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REGULARLY IDEAL CONVERGENCE OF DOUBLE
SEQUENCES IN FUZZY NORMED SPACES

ERDINC DUNDAR, MUHAMMED RECAI TURKMEN AND NIMET PANCAROGLU AKIN

ABSTRACT. In this study, we introduce the notions of regularly (Z2, Z)-convergence,
regularly (Z5,Z*)-convergence, regularly (Z2,Z)-Cauchy and regularly (Z5,Z*)-
Cauchy double sequences in fuzzy normed linear spaces. Also, we establish
some basic results related to these notions.

1. INTRODUCTION AND BACKGROUND

Throughout the paper N and R denote the set of all positive integers and the set
of all real numbers, respectively. The concept of convergence of a sequence of real
numbers has been extended to statistical convergence independently by Fast [19]
and Schoenberg [37]. The idea of Z-convergence was introduced by Kostyrko et
al. [24] as a generalization of statistical convergence which is based on the structure
of the ideal Z of subset of the set of natural numbers. Das et al. |5] introduced the
concept, of Z-convergence of double sequences in a metric space and studied some
properties of this type convergence. Diindar |14] introduces the notions of regularly
(Z,Z)-convergence and (Zz,Z)-Cauchy double sequences of real valued functions.

The concept of ordinary convergence of a sequence of fuzzy numbers was firstly
introduced by Matloka [27] and proved some basic theorems for sequences of fuzzy
numbers. Nanda [30] studied the sequences of fuzzy numbers and showed that
the set of all convergent sequences of fuzzy numbers form a complete metric space.
Diindar and Talo [11)12] investigated Zs-convergence, Z;-convergence and Zp-Cauchy
sequence of fuzzy numbers and Diindar et al. |[13| introduced regularly (Zs,Z)-
convergence and regularly (Z, Z)-Cauchy double sequences of fuzzy numbers. Haz-
arika [21] studied the concepts of Z-convergence, Z*-convergence and Z-Cauchy
sequence in a fuzzy normed linear space. Also, Hazarika and Kumar [22] defined
the concepts of Zy-convergence, Z5-convergence and Zo-Cauchy sequence in a fuzzy
normed linear space. Diindar and Tirkmen [15,16] studied Zy-convergence and
Zs-Cauchy double sequences in fuzzy normed spaces. A lot of developments have
been made in this area after the works of [17,23,29,|35.36.[39H42}/45].
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Now, we recall the concept of ideal convergence, double sequence and fuzzy
normed space and some basic definitions (see [1], |2], [3], [4], 5], 6], [7], 8], 9],
[10], [11], [12], [13H16L[18] 2022} 2428l |32}{34L38L|43],/44])

Fuzzy sets are considered with respect to a nonempty base set X of elements of
interest. The essential idea is that each element x € X is assigned a membership
grade u(z) taking values in [0, 1], with u(x) = 0 corresponding to nonmembership,
0 < u(z) < 1 to partial membership, and u(z) = 1 to full membership. According
to Zadeh [46], a fuzzy subset of X is a nonempty subset {(x,u(z)) : € X} of
X % [0,1] for some function w : X — [0,1]. The function w itself is often used for
the fuzzy set.

A fuzzy set v on R is called a fuzzy number if it has the following properties:

1. w is normal, that is, there exists an o € R such that u(xzg) = 1;

2. w is fuzzy convex, that is, for z,y €e Rand 0 < A <1, u(Az+ (1 —N)y) >
min(u(z), u(y)};

3. u is upper semicontinuous;

4. The set [u]p = cl{z € R: u(z) > 0} is compact.

Let L(R) be set of all fuzzy numbers. If u € L(R) and w (t) = 0 for ¢ < 0, then u
is called a non-negative fuzzy number. We denote the set of all non-negative fuzzy
numbers by L*(R). We can say that v € L*(R) iff u;, > 0 for each o € [0,1].
Clearly we have 0 € L(R). For u € L(R), the a level set of u is defined by

| {zeR:u(z)>a}, if ae(0,1]
[u]a—{ c{r e R:u(z) >0}, if a=0.

A partial ordering < on L(R) is defined by u < v if u; < v, and ul < v for
all a € [0,1].

