to meromorphic
bi-univalent functions motivated us to apply this technique to classes of analytic
bi-univalent functions.

In the literature, there are only a few works determining the general coefficient
bounds |a,| for the analytic bi-univalent functions given by using Faber poly-
nomial expansions [10} 13, [I4]. Hamidi and Jahangiri [10] considered the class of
analytic bi-close-to-convex functions. Also, Jahangiri and Hamidi [I3] studied the
class defined by Frasin and Aouf [8], while Jahangiri et al. [14] investigated the
class of analytic bi-univalent functions with positive real-part derivatives.

Motivated by the works of Bulut, we defined and studied the main properties
of the following classes. We begin by finding the estimate on the coefficients |a,|,
laz| and |ag| for bi-univalent Sakaguchi type functions in the classes Ps(a, A, t) and
Qs (a, A, t) respectively.

2. THE CLASSES Ps(a, A\, t) AND Qx(a, A, t)

Definition 2.1. For 0 <A <1, |t| <1 andt # 1, a function f € ¥ given by (1.1
is said to be in the class Ps(a, A\, t) if the following conditions are satisfied:

(1-t)zf"(2)
(L= [f(z) = FE) + Az [f"(2) — tf'(t2)]

Re >a, 2€U

and

(1 —t)wg'(w)
(1= A) [g(w) — g(tw)] + Aw [¢' (w) — tg' (tw)]
where 0 < o < 1 and g := f~1 is defined by ,

Definition 2.2. For0 < A <1, |t| <1 andt # 1, a function f € ¥ given by (1.1)
is said to be in the class Qx(a, A\ t) if the following conditions are satisfied:

Re LD [A21"(2) + 2f'(2)]

Re >a, welU

)~ 1(t2) s zel
and
00 Dy w) tug )]
B 9(w) — g(tw) zowel

where 0 < a < 1 and g := f~1 is defined by (1.2)).



FABER POLYNOMIALS COEFFICIENT ESTIMATES 15

Remarks. 1. Takingt =0 and A = 0 in Definition[2.1] and Definition[2.3, we get
the well-known class Ps(«) := Ps(a,0,0) = Qx(a,0,0) of bi-starlike functions of

!/
order a. This class consists of functions f € X satisfying Re ZJJ:((;) >a, z €U,
z
wyg'(w) .
and Re >a, w €U, where 0 < a < 1 and g := f~ is defined by (1.2).
g(w

2. The name of Sakaguchi type functions is motivated by the papers [18] and [7].

3. COEFFICIENT ESTIMATES

Using the Faber polynomial expansion of functions f € A of the form (1.1]), the
coefficients of its inverse map g = f~! may be expressed like in [3], that is

1
—1 —n n
_ _ °K e an) W™, 3.1
g(w) =~ (w) w+;n o (ag,as, . an) w (3.1)
where
- (—=n)! 1 (—n)! 3
K" . = o o
w0205 00) = 5 TG T Y G D) g
(3.2)
(=n)! n—4 (—n)! n—>5 2
— 2
T % Ut G m o et (ot 2)a]
(_n)' n—6 n—j
" (—2n +5)!(n — 6)!a2 lag + (—2n + 5)asas] + ;% vj,
such that v;, with 7 < j < n, is a homogenous polynomial of degree j in the
variables ag, as, ..., a,. In particular, the first three terms of K", (a2, as,...,an)
are
K2 (az) = —2as, Ky (ag,a3) =3 (2a§ —a3), (3.3)

K3_4 (ag,as,aq) = —4 (5@% — basas + a4) .

For the above formulas we used the fact that for any integer p € Z the expansion
of KP has the form (see [2] p. 349])

p! p! n—2
KP .= KP (by,by,...b,) = by b b
n n (b1, b2, ) (p—n)n! 1+(p—n+1)!(n—2)! v
P! - p! n—4 p—n+3.,
b b b b —b
7oy ooy W P T s T {” SRR
p!

by [b —n+4)bsb b,
(p—n+4)(n—>5)" [bs + (p —n +4)bs 3]‘*‘%‘g 1 Y5
such that v;, with 6 < j < n, is a homogenous polynomial of degree j in the
variables by, ba, ..., by, and the notation
P! _=n+Dp-n+2)...p
(p—n)n! n!

extends to any p € Z.
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In general, for any p € Z the expansion of K* has the form (see [3, p. 183])

-1 !
K2 (by o b) = pby + PO Dp2 P

p!
" p34...4 2 pn
2 (p — 3)13! ntee (p—n)nt™™
(3.4)
where DP are given by (see [20, p. 268-269])
m _ m! i1 in
Dg.:gDn(bhb%..qbn,m+1)_»E:ilL.jn_m+ﬂb1.“bn,

and the sum is taken over all non-negative integers i1,

v oy bp—my1 satisfying
i1 +ti2+ Fin_my1 = m,

i1+ 2+ +n—m+1)ip_pmy1 =n.
It is obvious that D (by,ba,...,b,) = b}.

