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ON THE SOLVABILITY OF A SEMILINEAR SECOND ORDER

PARABOLIC EQUATION WITH INTEGRAL CONDITION

AMEUR MEMOU, CHAHLA LATROUS, ABDELHAK BERKANE AND MOHAMED

DENCHE

Abstract. In this paper we study a semilinear second order parabolic equa-

tion with mixed nonlocal boundary condition combined integral with another

two-point boundary conditions of the Neumann type. First, we study the
unique solvability of the associated linear problem by using the energy in-

equality method, then via an iteration process we prove the existence and

uniqueness of the weak solution of the stated problem.

1. Introduction

Many phenomena of modern natural science often lead to nonlocal problems on
mathematical modeling, and nonlocal models turn out to be often more precise that
local conditions; see [3, 8, 9, 12]. These nonlocal boundary conditions appear when
the data on the body can not be measured directly, but their average values are
known. For instance, in some cases, describing the solution (pressure, temperature,
etc.) pointwise is not possible, because only the average value of the solution can
be estimate along the boundary or along a part of it. Nonlocal problems form
a relatively new division of differential equations theory and generate a need in
developing some new methods of research and the importance of these problems
have been also pointed out by Samarskii [31]. The studies of nonlocal problems with
integral conditions originated with the papers by Cannon [7] and Kamynin [20].
Recently various nonlocal problems for partial differential equations are actively
studied and one can find a lot of papers dealing with them; see [2, 5, 4, 10, 7, 11,
19, 20, 21, 32, 36, 6, 23, 24, 34, 32] and references therein for parabolic equations,
and [5, 27, 28, 29, 30, 35] for hyperbolic equations, and in [13, 14, 15, 16, 17, 22, 25]
for mixed type equations. Problems for elliptic equations with operator nonlocal
conditions were considered by Mikhailov and Gushchina [18], Skubachevskii [33],
Paneyakh [26]. In this article, we focus our attention on nonlocal problems with
integral conditions for parabolic equations. It is a continuation of previous studies
of this type of problem with the difference in non-local boundary conditions and
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the equation itself. (case of the semi-linear equation). We establish the existence
and uniqueness of the weak solution for the semi-linear second order parabolic
equation with nonlocal boundary conditions combined integral with another two-
point boundary conditions of the Neumann type. Firstly, we study the solvability
of the associated linear problem by using an energy inequality method. Then we
prove the unicity of the strong solution by using an a priori estimate, the existence of
the strong solution is based on the density of the operator range. Using the results
obtained for the associated linear problem and basing an iterative process, we prove
the existence and the uniqueness of the weak solution of the stated problem. This
paper is organized as follows: In Section 2, the problematic studied in this paper
is formulated with the corresponding hypotheses. In Section 3, we state and pose
associated the linear problem and introduce the function spaces used throughout
the paper as well and present an abstract formulation of the posed linear problem.
In Section 4, an a priori bound from which we deduce the uniqueness of the strong
solution is then established by energy inequality technique. For the solvability of
the associated linear problem, the density of the operator range of the operator
generated by the considered problem is proved in Section 5 . Finally, in Section 6 ,
on the basis of results obtained in Sections 4 and 5, by using an iterative process,
we prove the existence and uniqueness of the weak solution of the considered semi-
linear problem.

2. Statement of the problem

In the rectangle Ω = (0, 1)× (0, T ), with T < +∞, we consider the equation

∂u

∂t
− ∂

∂x

(
a(x, t)

∂u

∂x

)
= f(x, t, u), (2.1)

with the initial condition

lu = u(x, 0) = ϕ (x) , ∀x ∈ (0, 1), (2.2)

the boundary condition

∂u

∂x
(0, t) =

∂u

∂x
(1, t), ∀t ∈ (0, T ), (2.3)

and the integral condition∫ 1

0

u(x, t)dx = 0, ∀t ∈ (0, T ). (2.4)

In addition, we assume that the function a(x, t) and its derivatives satisfies the
conditions 

0 < a0 ≤ a(x, t) ≤ a1 ∀x, t ∈ Ω,

c1 ≤
∂a

∂t
(x, t) ≤ c2, ∀x, t ∈ Ω,∣∣∣∣∂a∂x (x, t)

∣∣∣∣ ≤ b,
a(1, t) 6= a(0, t),

(2.5)

Here, we assume that the known function ϕ satisfies the compatibility conditions
given by (2.3) and (2.4), and there exists a positive constant d such that

|f(x, t, w1)− f(x, t, w2)| ≤ d |w1 − w2| . (2.6)
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3. Associated linear problem

In this section we study a linear problem related to (2.1)-(2.4) and establish the
existence and uniqueness of a strong solution. Thus we consider

∂u

∂t
− ∂

∂x

(
a(x, t)

∂u

∂x

)
= f(x, t), (3.1)

with the initial conditions

lu = u(x, 0) = ϕ (x) , x ∈ (0, 1), (3.2)

the boundary condition

∂u

∂x
(0, t) =

∂u

∂x
(1, t), ∀t ∈ (0, T ), (3.3)

and the integral condition∫ 1

0

u(x, t)dx = 0, t ∈ (0, T ). (3.4)