Some arithmetic operations for a-level sets are defined as follows:

u,v € L(R) and [u],, = [uy,ul] and [v], = [vy,v}], a € (0,1]. Then,

[0 ® o], = [ug +vmsut + 02 [4© ], = fus — ot yut — val,

[w©], = lug vy, ubvi] and [1ou]_ = [u%, u%} cug > 0.

For w,v € L(R), the supremum metric on L(R) defined as

D (u,v) = sup max{|uy —v,|,|ul —vF|}.
0<a<l

It is known that D is a metric on L(R) and (L(R), D) is a complete metric space.

A sequence z = () of fuzzy numbers is said to be convergent to the fuzzy

number g, if for every € > 0 there exists a positive integer kg such that D (zy,xg) <

e for k > ko and a sequence x = (z) of fuzzy numbers level-wise converges to xg

iff lim ()], = [zo], and lim [z}], = [z0]}, where [z}], = (xk);,(xk)ﬂ and
k—o00 k—o00

[z0],, = |(x0), » (z0) |, for every a € (0, 1).
Let X be a vector space over R, ||.|| : X — L* (R) and the mappings L; R (respec-

tively, left norm and right norm) : [0, 1] x [0,1] — [0, 1] be symetric, nondecreasing
in both arguments and satisfy L (0,0) =0 and R(1,1) = 1.
The quadruple (X,].||,L,R) is called fuzzy normed linear space
(briefly (X, |.||) FNS) and ||.|| a fuzzy norm if the following axioms are satisfied
(1) flo =0 iff = =0,
(2) llrzl = [r] © [lz|| for z € X, r € R,
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(3) Forall z,y € X
(@) lz+yll(s+t) = L([lz][(s), Iyl (t)), whenever s < |zfl; ,t < [lyll;
and s+t < |z +yl,,
(b) llz+yll(s+1t) < R(llzll(s),[lyll (¢)), whenever s > [lz[[; .t > |y,
and s+t > |lz+yl; .

In the sequel we take L(p,q) = min(p,q) and R(p,q) = max(p,q) for all p,q €
[0,1]. So, we get triangle inequality as ||z + yl|, < [|z|lz + lylls and ||z +y||F <
llzl|t + |lyllE, for all @ € (0,1) and 2,y € X. Then, we say that ||.||; and ||.||1 are
norms in the usual sense on X.

Let (X, ||.]|) be an ordinary normed linear space. Then, a fuzzy norm ||.|| on X
can be obtained by

0, if 0<t<alz||,or t>blz|,
t
Izl (t) = § Tl ~ Toa allzllc <t <zl (1)
—t b
oD, T -1 [zllc <t <bllzfo

where ||z|| is the ordinary norm of z (#6),0 <a <1 and 1 <b < co. For z =6,
define ||z]| = 0. Hence, (X, ||.||) is a fuzzy normed linear space.

Let us consider the topological structure of an FNS (X, |.||). For any € > 0, €
[0,1] and = € X, the (¢,a)— neighborhood of z is the set N, (¢,a) = {y € X :
|z — y||X < e}. Throughout the paper, we let (X, |.||) be an FNS.

A sequence (z,);—, in X is convergent to L € X with respect to the fuzzy

norm on X and we denote by x, ¥ L or FN — lim x, = L, provided that

n—oo

(D) — lim |z, — L|| = 0; i.e., for every € > 0 there is an N (¢) € N such that
n—oo
D (Hxn — L ,5) < g, for all n > N (¢). This means that for every € > 0 there is

an N (¢) € N such that for all n > N (¢), sup |z, — L||§ = ||z, — L||5r <e.
ael0,1]

If K C N, then K,, denotes the set {k € K : k < n} and |K,| denotes the
cardinality of K,,. The natural density of K is given by d(K) = nl;n;o LKy, if it
exists.

The number sequence z = (zy) is statistically convergent to L provided that for
every € > 0 we have d(K(g)) = 0, where K = K(¢) :={k € N: |z, — L| > ¢}. In
this case, we write st —limx = L.

A double sequence & = (Zymn) (m,n)enxn Of real numbers is said to be convergent
to L € R in Pringsheim’s sense if for any ¢ > 0 , there exists N. € N such
that |z, — L| < €, whenever m,n > N.. In this case, we shall write this as

lim ., = L.
m,n— 00

A double sequence = (2,5, ) is said to be bounded if there exists a positive real
number M such that |z;,,| < M for all m,n € N, that is, ||z||c = SUp |Zmn| < oo.

