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REMARKS ON A 1-D NONLOCAL IN TIME FRACTIONAL

DIFFUSION EQUATION WITH INHOMOGENEOUS SOURCE

NGUYEN HOANG LUC

Abstract. In this paper, we deal with the fractional diffusion equation with

Riemann-Liouville in the form

Dα
0+
u− uxx = F (x, t).

Under some various assumptions of the input data ψ, F , we study the well-

posedness of our problem. To achieve our purpose, we use the techniques
of Fourier series expansion in Hilbert scales. In particular, we apply Fourier

analysis method and combine with some estimates of Mittag-Lefler functions
to establish the existence and uniqueness of solutions to our problem on the

Sobolev spaces.

1. Introduction

In the process of studying a number of physical models and problems of practi-
cal significance, it was realized that it was necessary to study and consider diffu-
sion models with fraction derivatives rather than models with classical derivative.
Fractional calculation has many important applications in many different fields of
science and engineering, such as in biological population models, signal process-
ing, fluid mechanics, electrical networks, and electromagnetism. , electrochemical,
optical and viscosity [8, 9, 12, 31]. As far as we know, there are currently several
definitions for fraction derivatives and fraction integrals, such as Riemann-Liouville,
Caputo, Hadamard, Riesz, Griinwald-Letnikov, Marchaud, etc. Some works are at-
tracting the attention of the community, like A. Debbouche and his group [4, 5, 6], E.
Karapinar et al [13, 14, 15, 16, 17, 18, 19, 20], M. Benchohra [28, 29, 30]. Although
most of them have been extensively studied, most mathematicians are interested
and studied the two derivative Caputo derivative and Riemann-Liouville.

In this paper, we consider the fractional Sobolev equation
Dα

0+u− uxx = F (x, t), (x, t) ∈ (0, π)× (0, T ),

u = 0, (x, t) ∈ ∂Ω× (0, T ),

ε1t
1−αu|t=0 + ε2u(x, T ) = ψ(x)

(1)
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where Dα
0+v denotes a RiemannLiouville fractional derivative of v with order α,

0 < α ≤ 1. It is defined by

Dα
0+v(t) =

d

dt

( 1

Γ(1− α)

∫ t

0

(t− r)−αv(r)dr
)

(2)

and Dα
0+v(t) =:

d

dt
v(t) if α = 1. Diffusion equations derive from the many diffu-

sion phenomena that occur widely in nature. They are proposed as mathematical
models of physical problems in many fields, such as phase transition, biochemistry.
Equations of time fractional reactions occur in describing ”memory” in physics, for
example plasma turbulence [24], fractal geometry [26], and single-molecular pro-
tein dynamics [25]. When D0+ is replaced by the Caputo derivative and ε2 = 0,
the above equation has been studied quite in detail in the previous paper[27]. We
can refer the reader to some interesting papers on fractional diffusion equation, for
example [1, 2].

In [22], the authors investigated the existence of solutions of fractional differential
equations with integral boundary conditions as follows

Dα
0+u = F (t, u(t)), (x, t) ∈ (0, π)× (0, T ),

t1−αu|t=0 = λ

∫ T

0

u(t)dt+ h, h ∈ R
(3)

where λ ≥ 0. In [23], C. Zhai and R. Jiang studied the following non-local problem

Dα
0+u+ F (t, v(t)) = a, t ∈ (0, T ),

Dβ
0+v + F (t, u(t)) = b, t ∈ (0, T ),

u(0) = 0, u(T ) =

∫ T

0

φ(t)u(t)dt,

v(0) = 0, v(T ) =

∫ T

0

φ(t)v(t)dt,

(4)

where 1 < α, β < 2. In recent paper [3], T.B. Ngoc and his coauthors considered
the backward problem for nonlinear model

Dα
0+u− uxx = F (x, t, u).

To the best of our knowledge, there are not any result concerning on Problem (1).
Motivated by this work [3], we first consider a nonlocal in time problem for the
equation

Dα
0+u− uxx = F (x, t).

Our main goal in this paper is to give the existence and uniqueness of the mild solu-
tion for Problem (1). The regularity estimates for the mild solution are established
in some various spaces.

