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E-FRACTIONAL INTEGRAL INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS VIA CAPUTO
k-FRACTIONAL DERIVATIVES

ASIF WAHEED, GHULAM FARID, ATIQ UR REHMAN, WAQAS AYUB

ABSTRACT. Fractional integral and differential inequalities provide the bounds
for the uniqueness of solutions of the fractional differential equations. In this
paper we compute some new Hadamard and the Fejér-Hadamard fractional
inequalities for harmonically convex functions via Caputo k-fractional deriva-
tives. Also results for Caputo fractional derivatives have been induced.

1. INTRODUCTION

In 1695, while corresponding with each other G. W. Leibniz and Marquis de
L’Hospital raised the question of semi-derivatives. This question laid the foundation
of fractional calculus which is the generalization of the classical calculus. Since
19th century, the theory of fractional calculus developed very fast due to its wide
applications in almost all fields of applied sciences. Fractional calculus is as much
important as calculus. Fractional integration and fractional differentiation appear
as tools in the subject of partial differential equations [14] 16]. Many types of
fractional integral as well as differential operators have been defined in literature,
the most classical Caputo fractional derivatives are defined as follows:

Definition 1.1. Let o > 0 and o ¢ {1,2,3,...}, n = [a] + 1, f € AC™[a,], the
space of functions having nth derivatives absolutely continuous. The right-sided
and left-sided Caputo fractional derivatives of order « are defined as follows:

v )
(CD2‘+ )z) = F(nl—a) /a (xft)ogi)n-i-l dt,z > a

and

b )
(CD?_f)(ac)zr( D /( ™) dt,z < b.

(n—a) t—x)e—ntl
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If a =n € {1,2,3,...} and usual derivative f(")(z) of order n exists, then Caputo
fractional derivative (YD, f)(z) coincides with £ (z) whereas (“Dy_f)(z) coin-
cides with f(")(z) with exactness to a constant multiplier (—1)™. In particular we
have

(“Dasf)(@) = (“Dy_f)(z) = f(z)
where n =1 and a = 0.
In the following we define Caputo k-fractional derivatives [9].

Definition 1.2. Let « > 0,k > 1 and a ¢ {1,2,3,...}, n = [a] + 1, f € AC™][a,b)].
The Caputo k-fractional derivatives of order « are defined as follows:

L

C no,k

D% - Y

ot /(@) kLg(n — %) /a (z —t)*—nt! v

and

Dk f(2) " )/b( S dt,z <b

" kTh(n — & t—q)kntl

where I'y (o) is the k-Gamma function defined as

0o ik
T'i(a) = / t*te ™% dt,
0
also
Ti(a+ k) = ol ().
If a =n € {1,2,3,...} and usual derivative f(")(z) of order n exists, then Caputo

k-fractional derivative (CD2;' f)(x) coincides with f((z), whereas (°Dy"' f)(x)

coincides with f(")(z) with exactness to a constant multiplier (—1)".

In particular we have
(“Dai () = (CDY f)(@) = f(x)
where n,k =1 and a = 0.
For k = 1, Caputo k-fractional derivatives give the definition of Caputo fractional
derivatives.

We use in the whole paper the convolution f * g of functions f and g for Caputo
k-fractional derivatives as follows

z ¢(n) (n)
CDIH(f # ) () = U

kTx(n— %) Jo (x—t)e—ntt

dt,x > a

and

—1)" b r(n) (n)
CD?;k(f*g)(x) = kF;E(nl)— 2é)/ {t_g%_n(zdt,x<b.

In the following we define convex function and functions due to convex function.

Definition 1.3. A function f : [a,b] — R is said to be convex if for all x,y € [a, b]
and X € [0, 1], we have

fQz+ (1= Ny) <Af(z) + (1= N f(y)

If above inequality is reversed, then f is said to be concave function.



k-FRACTIONAL INTEGRAL INEQUALITIES FOR HARMONICALLY. ... 57

Theorem 1.1. Let f: I C R — R be a convex function defined on the interval 1
of real numbers and a,b € I,a < b. Then the following inequality holds

f<a—2|—b)§ {UES{U)

If f is concave, then the above inequality holds in the reverse direction. It is
well known in the literature as the Hadamard inequality.
Many generalizations and refinements of the Hadamard inequality have been made
by many researchers. For details one can see [11, 2] [3] 4L [6], [7, 8], [0}, 11, 13 18}, 20, 21]
and the references therein.

Many other kinds of convex functions have been defined by mathematicians. For
example p-convex function, harmonically convex function, s-convex function etc.
In [22], Iscan defined harmonically convex function as follows.