We let the set of all bounded double sequences by L. 7
A double sequence (z,,) is said to be convergent to L € X (in Pringsheim’s

sense) with respect to the fuzzy norm on X if for every € > 0 there exist a number
N = N (e) such that D <||3:mn — L ,6) < g, for all m,n > N. In this case, we

write T,y “Y L. This means that, for every € > 0 there exists a number N = N ()



REGULARLY IDEAL CONVERGENCE OF DOUBLE SEQUENCES IN FNS 15

such that sup ||mn —LH;r = |Zmn —L||ar < g, for all myn > N. In terms of
ael0,1]

neighborhoods, we have x,, o provided that for any € > 0, there exists a

number N = N (g) such that z,,, € N, (¢,0), whenever m,n > N.

Let K € N x N. Let K,,,, be the number of (j,k) € K such that j < m, k < n.
If the sequence {%} has a limit in Pringsheim’s sense then we say that K has
double natural density and is denoted by do(K) = mITilgoo Komn

A double sequence & = (&, ) of real numbers is said to be statistically convergent
to L € R if for any € > 0 we have dz(A(g)) = 0, where A(e) = {(m,n) e Nx N
‘xnzn - L| Z 5}-

Let X # (. A class Z of subsets of X is said to be an ideal in X provided:

(i)0eZ, (ii) A,BeZ implies AUB€Z, (iii) A€ Z, BC Aimplies B € .

7 is called a nontrivial ideal if X & Z.

Let X # (). A non empty class F of subsets of X is said to be a filter in X
provided:

(i) 0 ¢ F, (ii) A,B € F implies ANB € F, (iii) A€ F, AC B implies B € F.

Let 7 is a nontrivial ideal in X, then F(Z) ={M Cc X : A € I)(M = X\A)}
is a filter on X, called the filter associated with Z.

A nontrivial ideal Z in X is called admissible if {} € Z for each x € X.

Throughout the paper we take Z as an admissible ideal in N.

If we take Z =Z; = {A C N: d(A) = 0}, then 7 = 7, is a non-trivial admissible
ideal of N and the ideal convergence coincides with statistical convergence with
respect to the fuzzy norm on N.

An admissible ideal Z C 2V is said to satisfy the property (AP), if for every
countable family of mutually disjoint sets {47, Asg, ...} belonging to Z, there exists
a countable family of sets {Bi, Ba, ...} such that A;AB, is a finite set for j € N
and B = U(])il Bj el

A nontrivial ideal Z of N x N is called strongly admissible if {i} x N and N x {7}
belong to Z, for each i € N. It is evident that a strongly admissible ideal is also
admissible.

Let Z) = {A ¢ Nx N : (3m(A),(i,5) > m(A) = (i,j) € A)}. Then IV is a
nontrivial strongly admissible ideal and clearly an ideal Z5 is strongly admissible if
and only if Z§ C Z,.

Throughout the paper we take 7, as a strongly admissible ideal in N x N.

If we take Zo = Z4, = {A C N x N : dp(A) = 0}, then Zo = Z4, is a nontrivial
strongly admissible ideal of NxN and the ideal convergence coincides with statistical
convergence with respect to the fuzzy norm on N.

We say that an admissible ideal Z, C 2N*N satisfies the property (AP2), if for
every countable family of mutually disjoint sets {41, A, ...} belonging to Z, there
exists a countable family of sets {B1, Ba, ...} such that A;AB; € I3, i.e., A;AB;
is included in the finite union of rows and columns in N x N for each j € N and
B =UjZ, Bj €Ty (hence B; € I for each j € N).

A sequence & = (X )men in X is said to be Z-convergent to L € X with respect

to fuzzy norm on X if for each £ > 0, the set A(g) = {m eN: |zy — L||Sr > 5}

belongs to Z. In this case, we write x,, L L or FT — lim ., = L. The element
m—0o0
L is called the Z-limit of (z,,) in X.
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A sequence (z,,) in X is said to be Z* convergent to L in X with respect to the
fuzzy norm on X if there exists aset M € F (Z), M = {m1 <mg < ---} C N such

that lim ||z,,, — L] = 0. In this case, we write x,, ", Lor FIT* — lim @, = L.
k—o00 m— o0

A sequence (z,,) in X is said to be Z-Cauchy with respect to the fuzzy norm on
X if for every ¢ > 0, there exists an integer n = n(e) in N such that {m € N :
[€m — zally > e} €.