This article is arranged as follows. Section 2 gives some preliminary and mild
solution. In Section 3, we present our main results including two main theorems.
Finally, the proof of some theorems is completed in section 4.
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2. Preliminaries

Consider the Mittag-Leffler function, which is defined by

Eα,β(z) =

∞∑
n=0

zn

Γ(nα+ β)

(z ∈ C), for α > 0 and β ∈ R. When β = 1, it is abbreviated as Eα(z) = Eα,1(z).
We call to mind the following lemmas (see for example [7]. We have the following
lemma which useful for next proof.

Lemma 2.1. Let 0 < α < 1. Then the function z 7→ Eα,α(z) has no negative root.

Moreover, there exists a constant Cα such that

0 ≤ Eα,α(−z) ≤ Cα
1 + z

, z > 0. (5)

For positive number r ≥ 0, we also define the Hilber scale space

Hr(0, π) =

{
w ∈ L2(0, π) :

∞∑
p=1

p2r〈w,
√

2

π
sin(px)〉2 < +∞

}
, (6)

with the following norm
∥∥u∥∥

Hr(0,π)
=

(∑∞
p=1 p

2r〈w,
√

2
π sin(px)〉2

) 1
2

·

3. Main results

Theorem 3.1. Let ε1, ε2 > 0 and F ∈ L∞(0, T ;L2(0, π)). Then Problem (1) has
a mild solution in Lq(0, T ;Hd(0, π)) for any 1 < q < 1

1−α and d < 3/2. Then we
have

‖u‖Lq(0,T ;Hd(0,π)) ≤ C1‖ψ‖Hd(0,π) + C2‖F‖L∞(0,T ;L2(0,π)), (7)

where the hidden constant depends on α, ε1, ε2, s, T and C1 = Cαε
−1
1 Γ(α)

( ∫ T
0
t(α−1)qdt

)1/q

and C2 =M(ε1, ε2, α)
( ∫ T

0
t(α−1)qdt

)1/q

+M(α, s)
( ∫ T

0
t(α−1)qdt

)1/q

.

Theorem 3.2. Let u∗ be the mild solution of the following problem
Dα

0+u− uxx = F (x, t), (x, t) ∈ (0, π)× (0, T ),

u = 0, (x, t) ∈ ∂Ω× (0, T ),

t1−αu|t=0 = ψ(x)

(8)

a) If F ∈ L∞(0, T ;L2(0, π)) and ψ ∈ Hd(0, π) then u∗ ∈ Lq(0, T ;Hd(0, π)).
b) If ψ ∈ Hµ(0, π) and F ∈ L2(0, T ;Hµ(0, π)) for µ ≥ 0. Assume that α > 1/2 and
0 < h < 2α−1

2 . Then we get tγu ∈ L∞(0, T ;Hν(0, π)) and u∗ ∈ L2(0, T ;Hν(0, π))where
ν ≤ µ+ 2h and γ ≥ 1 + αh− α. And we also get

‖tγu∗‖L∞(0,T ;Hν(0,π)) . T γ+α−αh−1‖ψ‖Hµ(0,π) + T γ+α−1/2−αh‖F‖L2(0,T ;Hµ(0,π))

(9)

and

‖u∗‖L2(0,T ;Hν(0,π)) . ‖ψ‖Hµ(0,π) + ‖F‖L2(0,T ;Hµ(0,π)) (10)

where the hiden constants depend on α, h, γν, µ.
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Theorem 3.3. Let ε2 > 0 and F ∈ L∞(0, T ;L2(0, π)) and ψ ∈ Hµ(0, π). Assume
that u1,ε2 be the solution of Problem (1) with ε1 = 1, ε2 > 0. Let h ∈ (0, 1). Then
we have the following∥∥u1,ε2 − u∗

∥∥
Lq(0,T ;Hd(0,π))

. ε2‖ψ‖Hµ(0,π) + ε2‖F‖L∞(0,T ;L2(0,π)). (11)

where d ≤ µ+2h. The hiden constant in the above estimation depends on α, h, γν, µ.

3.1. Proof of Theorem (3.1). Let us first to give the explicit formula of the
mild solution of Problem (1). The separation of variables helps us to yield the

solution of (1) which is defined by Fourier series u(x, t) =
√

2
π

∞∑
p=1

up(t) sin(px),

where up(t) =
〈
u(t, ·),

√
2
π sin(px)

〉
. It becomes to the fractional ordinary differen-

tial equation
Dα

0+up(t) + p2up(t) = Fp(t).