Consequently, for any function f € Ps(a, A, t) of the form , we can write
(1—1)[2f'(2)] .
TN faal+ e o =] 2 (e

n=2

(3.5)
where F,,_1 is the Faber polynomial of degree (n — 1) and

Fir =[2(1 = A) — ua(1 — A+ 2X8)] —2

1L+ At
1
21+>\t{[3(1 ,\)u3(1>\+3At)}a3F1[2>\+Uz(1>\+2)\t)]a2}
as
—[3(1 = \) —us(l — A+ 3X\t
[B1 =) —us(l = A+ 3M)] -
2
a3
1201 = A) — up(1 — A+ 220)] [2 1— A+ 2M)] —2—
1+ At
[2(1 = A) — ug(1 — A4 2X8)] [2A + ua(1 — A + )\t)]( SVIEk
1
F31+)\t{[4(1A)U4(1>\+4/\t)}a4F2[2>‘+u2(1>‘+2>‘t)]a2
—F1[3)\+u3(1—)\+3>\t)]a3}
= [4(1-3) — ua(1 - A+ 7))
= ta 1+ At
aza3
— 201 = A) —ua(1 — A+ 2X)] [BA + us(1 — A + 3A8)] (e
aoa3
— B =Y —ua(l = A+ 2X)] A+ up(1 = A+ 23] 0
3
L B _ 2__ %
+ 1201 = A) —up(1 — A4 2X0)] [2XA + uz(1 — X + 2)t)] (1+)\t)3’etc'
where
In general
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(1 -:)\t) {[n(l - )‘) - un(l -+ n)\t)]an

—Fn,2[2)\ + U2(1 — A+ 2)\75)]&2 - Fn,3[3)\ + U3(1 — A4+ 2)\75)]@3

Fo_i(ag,as,...,a,) =

=Fn=-DA+up1(1=A+(n— 1)t)]an_1}.

Similarly, if the functions f € Qx(«, A, t) has the form (1.1}), we can write

(1—1) A2f"(2) + 2f'(2)]
f(z) = f(tz)
where F,_1 is the Faber polynomial of degree (n — 1) and
2(A+1) — ug] az,
[B3(2\ + 1) — uz] as — Frugas
[B(2A + 1) — uz)az — [2(A + 1) — ug] uga3,
[4(3A+ 1) — uyg) ag — Fougas — Fiusas
[4(BA+1) —ug)ag — [2(A + D)ug + 3(2A + 1)uz — 2ugus] azas
+[2(\ 4 1) — ug] u3a3, etc.

= 1+ZFn,1 (ag,as, ... an) 2", (3.7)

n=2

where u,, is given by (3.6)). In general

Foo1(ag,a3,...,an) = [(n(n — DA+ 1) —up]an, — F_ougas — F,_3uzaz

= Flup 10,1

In our first theorem, for some special cases, we obtained an upper bound for the
coefficients |a,| of bi-univalent Sakaguchi type functions in the class Pg(a, A, t).

Theorem 3.1. For 0 < A <1, [t| <1 witht# 1, and 0 < «a < 1, let the function
f € Ps(a, A\ t) be given by (1.1). If ap =0 for all2 <k <n—1, then

2(1 — @) |1 + Xt|
n , >4
R Ty P gy sy v

Proof. For the functions f € Pg(a, A, t) of the form |-i we have the expansion

(3.5), and for the inverse map g = f~ ! , according to (1.2 . we obtain
(1 —t)wg'(w)
(1 =) [g(w) = g(tw)] + Aw [¢' (w) — tg' (tw)]
= 1+§:Fn_1 (Ag, As, ..., Ap)w" Y, 2 €U, (3.8)
n=2
where
A, = %Kn 1 (ag,as3,...,a,).