A double sequence © = (2,,) in X is said to be Zy- convergent to L € X
with respect to fuzzy norm on X if for every € > 0, A(e) = {(m,n) € Nx N :

| E—— L||(')|r > e} € T,. In this case, we write T,y 3 7 or Tmn — L (FI3) or
FI, — lim z,,=1L.

m,n— o0
A double sequence x = (%, ) in X is said to be Z-convergent to L in X with
respect to the fuzzy norm on X if there exists a set M € F(Zy), M ={m; < --- <
my <---3np <---<n <---} CNxNsuch that kllim |Zmyn, — L] -
=00

A double sequence © = (Z;,,,) in X is said to be Zy-Cauchy with respect to the
fuzzy norm on X if for each ¢ > 0, there exists integers s = s(¢) and ¢t =t (¢) such
that {(m,n) ENXN: |zmn — zalld > 5} €T

A double sequence x = () in X is said to be Z3-Cauchy double sequence
with respect to fuzzy norm on X, if there exists a set M € F(Z,) (ie., H =
NxN\M € Z,) and ko = ko(g) such that for every € > 0 and for (m,n), (s,t) € M,
| E— xStHa” < &, whenever m,n, s,t > kg. In this case we write

~ +
el =l 0.
Lemma 1.1. [15] Let (X, ||.||) be a fuzzy normed space, (Tmn) be a double sequence
in X and Ly € X. Then, FP— lim x,,, =L = FI, — lim ., = L;.
m,n—00 m,n—00

Lemma 1.2. [21] Let (X, ||.|) be a fuzzy normed space, © = (Tmn) be a double
sequence in X and Ly € X. If © = (Tymn) is Is-convergent to Ly then it is Ty-
convergent to L.

Lemma 1.3. [21] Let T, C 2" be a strongly admissible ideal with property (AP2),
(X, I be a fuzzy normed space, x = (Tmy) be a double sequence in X and Ly € X.
If © = (Tyn) is To-convergent to Ly then it is I -convergent to L.

Lemma 1.4. [16] Let I be an admissible ideal of N x N. If a double sequence
(mn) in X is an FIZ5-Cauchy sequence, then it is FIy-Cauchy.

Lemma 1.5. [21] Let (X,|.||) be a fuzzy normed space, © = (Tmn) be a double
sequence in X. If © = (xmn) is Io-convergent, then it is Io-Cauchy sequence in X .

Lemma 1.6. [31] Let {P;};2, be a countable collection of subsets of N such that
P, € F(Z) for each i, where F (I) is a filter associated with a strongly admissible
ideal T with the property (AP). Then, there exists a set P C N such that P € F (I)
and the set P\P; is finite for all i.

Lemma 1.7. [16] Let Iy be an admissible ideal of NxN with the property (AP2) and
(Tmn) be a double sequence in X. Then, the concepts To— Cauchy double sequence
with respect to fuzzy norm on X and I3-Cauchy double sequence with respect to
fuzzy norm on X coincide.
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2. MAIN RESULTS

In this section, we introduce the notions of regularly (Z3,Z)-convergence, regu-
larly (Z5,Z*)-convergence, regularly (Z,Z)-Cauchy and regularly (Z5,Z*)-Cauchy
double sequences in fuzzy normed linear spaces. Also, we establish some basic
results related to these notions.

Definition 2.1. A double sequence (Z,,,) in X is said to be regularly convergent
with respect to fuzzy norm on X, if it is convergent in Pringsheim’s sense and the
limits
FN — lim ,,, (n € N)and FN — lim z,,,, (m € N),
m—r 00 n—oo
exist for each fixed n € N and each fixed m € N, respectively. Note that if (z,,) is
regularly convergent to L in X, then the limits

FN — lim lim z,,, and FN — lim lim x,,,
n—o0 m—0o0 m—00 N—r00

exist and are equal to L. In this case we write

. Fr
Fr— lim x,,=L or x,,— L.
m,n— 00

In terms of neighborhoods, we have z,,, L L if for every € > 0, there exists
an integer k = ko(¢) € N such that z,,, € Nr(g,0), whenever m,n > k, x,, €
NL(g,0), whenever m > k and for each fixed n € N and z,,, € N1(¢,0), whenever
n > k and for each fixed m € N.