Let ϕ = t1−αu|t=0. Then we get the following identity

up(t) = Γ(α)tα−1Eα,α
(
−p2tα

)
ϕp

+

∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ. (12)

The non-local in time condition allows us to confirm that

ε1ϕp + ε2Γ(α)Tα−1Eα,α
(
−p2Tα

)
ϕp

+ ε2

∫ T

0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ = ψp. (13)

Due to the uniqueness property of Fourier expansion, one has

ϕp =
ψp − ε2

∫ T
0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ

ε1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)
. (14)

Combining (12) and (14), we arrive at

up(t) =
Γ(α)tα−1Eα,α

(
−p2tα

)
ψp

ε1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

−
ε2Γ(α)tα−1Eα,α

(
−p2tα

) (∫ T
0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ

)
ε1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

+

∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ. (15)

By the theory of Fourier series, the mild solution u is given by

u(x, t) =

∞∑
p=1

Γ(α)tα−1Eα,α
(
−p2tα

)
ψp

ε1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

(√ 2

pi
sin(px)

)

−
∞∑
p=1

ε2Γ(α)tα−1Eα,α
(
−p2tα

) (∫ T
0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ

)
ε1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

(√ 2

pi
sin(px)

)
+

∞∑
p=1

(∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

)(√ 2

pi
sin(px)

)
= A1(x, t) + A2(x, t) + A3(x, t). (16)
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The upper bound of the Mittag-Lefler implies that

‖A1(., t)‖2Hd(Ω) =

∞∑
p=1

(
Γ(α)tα−1p2dEα,α

(
−p2tα

)
ψp

ε1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

)2

≤ |Cα|2ε−2
1 |Γ(α)|2t2α−2

∞∑
p=1

p2dψ2
p

= Cαε
−2
1 |Γ(α)|2t2α−2‖ψ‖2Hd(0,π), (17)

where we note that ε1 + ε2Γ(α)Tα−1Eα,α
(
−p2Tα

)
> ε1. Hence, we get

‖A1(., t)‖Hd(Ω) ≤ Cαε−1
1 Γ(α)tα−1‖ψ‖Hd(Ω). (18)

Take any 0 < s < 1 then we get that

Eα,α
(
−p2(t− ξ)α

)
≤ Cα

1 + p2(t− ξ)α
≤ Cαp−2s(t− ξ)−αs. (19)

Hence, we arrive at the following bound∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

≤ Cαp−2s

∫ t

0

(t− ξ)α−1−αs|Fp(ξ)|dξ

≤ Cαp−2s‖F‖L∞(0,T ;L2(0,π))

∫ t

0

(t− ξ)α−1−αsdξ

=
Cα

α− αs
p−2s‖F‖L∞(0,T ;L2(0,π))t

α−αs. (20)

Using this inequality, we find that

‖A2(., t)‖2Hd(0,π)

=

∞∑
p=1

p2d

(
ε2Γ(α)tα−1Eα,α

(
−p2tα

) (∫ T
0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ

)
ε1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

)2

≤ ε22ε−2
1 |Γ(α)|2t2α−2

∞∑
p=1

p2d
∣∣∣Eα,α (−p2tα

) ∣∣∣2(∫ T

0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ

)2

≤ ε22ε−2
1 |Γ(α)|2

(
CαT

α−αs

α− αs

)2

t2α−2

( ∞∑
p=1

p2d−4s

)
. (21)

Notice that the infinite series
∑∞
p=1 p

4s−2d is convergent for 4s > 1 + 2d. It is

obvious to see that if d < 3/2, we can choose s such that 1+2d < 4s and 0 < s < 1.
Using the fact that Eα,α

(
−p2tα

)
≤ Cα and together with (20), we know that

‖A2(., t)‖Hd(0,π) ≤M(ε1, ε2, α)tα−1‖F‖L∞(0,T ;L2(0,π)), (22)

where

M(ε1, ε2, α) =
|Cα|2

α− αs
ε2ε
−1
1 Γ(α)Tα−αs

√√√√ ∞∑
p=1

p2d−4s
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Thanks to the inequality (20), we confirm that

‖A3(., t)‖Hd(0,π) =

√√√√ ∞∑
p=1

(∫ t

0

(t− ξ)α−1Eα,α (−p2(t− ξ)α)Fp(ξ)dξ

)2

≤ Cα
α− αs

‖F‖L∞(0,T ;L2(0,π))t
α−αs

√√√√ ∞∑
p=1

p2d−4s

≤M(α, s)tα−1‖F‖L∞(0,T ;L2(0,π)) (23)

where

M(α, s) =
Cα

α− αs
T 1−αs

√√√√ ∞∑
p=1

p2d−4s.