On the other hand, since f € Pg(a, A\, t) and g = f~1 € Pg(a, A\ t), from the
Definition there exist two analytic functions p(z) = 1+ Z ez and g(w) =

n=1
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1+ i dpw™, with Rep(z) > 0, z € U and Reg(w) > 0, w € U, such that
n=1
(1-t)zf'(2)
(L=N)[f(2) = f(tz)] + Az [f'(2) — tf'(t2)]

=a+(1-a)p(z)

+(1 —a)f:K,ll (c1,¢2,...,c0) 2", z€ U, (3.9)
and
(1 — tyuwg/(w) I,
=N [9(w) — g(tw)] + dw (g (w) —tgiay] T (17 @)
(1—a Z (dy,do, ... dp)w", weU. (3.10)

Comparing the corresponding coefficients of (3.5)) and (3.9), we get

Fo_1(az,az,...,a,) = (1—a)K}_| (c1,¢0,. .. ¢n 1), n>2, (3.11)
and similarly, from (3.8) and (3.10) we find
Fn—l (AQ, A3, ey An) = (1 - Q)K}l_l (dl, dg, e ,dn_l) , n 2 2. (312)

Assuming that a; = 0 for all 2 < k < n — 1, we obtain A,, = —a,, and therefore
n(l —A) —un(1 — XA+ nAt)

(1 T )\t) Ap = (1 - O()Cn_l,
n(l—A) —up (1 —=A+nit)
(1+ At = (1= a)dn-r.

From Carathéodory lemma (see, e.g. [0]) we have |¢,| < 2 and |d,| < 2 for all
n € N, and taking the absolute values of the above equalities, we obtain

0] = L-aenalL+A] (1)L + M|
n(1=A) —un(I=A+nX)|  |n(l—=A) —up(l — A+ nit)|
2(1 — a) |1 + At
“n(1 =) —u,(1 =X+ nt)|’
where u,, is given by , which completes the proof of our theorem. (|

Theorem 3.2. For 0 < A <1, [t| <1 witht#1, and 0 < a < 1, let the function
f € Qs(a,\t) be given by (1.1). If ar =0 for all2 <k <n—1, then
2(1 —
< (1-a) n>4
In[(n— A+ 1] — uy|

lan| <

where u,, is given by (3.6| .
Proof. For the functions f € Qx(a, A, t) of the form 1} e have the expansion

(3.7), and for the inverse map g = f~ ! , according to (1.2 ,we obtain
(1 —t) P’y (w) + wyg' (w)]
g(w) — g(tw)
oo
=14 Fo1(A,4s,..., Ap)w™ ", weT, (3.13)

n=2
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where
1
Ay =—-K " A3,y Q) -
no 1l (a‘2 as a )
On the other hand, since f € Qx(a, A\, t) and g = f~! € Qx(a, A, t), from the
Definition there exist two analytic functions p(z) = 1+ Z ez and q(w) =

n=1

14+ Z dpw™, with Rep(z) > 0, 2z € U and Reg(w) > 0, w € U, such that

n=1

(L—t) [\22f"(2) + 2f'(2)]
flz) - ( )

(1-a) Z (c1,¢2,...,¢n) 2", 2 €, (3.14)

=a+ (1-a)p(z)

and

=a+ (1 -a)g(w)

=1+(1—a) Z (di,da, ..., d,)w", weU. (3.15)

Comparing the corresponding coefficients of ((3.7) and (3.14)), we get

F,_1(az,as,... an) = (1 — a)K,ll_l (c1,¢2, -y Cn1), N> 2, (3.16)
and similarly, from (3.13)) and ({ we find
Fn,1 (AQ, Ag, ey An) = (1 - O[)K71171 (dl, dz, PN ,dnfl) , n 2 2. (317)

Assuming that ap = 0 for all 2 < k < n — 1, we obtain A,, = —a,, and therefore
nin—1A+1] —uy]a, = (1 — a@)en—1,
—nln=DA+1]—uy]a, = (1 —a)dp_1.