(x)dx <

Definition 1.4. Let I C R\{0} be a real interval. A function f: I — R is said
to be harmonically convex, if

Yy
Hariss) <U@+0-0f@ (1)

for all x,y € I and t € [0, 1]. If the inequality in (1.1]) is reversed, then f is said to
be harmonically concave.

In [22], Iscan proved the following Hadamard type inequality for harmonically
convex functions.

Theorem 1.2. Let f : I C R\{0} — R be a harmonically convex function and
a,b € I with a <b. If f € L]a,b], then the following inequality holds

(2 < b_a/ 1)y, SO H10)

In [15], Latif et al. defined harmonically symmetric function as follows.

Definition 1.5. A function f : [a,b] C R\{0} — R is said to be harmonically

symmetric with respect to azjlr%, if

1
f@)=f ((11_’_11)_30>
holds for all z € [a, b].

In [5], Chen and Wu represented the Fejér-Hadamard inequality for harmonically
convex functions as follows.

Theorem 1.3. Let f : I C R\{0} — R be a harmonically convexr function and
a,b eI, witha <b. If f € Lja,b] and g : [a,b] C R\{0} — R is nonnegative,
integrable and harmonically symmetric with respect to 222 then

a+b’
e . /:f(xg)cg (), < 1@ 10 /: ),

In [24], Iscan and Wu presented the Hadamard inequality for harmonically convex
functions via fractional integrals as follows.
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Theorem 1.4. Let f : I C (0,00) — R be a function such that f € Lla,b], where
a,b €I witha <b. If f is harmonically convex function on [a,b], then the following
inequalities for fractional integrals hold

()
< T (1Y [ o (2) 7, o0 ()]

fla) + £(b)
2
with o > 0 and g(z) = 1, z € [$,1].

<

In [23], Iscan proved the Fejér-Hadamard inequality for harmonically convex
functions via fractional integrals as follows.

Theorem 1.5. Let f : [a,b] — R be a harmonically convex function with a < b
and f € Lla,b]. If g : [a,b] — R is nonnegative, integrable and harmonically

21%, then the following inequalities for fractional integrals

(22 I ) o0 )
Lrim)n ma)
NG REC)

In [5, 22| 23, 24] Iscan, Chen and Wu established different versions of fractional
inequalities for harmonically convex functions via fractional integrals. In this paper
we are interested to establish some new versions of the Hadamard and the Fejér-
Hadamard inequalities for harmonically convex functions via Caputo k-fractional
derivatives. We also obtain fractional inequalities for Caputo fractional derivatives.

hold

U-\»—AQ

with o > 0 and h(z) = - [+, 1]

2. MAIN RESULTS
In this section we prove the Hadamard and the Fejér-Hadamard inequalities for

harmonically convex functions via Caputo k-fractional derivatives.

Theorem 2.1. Let f : [a,b] — R be a differentiable function such that f™) be
harmonically conver with a < b and f™ € Lla,b]. If g : [a,b] — R be a function

such that ¢\ is a nonnegative, integrable and harmonically symmetric with respect

to 21%, then the following inequalities for Caputo k-fractional derivatives hold

2(=1)" ™ <a2_ibb) Dty <h(zla>) (2.1)

< oD3eon (3) + C0meDst (e o) (5]

< (0r [0+ 0] ot (1 (1))
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]
Proof. As f(™ is harmonically convex function. Puttingt = 1/2 and x = m, Y=

ﬁ in we get,
2ab ab ab
(n) (n) (n) _
2f (a+ b) ! (tb+( “Ha ) f ( T- t)b) (2:2)

(n)( ab
9 7tb+(17t)a) . .
— e and integrating over [0, 1] we have

Q=

7

=

with >0, k> 1 and h(z) =+, z € |

Multiplying above inequality by

n ab
o p(m) (200 /1 a )(tb+<1—t>a)dt
a-+ b o t%fnJrl
n ab
§ /1 g )<tb+(1—t)a>f(n) ab i
0 tx—ntl th+ (1 —t)a

(n) ab
+/1 g (tb+(1—t)a) f(n) ab dt
0 tx—ntl ta+(1—t)b)

Setting M = z in above inequality we have

f<n><2ab> /“a g (1fz)
a+b 1/b (x_%)%*nJrl

< /1/“ F/z) g™ (1)

TR

o £ (1) 9 (1/0)
+/ (iﬂ 2_n+1 dx.

W b

On right hand side substituting + E —r=yin second integral of above inequality
and ¢(™ is harmonically bymmetrlc with respect to 2 +b, we have

2 fm) ( 2ab )/”a g™ (/)
a+b 1/b (x_l)%*nJrl

b
S/1/a £ (1/2) g™ (1/x>dm+/1/a 1Ay g™ Afy)

R A CEP LS

o (355) 21 (0 5)
< [chvf (f+g)oh) <Cll> + (=) CDz’f ((f*xg)oh) <[1)>] .