Combining (18), (22) and (23), we find that

‖u(., t)‖Hd(0,π) ≤ ‖A1(., t)‖Hd(0,π) + ‖A2(., t)‖Hd(0,π) + ‖A3(., t)‖Hd(0,π)

≤ Cαε−1
1 Γ(α)tα−1‖ψ‖Hd(Ω) +M(ε1, ε2, α)tα−1‖F‖L∞(0,T ;L2(0,π))

+M(α, s)tα−1‖F‖L∞(0,T ;L2(0,π)). (24)

Therefore, since the condition 1 < q < 1
1−α , we obtain that

‖u‖Lq(0,T ;Hd(0,π)) =
(∫ T

0

‖u(., t)‖q
Hd(0,π)

dt
)1/q

≤ Cαε−1
1 Γ(α)‖ψ‖Hd(0,π)

(∫ T

0

t(α−1)qdt
)1/q

+M(ε1, ε2, α)
(∫ T

0

t(α−1)qdt
)1/q

‖F‖L∞(0,T ;L2(0,π))

+M(α, s)
(∫ T

0

t(α−1)qdt
)1/q

‖F‖L∞(0,T ;L2(0,π))

. ‖ψ‖Hd(Ω) + ‖F‖L∞(0,T ;L2(0,π)) (25)

where the hidden constant depends on α, ε1, ε2, s, T .

3.2. Proof of Theorem (3.2). Proof a.
Let us recall the mild solution

u∗(x, t) =

∞∑
p=1

Γ(α)tα−1Eα,α
(
−p2tα

)
ψp
(√ 2

π
sin(px)

)
+

∞∑
p=1

∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

(√ 2

π
sin(px)

)
= B1(x, t) + B2(x, t). (26)

The upper bound of the Mittag-Lefler implies that

‖B1(., t)‖2Hd(Ω) =

∞∑
p=1

(
Γ(α)tα−1p2dEα,α

(
−p2tα

)
ψp
)2

≤ |Cα|2|Γ(α)|2t2α−2
∞∑
p=1

p2dψ2
p = |Cα|2|Γ(α)|2t2α−2‖ψ‖2Hd(0,π),

(27)
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By a similar way as above, we also obtain that

‖B2(., t)‖Hd(0,π) ≤M1(α, d)tα−1‖F‖L∞(0,T ;L2(0,π)) (28)

where

M1(α, d) =
Cα

α− αs
T 1−αs

√√√√ ∞∑
p=1

p2d−4s.

Combining (27) and (28), we find that

‖u∗(., t)‖Hd(0,π) ≤ ‖B1(., t)‖Hd(0,π) + ‖B2(., t)‖Hd(0,π)

≤ Cα|Γ(α)|tα−1‖ψ‖Hd(0,π) +M1(α, d)tα−1‖F‖L∞(0,T ;L2(0,π)).
(29)

Proof b.
From (26), we get

tγu∗(x, t) =

∞∑
p=1

Γ(α)tγ+α−1Eα,α
(
−p2tα

)
ψp
(√ 2

π
sin(px)

)
+

∞∑
p=1

(
tγ
∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

)(√ 2

π
sin(px)

)
= D1(x, t) + D2(x, t). (30)

Therefore, we obtain that∥∥tγu∗(., t)∥∥
Hν(0,π)

≤
∥∥D1(., t)

∥∥
Hν(0,π)

+
∥∥D2(., t)

∥∥
Hν(0,π)

(31)

The condition of h as above implies that 0 < h < 1, so we get immediately that

Eα,α
(
−p2tα

)
≤ Cα

1 + p2tα
≤ Cα

(1 + p2tα)h
≤ Cαp−2ht−αh. (32)

Hence

Γ(α)tγ+α−1Eα,α
(
−p2tα

)
≤ Γ(α)Cαp

−2htγ+α−1−αh. (33)

which leads to

∥∥D1(., t)
∥∥
Hν(0,π)

=

√√√√ ∞∑
p=1

p2ν
(

Γ(α)tγ+α−1Eα,α (−p2tα)
)2

|ψp|2

≤ CαΓ(α)tγ+α−αh−1

√√√√ ∞∑
p=1

p2ν−4h|ψp|2

= CαΓ(α)tγ+α−αh−1‖ψ‖Hν−2h(0,π). (34)

For the term D1(x, t), we notice that∣∣∣ ∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

∣∣∣ ≤ Cαp−2h

∫ t

0

(t− ξ)α−1−αh|Fp(ξ)|dξ.