From Carathéodory lemma (see, e.g. [0]) we have |¢,| < 2 and |d,| < 2 for all
n € N, and taking the absolute values of the above equalities, we obtain

o Qalel (o)
" nln = DA +F 1] —un|  n[(n— DA+ 1] — uy,|
2(1 — «)
T nlln = DA+ 1] = un|”
where u,, is given by (3.6)), which completes the proof of our theorem. [

Theorem 3.3. For 0 < A < 1, || <1, t # 1, 0 < a < 1, let the function
f € Ps(a, A\ t) be given by (1.1). Then, the following inequalities hold:

2(1 —a) |1 2 A
\/( a)B| +/\t|, for 0<0¢<2|B|
lag| < |B] Bl (3.18)
1—a)ll
2(1 —a) [1+ M| for Al o<,

21— \) —us(1 - A+ 2x)]’ 28] =
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i 41— a)*(1+ At)? 2(1 —a)(1+ At)
[2(1 = A) —ug(1 =X +2x)]2  3(1—=A) —uz(l = A+3M) |
las| < 2(1_O|Z)B||l+)\t}’ for 0< A<,
2(1 — ) [1 + M| B
BO—N —w(—r+sn) 7 AT
(3.19)
and
C ) 2(1 — ) |1+ M|
BTBA-N) —us( = A+ 3] L+ M) 2| = 31— A) —us(l— A+ 3M0)]
where
A=2[3(1—A\) —us(1 — A+ 3X\)] (1 + At)
—2(1 =) —u2(1 = A4+ 22)] 21 + A) + u2(1 — XA+ 3X1)],
B=[3(1-X) —us(1— A+ 3X)] (1 + \t)
201 = A) — uz(1 — A+ 2X)] [2A + ua (1 — A + 2X8)]
C =2[3(1 — \) — uz(1 — A+ 3X)] (1 + At)
—[2(1 = A) — ua(1 — A+ 2X0)] [2X + ua(1 — A+ 2At)] . (3.20)
Proof. Setting n =2 and n =3 in and we get, respectively,
[2(1 = X) = ua(1 = A+ 200)] £ fm: = (1—a)ey, (3.21)
as
B =) —us(1 = A+ 330)] 7
2
201 = A) — un(1— A+ 20)] [2X + ua(1 — A+ 278)] (1—5(—172>\t)2 = (1— a)es,
(3.22)
—[2(1 = A) — uz(1 — A+ 22¢)] 112M = (1—a)dy, (3.23)
{2 3(1 = A) — us(1 — A+ 3x8)] (1 + At)
2
201 = A) — up(1 — A+ 228)] [2X + ua(1 — A + 2X8)] }Uf#)z
“[3(1 = A) — us(1 — A+ 3A8)] 113M = (1— a)ds. (3.24)
From and (3.23)), according to Carathéodory lemma we get
gl = (A=@lalll+x] _ (1—a)di1+
TTRA =N —ua( = A+2X0)] 201 = A) —ua(1 — A+ 2M0)|
2(1 — a) |1+ M| (3.25)

T12(1 = N) —ua(l = N+ 2X8)]
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Also, from (3.22) and (3.24) we obtain
a3

2B——=——— =
(1+ At)2

(1 —a)(c2 +dz), (3.26)

then, from Carathéodory lemma we get

2(1 — a) |1+ At|?
ag S )
- \/ B

and combining this with inequality (3.25]), we obtain the desired estimate on the
coefficient |az| as asserted in (3.18).

In order to find the bound for the coefficient |as|, subtracting (3.24) from (3.22),
we get

[B(1—A) —ug(l — XA+ 3Mt)] (—2a3 + 2a3) = (1 — a) (c2 — d2) (1 + At),

or

o (I—a)(ca—dy) (1 +X)

%=t SBI A — ua(l— A+ 3N (3:27)
Upon substituting the value of a2 from into (3.27), it follows that
0y — (1—a)?c3(1+ At)? i (1—a)(ca—da) (1+ ) 7
201 = A) —uz(1 — A +3X))°  2[3(1—A) —us(l— A+ 3At)]
and thus, from Carathéodory lemma we obtain that
as] < 41— a)? |1+ Mt 2(1 — a) |1+ M| (3.28)

T2 =N) —ua(1 = A+ 3A0)[F  1B(1 =) —uz(l = A+ 3Mt)|

On the other hand, upon substituting the value of a3 from (3.26) into (3.27) it
follows that

(1-a)(1+ )\t){czC +do{ 21 = A) = us(1 = A+ 236)] [2A + ua(1 — A+ 2)8)] }}

4= 9B[3(1— A) — us(L — A + 3xt)] ’
(3.29)
and consequently, by Carathéodory lemma we have
2(1 — @) |1 + At)?
jag) < 2LZILE AT (3.30)

| Bl
Combining (3.28)) and (3.30]), we get the desired estimate on the coefficient |as| as
5.19)

asserted in (|
Finally, from ([3.24)), by using Carathéodory lemma we deduce that