First inequality of (2.1]) is proved. To prove the second inequality of (2.1) we use
the following inequality as f(™ is harmonically convex function.

1 (i) 1 (i) /@00 e3)
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(n) ab
Again multiplying above inequality by gt(g’fiﬁ:”“) and integrating over [0, 1] we

have
(n) (__ab
/1 £ ab 9" (tb+(17t)a) .
0 th+ (1—t)a tE—nH
(n) ab
. /1 g (tb+(1—t)a) f(") ab i
0 tEontl ta+ (1—t)b
g™ (tb = )
< [y (n) 2 \H=ta) o
< [0+ o] [
Setting M(iib_t)a = z in above inequality we have
« 1 n « 1
oyt ren (5)+ 0D g on (3)]
b a a b
n n n 1
< [+ 10w] “p3te (n(3))-
That is the second inequality of (2.1)). O

If we put £ =1 in (2.1)) we get the following result for Caputo fractional deriva-
tives.
Corollary 2.2. Let f : [a,b] — R be a differentiable function such that f™ be
harmonically convex with a < b and f™ € Lla,b]. If g : [a,b] — R be a function
such that g™ is a nonnegative, integrable and harmonically symmetric with respect

to %, then the following inequalities for Caputo fractional derivatives hold

2171 (25) “pi_a (n(3))

< |°Dg, (raen (1)

oD (g em) (3)]

<07 [+ 1mw)] pg o (n(3))
with o >0, g(z) =1 , x € [+, 1]

T b’ a
Theorem 2.3. Let f: I C (0,00) — R be a function such that f € L[a,b], where

a,b € I witha < b. If f™ is harmonically convex function on [a,b], then the
following inequalities for k-fractional integrals hold

n - zy /" (ﬁl) (24)
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J-

Proof. Multiplying inequality lb by n=(14%) and integrating over [0, 1] we have

1
2 ( 2b >/ = (42 gt
a+ b 0
- /1 fo (tb+(alb t)a) dQt
0

tr T —n+1

with >0, k>1and g(z) =1,z €[},

:\»—‘

/ () (ta+(1 t)b)

%7n+1

tb+(1 e _ . oand tet(-tb
ab

Setting = y in above inequality we have

) [ 2ab
(n-9) *) d (a + b)
/a n
[,
1 k

~(5%) b= [ (o 5)) - ot (0 2))]

That is the left inequality of (2.4). As f(") is harmonically convex, multiplying
(2.3) by "=(14%) and integrating over [0, 1] we have

() =) foremtr o (1)« o (s ()]

< lﬂ”) (a) + f;”)(b)] |

(n—%

This completes the proof of rigth inequality of (2.4]). a

If we put £ =1 in (2.4) we get the following result for Caputo fractional deriva-
tives.

Corollary 2.4. Let f : I C (0,00) — R be a function such that f € L[a,b],
where a,b € T with a < b. If f is harmonically convex function on [a,b], then
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the following inequalities for fractional integrals hold

o (2)
B (bcib > (n—a)T (n—a)

s (o)) - o (o)
< [ 0)]

2

with a >0, g(z) =1,z €[4,

Q\»—'

J.

Theorem 2.5. Let f :

[a,b] — R be a fuction such that f™ is a harmonically
convez function with a < b and f™ € Lla,b]

. If g : [a,b] — R be a function
such that ¢ is nonnegative, integrable and harmonically symmetric with respect
t 2ab

g then the following inequalities for Caputo k-fractional integrals hold
2ab 1
2(-1)"f™ (== ) DL g(h(+ 2.
(=07 <a+b) w29\ "% (2:5)
o 1
< | (arem (3)
1
1D (pon ()]

2ab

<o o (1(3)) [ + 10w

witha>0,k21andh(x):%

Proof. Integrating (2.2)) over [0, 1/2] after multiplying with ¢" (

—(1+%) (n
+k)g( ) (tb+(oib7t)a>
we have
2ab 1/2 o ab
9 £(n) =) g (22 )
! <a+b>/0 g th+ (1 —t)a
Y2 (1+%) ,(0) ab (n) ab
< " 3 —_— — | dt
</ o (=) " (e i=m)
1/2 b ab
tn7(1+g) (n) (17 n)y (_ % dt.
+/O Vo \mra—ne) T \araz o
Settlng ﬁ =

= 1/z in above inequality and doing some calculation leads to

atb
9 f(m) ( 2ab ) / g™ (1/x) —d

5 f) (1/) g™ ( (1/a) jf(”) %Jrl%_:c)g(") (1/z)
[ o 2 0et)