(35)
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which allows us to deduce that∥∥D2(., t)
∥∥2

Hν(0,π)
=

∞∑
p=1

p2ν

(
tγ
∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

)2

≤ |Cα|2
∞∑
p=1

p2ν−4ht2γ
(∫ t

0

(t− ξ)2α−2−2αhdξ

)(∫ t

0

|Fp(ξ)|2dξ
)

≤ |Cα|2

2α− 1− 2αh
t2γ+2α−1−2αh‖F‖2L2(0,T ;Hν−2h(0,π)). (36)

where we have used Hölder inequality. Combining (31), (34) and (36), we find that∥∥tγu∗(., t)∥∥
Hν(0,π)

≤ CαΓ(α)tγ+α−αh−1‖ψ‖Hν−2h(0,π)

+
Cα√

2α− 1− 2αh
tγ+α−1/2−αh‖F‖L2(0,T ;Hν−2h(0,π)). (37)

Since ν − 2h ≤ µ, we find that

‖ψ‖Hν−2h(0,π) ≤ C1,µ,ν,h‖ψ‖Hµ(0,π) (38)

and

‖F‖L2(0,T ;Hν−2h(0,π)) ≤ C2,µ,ν,h‖F‖L2(0,T ;Hµ(0,π)). (39)

From some previous observations, we can deduce that∥∥tγu∗(., t)∥∥
Hν(0,π)

. T γ+α−αh−1‖ψ‖Hµ(0,π) + T γ+α−1/2−αh‖F‖L2(0,T ;Hµ(0,π)).

(40)

Proof c.

In the following, we need to give the estimation of
∫ T

0

∥∥u(., t)
∥∥2

Hν(0,π)
dt. Let us

denote

D1 = Γ(α)tα−1Eα,α
(
−p2tα

)
ψp

and

D2 =

∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ.

Using again the result (34), we arrive at∫ T

0

∥∥D1(., t)
∥∥2

Hν(0,π)
dt =

∫ T

0

( ∞∑
p=1

p2ν
(

Γ(α)tα−1Eα,α
(
−p2tα

) )2

|ψp|2
)
dt

≤ |Cα|2|Γ(α)|2‖ψ‖2Hν−2h(0,π)

∫ T

0

t2α−2αh−2dt

=
T 2α−2αh−1

2α− 2αh− 1
|Cα|2|Γ(α)|2‖ψ‖2Hν−2h(0,π). (41)

By using the result (36), we obtain∫ T

0

∥∥D2(., t)
∥∥2

Hν(0,π)
dt ≤ |Cα|2

2α− 1− 2αh
‖F‖2L2(0,T ;Hν−2h(0,π))

(∫ T

0

t2α−1−2αhdt

)

=
T 2α−2αh|Cα|2

(2α− 1− 2αh)(2α− 2αh)
‖F‖2L2(0,T ;Hν−2h(0,π)). (42)
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From two above observations, we deduce that

‖u∗‖2L2(0,T ;Hν(0,π)) =

∫ T

0

∥∥u(., t)
∥∥2

Hν(0,π)
dt

≤ 2

∫ T

0

∥∥D1(., t)
∥∥2

Hν(0,π)
dt+

∫ T

0

∥∥D2(., t)
∥∥2

Hν(0,π)
dt

≤ 2
T 2α−2αh−1

2α− 2αh− 1
|Cα|2|Γ(α)|2‖ψ‖2Hν−2h(0,π)

+ 2
T 2α−2αh|Cα|2

(2α− 1− 2αh)(2α− 2αh)
‖F‖2L2(0,T ;Hν−2h(0,π))

≤ 2

(
Tα−αh−1/2

√
2α− 2αh− 1

CαΓ(α)‖ψ‖Hν−2h(0,π) +
Tα−αhCα√

(2α− 1− 2αh)(2α− 2αh)
‖F‖L2(0,T ;Hν−2h(0,π))

)2

.

(43)

Using (38) and (39) and (43), we get the desired result (10).