Definition 2.2. A double sequence (Z,,,) in X is said to be regularly (Zz,Z)-
convergent (Fr(Zy,T)-convergent) with respect to fuzzy norm on X, if it is FZs-
convergent in Pringsheim’s sense and for each € > 0, the following statements hold:

{meN: ||Tpmn — Lollf >} €T (2)
for some L,, € X and each fixed n € N and
neN:||zmn— Knlld >} ez (3)

for some K,, € X and each fixed m € N.
If (%) is Fr(Zy,I)-convergent to L € X, then the limits

F7Z— lim lim z,,, and FZ — lim lim xz,,,
n—o0 m—0o0 m—00 N—00

exist and are equal to L. In this case we write

Fr(Ze,T) — lim apn =1L or zmm %7 L,
m,n—00

Fr(Z:,I) , .
TQ) ) L if for every € > 0,

In terms of neighborhoods, we have x,,,
{(m,n) ENXN: zp, & N (¢,0)} € I,
and
{meN:zp, ¢ N (6,00} €Zand {neN:z, ¢ N (5,0)} €Z

for each fixed n € N and each fixed m € N, respectively.
A useful interpretation of the above definition is the following;

Fr(Zs,T .
T L FT = lim | — LIi§ =0,
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FT — lgn |@mn — L||g =0, (for each fixed n € N)

and

FZ — lim ||zmn — L||g =0, (for each fixed m € N).
n—oo
Note that Fr(Zy,Z) — lim ||z, — L||§ = 0 implies that
m,n— o0

FI, — lim |y — L), = FIo — lim ||z, — L|S =0,
m,n— oo m,n— oo

FT — lim |[Zmn — L||, = FZy — lim |[Zm, — L||S =0, (for each fixed n € N)
m—0o0 m—0o0
and

FT — lim |, — L||, = FZy — lim |2, — LS =0, (for each fixed m € N)
n—roo n—oo
for each a € [0, 1], since

0 < ||@mn — LI, < ||@mn — LIS < ||@mn — L||3, (for each m,n € N),

0 < ||@mn — LI, < ||@mn — LIS < ||@mn — L||¢, (for each m € N and fixed n € N)
and

0 < |Zmn — LI < |Zmn — LI < ||Zmn — LH(')|r , (for each n € N and fixed m € N)
holds for each o € [0,1] .

Example 2.1. Let T = Z;, Iy = Z4,, (R™,].||) be a FNS and (24,)}",,—; € R™ be
a fixed nonzero vector, where the fuzzy norm on R™ is defined as in such that

m m 1/2
lzllc = <Z > |xkn|2> . Now we define the double sequence (zg,) in R™ as

k=1n=1

n, if k<2
Tpn =% x, ifn=k=3j% jeENandk>3
0, otherwise.

It is clear that for any e satisfying 0 < ¢ < b||z||¢, where 1 < b < oo. Then, for
k > 3 we have

K(E) = {<n’k) € NxN: Hxnk - 9”3 > ‘5} = {(979)’ (16716)7' : '}’

Ki(e) ={n eN: ||zn — 05 >} ={9,16,---},
for each k € N and
Ky(e) ={k e N: ||znk —GH(J{ >e}={9,16,---}

for each n € N and so, da(K(e)) = 0, d(K1(¢)) = 0 and d(Ka(¢)) = 0. If we
choose ¢ > b||z||c then K(g) =0, K1(¢) = 0 and K3(e) = 0 and so, d2(K (€)) = 0,
d(Ki(e)) = 0 and d(Kz(e)) = 0. It is clear that (xy,) is Zo-convergent to 0 but
(2gn) is not Fr(Zy,I)-convergent in (R™, ||.||).

Theorem 2.1. If a double sequence (Tymy) in X is Fr-convergent, then (Tmy) is
Fr(Zs,T)-convergent.
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Proof. Let (mn) be any double sequence in X and suppose that (2,,,) be Fr-
convergent. Then, (z,,,) is convergent in Pringsheim’s sense and the limits

FN — lim ,,, (n € N)and FN — lim z,,,, (m €N),
m— 00 n—oo
exist for each fixed n € N and each fixed m € N, respectively. By Lemma [I.1

(Zymn) is Zo-convergent. Also, for each € > 0 there exist m = mg(e) and n = ng(e)
such that for all m > mg

men - Lan— <g,
for some L, and each fixed n € N and also, for all n > ng
|Zmn — Km‘la_ <g,

for some K, and each fixed m € N. Then, since Z is an admissible ideal so for each
e > 0, we have