P @t
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Setting % + % — x = y in above inequality and ¢(™ is harmonically symmetric with

respect to % we have
a+b

2ab B2 NG
2f(n)< a )/ %dm

o8 I (@)

LH’ n n a n n

<[ £ /) g (1), Q)™ ()
=~ b (x— %)?—n+1 [;j;é) (é _y)?—n+1

Using the definition of Caputo k-fractional derivatives in above inequality we get

2ab o 1
2= <+b> ‘DY g (h <b>)

< [%g;@ ((fxg)oh) (1>

Tab b

2ab

oDzt (fegen (3]

First inequality of (2.5 is proved. For the proof of second inequality in (2.5),
multiplying (2.3) with t"7(1+%)g(”) (M) and integrating over [0,1/2] we

get
/1/2 f(n) ab g(n) <tb+(alb7t)a) dt
o th+ (1 —t)a i —ntl

1/2 g (Al b
+/ wf(ﬂ) <a> dt
0

t&—ntl ta+ (1 —t)b

1/2 gt tb+(0il:t)a
< {f(”)(a)wa(”)(b)}/ t<;;_n+1)dt~

0

Setting m = 1/z in above inequality and doing some calculation we get

‘D, (fxg)oh) (i) +(-1)" DY (frg)oh) (2)

<oz o(n(3)) 1@+ row).

2ab

This completes the proof of second inequality in (2.5]). O

If we put £ =1 in (2.5) we get the following result for Caputo fractional deriva-
tives.

Corollary 2.6. Let f : [a,b] — R be a fuction such that ) is a harmonically
conver function with a < b and f™ € Lla,b]. If g : [a,b] — R be a function
such that g™ is nonnegative, integrable and harmonically symmetric with respect
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to 298 then the following inequalities for Caputo fractional integrals hold

atb’
2ab 1
_1\n £(n) C pHa -
1 (a+b) Dmg(%))
1

with o > 0, h(z) =1, z e[}, 1]

Theorem 2.7. Let f : I C (0,00) — R be a function such that ™) € Lla,b],
where a,b € T with a < b. If f™ is harmonically convex function on [a,b], then
the following inequalities for Caputo k-fractional integrals hold

27 o (2ab> (2.6)

n—% a+b

< KT4(n = 7) <bciba>n_z ot (o (3)) +crers (o (5))]

LETE {fwa) : f(")(b)]

=
witha>0,k21andg(x):%,xg[pa.

Proof. Multiplying (2.2) by n=(1+%) and integrating over [0,1/2] we have

1/2
1/2 b
)y (=
= /0 Ry (ta+ (1= t)b) dit

1/2
n—(1+%) ¢(n) ab
/O () g <tb+(1—t)a>dt

21in+% f(n) 2ab
n—% a+b
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Setting m =1/x we get

21777,4»% f(n) 201)
n—% a+b

1a /q n—(1+¢) 1
i m (-
+/L+b (a x) d <}1+}7—x>dx]

2ab

Setting % + % — x =y in second integral on right hand side of above inequality we

get

217714»% f(n) 2ab
n—% a+b
< ab \"7F%

“\b—a
o (-3)

y— -

1/b b

Applying the definition of Caputo k-fraction derivatives in above inequality we get

217n+% f(n) 2ab
n—% a+b

< (12 oo () g s ()]

First inequality of ({2.6]) is proved.
For the proof second inequality in (2.6). As f(™) is harmonically convex function
we have (2.3]). Multiplying (2.3) by =(1+%) and integrating over [0,1/2] we get

1/2 1/2
ne(urg) poo (00 ne(urg) poy (@b
/0 o8y (tb+(1—t)a>dt+/(J (R (m+(1—t)b>dt

< [/ @ + 1) / Y - 142) g

0

Setting ﬁ = 1/z in above inequality and doing simple math we get

mio(22)” [ s () oo (1)

_ o [f(”)(a) - f(’”(b)} |

= a

This completes the proof of second inequality in (2.6)). O

If we put £ =1 in (2.6) we get the following result for Caputo fractional deriva-
tives.



66

A. WAHEED, G. FARID, A. U. REHMAN, W. AYUB

Corollary 2.8. Let f : I C (0,00) — R be a function such that f™ € Lla,b],
where a,b € T with a < b. If f™ is harmonically convex function on [a,b], then
the following inequalities for Caputo fractional integrals hold

n—a a+b

<(%:) reoo (o (G)) v er s (o))

< 0 [0 )

2

n—«oa

with o >0, g(z) =1,z €[}, 1].
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