3.3. Proof of Theorem (3.3). Let us recall that

uε2(x, t) =

∞∑
p=1

Γ(α)tα−1Eα,α
(
−p2tα

)
ψp

1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

(√ 2

π
sin(px)

)

−
∞∑
p=1

ε2Γ(α)tα−1Eα,α
(
−p2tα

) (∫ T
0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ

)
1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

(√ 2

π
sin(px)

)
+

∞∑
p=1

(∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

)(√ 2

π
sin(px)

)
. (44)

and

u∗(x, t) =
∞∑
p=1

Γ(α)tα−1Eα,α
(
−p2tα

)
ψp

(√ 2

π
sin(px)

)
+

∞∑
p=1

(∫ t

0

(t− ξ)α−1Eα,α
(
−p2(t− ξ)α

)
Fp(ξ)dξ

)(√ 2

π
sin(px)

)
. (45)

By subtracting (44) by (45), the following result is immediately obtained

u1,ε2(x, t)− u∗(x, t)

=

∞∑
p=1

Γ(α)tα−1Eα,α
(
−p2tα

) ε2Γ(α)Tα−1Eα,α
(
−p2Tα

)
1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

ψp

(√ 2

π
sin(px)

)

−
∞∑
p=1

ε2Γ(α)tα−1Eα,α
(
−p2tα

) (∫ T
0

(T − ξ)α−1Eα,α
(
−p2(T − ξ)α

)
Fp(ξ)dξ

)
1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

(√ 2

π
sin(px)

)
= G1(x, t) + G2(x, t). (46)
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For estimating the term G1, using the upper bound of the Mittag-Lefler, we have
the following inequality

Γ(α)tα−1Eα,α
(
−p2tα

) ε2Γ(α)Tα−1Eα,α
(
−p2Tα

)
1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

≤ ε2|Γ(α)|2Cαp−2hTα−1−αhtα−1. (47)

This implies that∥∥∥G1(., t)
∥∥∥2

Hd(0,π)
=

∞∑
p=1

p2d

(
Γ(α)tα−1Eα,α

(
−p2tα

) ε2Γ(α)Tα−1Eα,α
(
−p2Tα

)
1 + ε2Γ(α)Tα−1Eα,α (−p2Tα)

)2

|ψp|2

≤ ε22|Γ(α)|4T 2α−2−2αht2α−2|Cα|2
∞∑
p=1

p2d−4h|ψp|2

= ε22|Γ(α)|4T 2α−2−2αh|Cα|2t2α−2‖ψ‖2Hd−2h(0,π). (48)

So, we get immediately that∥∥∥G1(., t)
∥∥∥
Hd(0,π)

≤ ε2|Γ(α)|2Tα−1−αhCαt
α−1‖ψ‖Hd−2h(0,π). (49)

By the same justification as in (22), we find that

‖G2(., t)‖Hd(0,π) ≤ ε2Mαt
α−1‖F‖L∞(0,T ;L2(0,π)), (50)

where we denote

Mα =
Γ(α)Tα−αs|Cα|2

α− αs

√√√√ ∞∑
p=1

p2d−4s.

Combining (49) and (50), we arrive at

‖u1,ε2(., t)− u∗(., t)‖Hd(0,π) ≤ ‖G1(., t)‖Hd(0,π) + ‖G2(., t)‖Hd(0,π)

≤ ε2|Γ(α)|2Tα−1−αhCαt
α−1‖ψ‖Hd−2h(0,π)

+ ε2Mαt
α−1‖F‖L∞(0,T ;L2(0,π)) (51)

Therefore, notice that the integral
∫ T

0
t(α−1)qdt is convergent, we obtain that∥∥u1,ε2 − u∗

∥∥
Lq(0,T ;Hd(0,π))

≤ ε2|Γ(α)|2Tα−1−αhCα‖ψ‖Hd−2h(0,π)

(∫ T

0

t(α−1)qdt

)1/q

+ ε2Mα

(∫ T

0

t(α−1)qdt

)1/q

‖F‖L∞(0,T ;L2(0,π)) (52)

It follows from d− 2h ≤ µ that∥∥u1,ε2 − u∗
∥∥
Lq(0,T ;Hd(0,π))

. ε2‖ψ‖Hµ(0,π) + ε2‖F‖L∞(0,T ;L2(0,π)). (53)
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