{m eN: ||Zmn — La|l§ >} C{1,2,...,mo} €I,

{neN:||Tmn — Knlld >} C{1,2,...,n0} €.
Hence, (Tmn) is Fr(Zz,T)-convergent in X. O
The opposite of this theorem is not always true. Let’s see this with an example.
Example 2.2. Let 7 =7, I = Z4,, (R™,|[.][) be a FNS and (zn)}',,—; € R™ be
a fixed nonzero vector, where the fuzzy norm on R™ is defined as in such that

m m 1/2
lzllc = <Z > |xkn|2> . Now we define a double sequence (zg,) in R™ as
k=1n=1

o[ ifmk=jjeEN
k= 0, otherwise.

It is clear that for any e satisfying 0 < ¢ < b||z||¢, where 1 < b < co. Then, we
have

K(e) ={(n,k) € NXN: [lon, — 0llg > e} = {(1,1),(8,8),(27,27),- - },

Ki(e) = {n € Nt |long — 0l = e} = {1,8,27,---},
for each £ € N and

Ka(e) ={k e N: ||z — 0|l§ > ¢} ={1,8,27,---}
for each n € N and so, da(K(e)) = 0, d(K1(¢)) = 0 and d(K2(e)) = 0. If we
choose ¢ > b||z||c then K(g) =0, K1(¢) = 0 and Ky(e) = 0 and so, d2(K(€)) = 0,
d(K1(e)) = 0 and d(K2(g)) = 0. Hence, (zgy) is F'r(Zy, T)-convergent in (R™, ||.|]).
But (zgy,) is not F'r-convergent in (R™, ||.||).
Definition 2.3. A double sequence (,,) in X is said to be Fr(Z;,Z*)-convergent
with respect to fuzzy norm on X, if there exist the sets M € F(Z), My € F(I)
and My € F(Z) (ie., Nx N\ M € I, N\ M; € T and N\ M, € Z) such that the
limits

FN - lim 2z,,,, FN- lim z,,, and FN — lim z,,

m,n—00 m—00 n—00
(m,n)eM me M n€Ma

exist for each fixed n € N and each fixed m € N, respectively.
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Theorem 2.2. If a double sequence (Ty,y,) in X is Fr(Zy,T*)-convergent, then it
is Fr(Zy,T)-convergent.

Proof. Let () in X be Fr(Z5,Z*)-convergent. Then, it is Z4-convergent and so,
by Lemma it is Zy-convergent. Also, there exist the sets My, My € F(Z) such
that
(Ve > 0) (3mo = mo(e) €N) (VYm >mg) (m € M1) ||Tmn — Lulld <&, (n€N)
for some L,, € X and
(Ve > 0) (3ng =no(e) €N) (Vn >ng) (n € Ma) ||[Zmn — Knlld <&, (m€N)

for some K,, € X. Hence, for each € > 0 we have

Ale) = {meN:|xmn — Lull§ > e} c HHU{1,2,...,mo — 1}, (n €N),

B(e) = {neN:|amn—Knlld >} C HoU{1,2,...,n9 — 1}, (m €N),
for Hy, H, € Z. Since 7 is an admissible ideal we get

HU{1,2,... (mo—1)} €T, HoU{1,2,....ng—1} €T

and therefore A(e),B(e) € Z. This shows that the double sequence () is
Fr(Zy,T)-convergent in X. O

Theorem 2.3. Let T, C 2N be a strongly admissible ideal with property (AP2),
T C 2V be an admissible ideal with property (AP). If a double sequence (Tyy) is
Fr(Zy,I)-convergent, then (xmy) is Fr(Z5,Z*)-convergent in X.