C 9 2(1 — a) |1+ At
B(1 =) —us(1 =X+ 3X)] (1 + At) a2 = [3(1 = A) —us(1 =X+ 3x¢)|’

where A, B and C are given by ((3.20)). d

as —
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Theorem 3.4. For 0 < A < 1, |t| < 1, t # 1, 0 < a < 1, let the function
f € Qs(a,\t) be given by (1.1] . Then, the followmg mequalztzes hold:

21—a) for
|3 2)\+1 —U3—[ ()\+1)—UQ]UQ|7
0< 232X+ 1) —ug] — 2(A+ 1) —u2) 2(A + 1) + ug)
Ca< )
aal < 2{3(2A+1) —uz — 2(A+ 1) — ug] uz}
- 2(1 — «) for
2(A + 1) = ug|’
2822+ 1) —ug] — 20+ 1) —ug] [2(A + 1) + ug] <o<l
2{32 A+ 1) —ug — 2(A+ 1) —uo] us} - ’
(3.31)
mi 4(1 — )? 2(1 — ) _
PUREN w3 D s
las| < 2(1 — ) -
’ ’3(2)\+1)—U3—[2()\+1)—uQ]uQ}’ for 02A<l,
M for A=1
132X + 1) —usl|’ ’
(3.32)
and
e 232X +1) —us] — [2(A+1) —ug] ug 2 2(1 — )
3 32A+ 1) — us S 32A+1) —us|
Proof. Setting n =2 and n =3 in and we get, respectively,
2A+1) —ug)az = (1 — a)e, (3.33)
[3(2X 4 1) — uz)az — [2(A + 1) — uz] uga3 = (1 — @)cy, (3.34)
— [2()\ + 1) — UQ} as = (1 — a)dl, (335)

{2[32A+1) —ug] — [2(A+ 1) —ug]ug }a3 — [3(2A + 1) — us]az = (1 — a)ds.

(3.36)
From (3.33)) and (3.35)), according to Carathéodory lemma, we find
1-— 1—a)ld 2(1 —
las| = A-dal _ (A=a)d| _ 201-q (3.37)

|2(/\+1)—u2| RO+ —uo| T2+ 1) —usl

Also, from and ( we obtain
2{3 2\ + 1) —uz — [ (A+1) —u]us}a3 = (1 — a)(ca + da), (3.38)

then, from Carathéodory lemma we get

2(1 — o)
132N+ 1) —us — 2(A+ 1) — ug] us|’

laz| <
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and combining this with inequality (3.37)), we obtain the desired estimate on the
coefficient |as| as asserted in (3.31)).

In order to find the bound for the coefficient |as|, subtracting (3.36]) from (3.34)),
we get

[B(2A + 1) — ug] (=243 +2a3) = (1 — a) (c2 — da),

or
o, (1—a)(ca—dy)
= . 3.39
%= BN 1) - ) (3:39)
Upon substituting the value of a3 from (3.32)) into (3.37), it follows that
L (-aPd (1 -a)(e-d)
T RO —wf | 2B D) g’
and thus, from Carathéodory lemma we obtain that
4(1 —a)? 2(1 —
lag) < —21 =) Chal) (3.40)

200+ 1) —uo”  BE@A+1) —us|’

On the other hand, upon substituting the value of a3 from (3.38) into (3.39) it
follows that

(1- a){CQ [2 322+ 1) — ug] — [2(\ + 1) — us] ug] +dy 200+ 1) — ug) uQ}
2[3(2A+ 1) — ug] {B2A+ 1) —ug — 2(A + 1) — uz]us}

as =

and consequently, by Carathéodory lemma we have

2(1 — )
|3(2/\ + 1) — Uz — [2(/\ + 1) — UQ} UQ| '

las| < (3.41)
Combining (3.40) and (3.41]), we get the desired estimate on the coefficient |as| as
asserted in ((3.32)).

Finally, from (3.36]), by using Carathéodory lemma we deduce that

2BA+D) —ug] — 2+ D —ws] [ 21-a)

4 32\ + 1) — us 2| = BEAFL) —ug|

O

Remark. For the special case t =0 and A = 0, the relations (3.18) and (3.19), or
(3-31) and (3.32)), yield that

las] < 4/2(1 — @)
and
lag] <4(1 —a)? +1—a,

which are the bounds for the coefficients of the functions of the well-known class
Ps(«), and were previously given by S. Prema and B. Srutha Keerthi [17].
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