Proof. Let a double sequence (2,,) in X be Fr(Zs,Z)-convergent. Then, (2,,,) is
To-convergent and so (Z,y,) is Zs-convergent by Lemma Also, for each € > 0
we have

Ale) ={m eN: ||wpn — Ly||§ >} €T
for some L,, € X and for each fixed n € N and
Ce)={neN:||zm — Knl|§ >ec}eZ
for some K,, € X and for each fixed m € N.
Now put

Ay = {meN:|zm, — Ln||3' > 1},
1 1

for k > 2, for some L,, € X and for each fixed n € N. It is clear that 4, N A; =0
for i # j and A; € T for each ¢ € N. By the property (AP) there is a countable
family of sets {B1, Bs, ...} in Z such that A; A B, is a finite set for each j € N and
B= U]Oi1 Bj el

We prove that

FN — lim xpn = Ly,

m—0o0
meM

for some L, each fixed n € N and M = N\B € F(Z). Let § > 0 be given. Choose
k € N such that 1/k < . Then, we have
k
{m €N ||Tymn — Lnllg >0} C U Aj,
j=1
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for some L,, and each fixed n € N. Since A; A B, is a finite set for j € {1,2,...,k},
there exists my € N such that
k k
(UBj)ﬁ{m:mzmo}:( Aj>ﬂ{m:m2m0}.
j=1 j=1
If m > my and m ¢ B then

k k
mg{UBj andsomg_fUAj.
j=1 j=1
Thus, we have ||z, — Ly||§ < + < 6, for some L,, and each fixed n € N. This
implies that
FN — lim x,, = L,.
m—r oo
meM
Hence, we have
FT* — lim zyn = L,

m—0o0
for some L,, and each fixed n € N.
Similarly, for the set C(¢) = {n € N: ||zyun — Kun|l§ > €} € Z, we have
FT* — lim z,,, = K,,

n— oo

for some K, and each fixed m € N. Hence, a double sequence (z,y,) is F'r(Z35,Z*)-
convergent. O

Now, we give the definitions of Fr(Zy,Z)-Cauchy sequence and Fr(Zj,T*)-
Cauchy sequence.

Definition 2.4. A double sequence (z,,,) in X is said to be regularly (Zs,Z)-
Cauchy double sequence with respect to fuzzy norm on X (F'r(Zs,Z)-Cauchy double
sequence), if it is Zy-Cauchy double sequence with respect to fuzzy norm on X and
for each € > 0 there exist k, = k,(¢) € N and I, = l,,(¢) € N such that the
following statements hold:

Ai1(e) = {meN:|Tmn —Tenllf >} €Z, (neN),
As(e) = {neN:||zmn—2m,|ld >} €Z, (meN).

Theorem 2.4. If a double sequence (Tpmn) in X is Fr(Zy,T)-convergent, then
(mn) 18 Fr(Zs,I)-Cauchy double sequence.

Proof. Let (€,,) be a Fr(Zy, T)-convergent double sequence in X. Then, (2,,,) is
Ts-convergent and by Lemma [1.5] it is Zo-Cauchy double sequence. Also for each
€ > 0, we have

Al(g) = {m €N ||2mn — Lt > g} cT
for some L,, and each fixed n € N and also
42(5) = {n €N Jomn — Kulif 2 S} €T
for some K, and each fixed m € N. Since 7 is an admissible ideal, the sets

Ai(%) - {m €N : [[Zmn — LallT < %} (n € N)
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for some L,, and
45(5) = {n €N omn — Knlli <5}, (meN)

for some K,,, are nonempty and belong to F(Z). For k, € A{(5), (n € N and
kn > 0) we have
€
57
for some L,. Now, for each € > 0, we define the set
Bi(e) = {m € N: |z — Tp, 0§ > e}, (n €N),

where k,, = k,(¢) € N. Let m € Bi(e). Since ||.||¢ is a norm in the usual sense,
then for k,, € A{(5), (n € N and k,, > 0) we have

|kyn — Ln”g <

€ < ||lzmn — fﬂknnHJ < Tmn — Ln”(—; + [|Tkyn — Ln”g
g

< ||33mn - Lan + 9

for some L,,. This shows that

€ €
3 < |Zmn — Lnll§ and so m € Ay (5) .

Hence, we have By(e) C Ai(5).
Similarly, for each ¢ > 0 and for I,,, € A5(5) (m € N and [,,, > 0) we have

€
me,lm - Km”é)_ < 57 (m € N)
for some K,,. Therefore, it can be seen that
€
Ba(e) = {m € N: [[em,, — Knllg =} € A2(3).

Hence, we have Bj(e),Ba(¢) € Z. This shows that (2,,) is Fr(Zs,Z)-Cauchy
double sequence. O

Definition 2.5. A double sequence (2,,,) is said to be regularly (Z5,Z*)-Cauchy
double sequence with respect to fuzzy norm on X (Fr(Z;,Z*)-Cauchy double se-
quence), if there exist the sets M € F(Zz), My € F(Z) and My € F(I) (i.e.,
NxN\M € Iy, N\ M; € T and N\ M5 € 7), for each € > 0 there exist N = N(e),
s=s(e), t =t(e), (s,t) € M, ky, = kn(€), Iy, = lm(¢) € N such that

||xmn - xst||6r <g, for (m»n)v (Svt) €M,

|Zmn — Tk, nllg <€, for each m € M; and each fixed n € N,

|Zmn — Tmi,, |& < &, for each n € Myand each fixed m € N,

whenever m,n, s,t, kn,l,, > N.

Theorem 2.5. If a double sequence () in X is Fr(Z5,Z*)-Cauchy double se-
quence, then it is Fr(Zy,T)-Cauchy double sequence.

Proof. Since a double sequence (2,,,) in X is Fr(Z5,Z*)-Cauchy double sequence,
it is Z5-Cauchy double sequence. We know that Z5-Cauchy double sequence implies
Z5-Cauchy double sequence by Lemma Also, there exist the sets My, My € F(Z)
and for each € > 0 there exist k, = k(¢) € N and [,,, = l,,(¢) € N such that

|Zmn — Tk, nlld < &, for each m € My and each fixed n € N,

|Zmn — Tmi,, |& < &, for each n € My and each fixed m € N,
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for N = N(e) € N and m,n, k,,l,, > N.
Therefore, for H; = N\M; € Z and Hy, = N\M> € 7 we have

A1) ={m eN: ||xmn — zpnllf >} Cc HHU{1,2,...,N -1}, (n€N)
for m € M7 and
As(e) = {n €Nt ||Tpmn — T, lg >} C HoU{1,2,...,N —1}, (m €N)
for n € Ms. Since 7 is an admissible ideal,
HyU{1,2,...,N—1}eTand HoU{1,2,...,N—1} € T.

Hence, we have A(e), Aa(e) € Z and (24y) i Fr(Zz,Z)-Cauchy double sequence.
O

Theorem 2.6. Let T, C 2N be a strongly admissible ideal with property (AP2),
T 2N be an admissible ideal with property (AP). If a double sequence (Tyy) in X
is Fr(Zs, I)-Cauchy double sequence, then it is Fr(Z3,Z*)-Cauchy double sequence.

Proof. Since Fr(Zy,T)-Cauchy double sequence, it is Zo-Cauchy double sequence.
We know that Zy-Cauchy double sequence implies Z5-Cauchy double sequence by
Lemma Also, for every € > 0 there exist k, = k,(¢) € N and [,,, = l;5(¢) € N
such that the following statements hold:

Ai1(e) = {meN:|zmn —Tenllf >} €Z, (neN),
As(e) = {neN:||zmn—2my,|ld >} €Z, (meN).
Let
+ 1 .
Pi={meN: ||z, — 2k, ullg < e (i=1,2,...)
and

1

where k,, = k,(1\i) and l,,, = l,n(1\¢). It is clear that P, R; € F(Z), (i =
1,2,...). Since Z has the property (AP), then by Lemma there exist the sets

P, R C Nsuch that P, R € F(Z) and P\P; and R\R; are finite for all i. Now, firstly
we show that for every € > 0,

R, = {n €N [|zmn — Tot,,,

|Zmn — Tk, nllg <&, for each m € P and each fixed n € N.

To prove this, let € > 0 and j € N such that j > 2/e. If m € P then P\P; is a finite
set, so there exists k = k(j) such that m € P; for all m, k,, > k(j). Therefore,

1 1

1 Zmn — xkninllg < ; and ”xknn - mk‘ana_ < ;

for all m, n, k,, > k(j). Since ||.||§ is a norm in the usual sense, then it follows that

| Zmn — xknn”(—)i_ < @ — Lky,n |3_ + |lzk,n — Lk, n |8_
1 1 2
< =+ -==<c
J 73 7

for all m,n,k, > k(j). Thus, for any £ > 0 there exists k = k(e) such that for
m,n, k, > k(e)

|Zmn — Tk, nlld <&, for each m € P and each fixed n € N.
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Similarly, we can show that for any e > 0 there exists | = I(g) such that for
m,n, Ly, > 1(e)

| Zmn — Tmi,, ||7 <€, foreach n € R and each fixed m € N.

This shows that the sequence () is an Z3-Cauchy double sequence. g
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