The problem (3.1)-(3.4) can be considered as a solving of the operator equation

Lu = (£u, lu) = (f, ϕ) = F , (3.5)

where the operator L has domain of definition D(L) consisting of functions u ∈

L2(Ω) such that
∂u

∂t
,
∂u

∂x
,
∂2u

∂x∂t
,
∂2u

∂x2
∈ L2(Ω) and satisfying the conditions (3.3)

and (3.4).
The operator L is an operator defined on E into F , where E is the Banach space
of function u ∈ L2(Ω), with the finite norm

‖u‖2E =

∫
Ω

|u(x, t)|2 dxdt+ sup
t

∫ 1

0

|u(x, t)|2 dx. (3.6)

F is the Hilbert space of functions F =(f, ϕ), f ∈ L2(Ω), ϕ ∈ H1 (0, 1) with the
finite norm

‖F‖2F =

∫
Ω

|f(x, t)|2 dxdt+

∫ 1

0

|ϕ|2 dx. (3.7)

4. An energy inequality and their results

The following a priori estimate gives the uniqueness of the solution of the posed
problem (3.1)-(3.4).

Theorem 4.1. There exists a positive constant K, such that for each function
u ∈ D(L) we have

‖u‖E ≤ K ‖Lu‖F . (4.1)

Proof 1. Taking the scalar product in L2 (Ωs) of equation (3.1) and the integro-
differential operator

Qu = e−cth (t)

[
a (0, t)

∫ x

0

dζ

∫ ζ

0

∂u

∂t
dη + a (1, t)

∫ 1

x

dζ

∫ ζ

0

∂u

∂t
dη

]
,

where

h (t) = a(1, t)− a(0, t),
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Integrating over Ωs = [0, 1]× [0, s] with 0 ≤ s ≤ T , and taking the real part

Φ(u, u) = Re

∫
Ωs

e−ctf(x, t)Qudxdt

= Re

∫
Ωs

e−ct
∂u

∂t
Qudxdt− Re

∫
Ωs

e−ct
∂

∂x

(
a(x, t)

∂u

∂x

)
Qudxdt. (4.2)

From conditions (3.2), (3.3) and the integral condition (3.4) and integrating by
parts with respect to x, and t, we can evaluate each integral term on the right-hand
side of (4.2), as follows

Re

∫
Ωs

e−ctfQudxdt =

∫
Ωs

h2 (t) e−ct
∣∣∣∣∫ x

0

∂u

∂t
dζ

∣∣∣∣2 dxdt (4.3)

−
∫

Ωs

2h (t)
∂h

∂t
a+ h2 (t)

∂a

∂t
− ch2 (t) a

2
e−ct |u|2 dxdt

+
1

2

∫ 1

0

h2 (t) ae−ct |u|2 dx
∣∣∣
t=s
−
∫ 1

0

h2 (0) a (x, 0)

2
|ϕ|2 dx

+ Re

∫
Ωs

h2 (t)
∂a

∂x
e−ctu

∫ x

0

∂u

∂t
dζdxdt.

Using Cauchy ε− inequality, we obtain

− Re

∫
Ωs

h2 (t)
∂a

∂x
e−ctu

∫ x

0

∂u

∂t
dζdxdt

≤
∫ 2

Ωs

(
∂a

∂x

)2

h2 (t) e−ct |u|2 dxdt+
1

4

∫
Ωs

h2 (t) e−ct
∣∣∣∣∫ x

0

∂u

∂t
dζ

∣∣∣∣2 dxdt, (4.4)

Re

∫
Ωs

e−ctfQudxdt ≤ a2
1

∫
Ωs

e−ct |f |2 dxdt+
1

4

∫
Ωs

h2 (t) e−ct
∣∣∣∣∫ x

0

∂u

∂t
dζ

∣∣∣∣2 dxdt.
(4.5)

Combining (4.4) and (4.5) with (4.3), we get

∫
Ωs

(
ca− ∂a

∂t
− 2

(
∂a

∂x

)2
)
h2 (t)− 2h (t)

∂h

∂t
a

2
e−ct |u|2 dxdt

+
1

2

∫ 1

0

h2 (t) ae−ct |u|2 dx
∣∣∣
t=s

+

∫
Ωs

h2 (t)

2
e−ct

∣∣∣∣∫ x

0

∂u

∂t
dζ

∣∣∣∣2 dxdt
≤ 4a2

1

∫
Ωs

e−ct |f |2 dxdt+ c2

∫ 1

0

h2 (0) a (x, 0)

2
|ϕ|2 dx. (4.6)

We suppose that

δ ≤ h2(t),

and ∣∣∣∣ ddth2(t)

∣∣∣∣ =

∣∣∣∣2h(t)
d

dt
h(t)

∣∣∣∣ = 2 |h(t)|
∣∣∣∣ ddth(t)

∣∣∣∣ ≤ 4a1 max {|c1| , |c2|}
.

Choosing c such that

c ≥ 8a2
1 max {|c1| , |c2|}

δa0
+
c2 + 2b2

a0
, (4.7)
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and then last two terms in the left-hand side in (4.6) are non negatives, hence∫
Ω

|u|2 dxdt+

∫ 1

0

|u|2 dx
∣∣∣∣
t=s

≤ m
(∫

Ω

|f |2 dxdt+

∫ 1

0

|ϕ|2 dx
)

,

where

m =
max

(
4a2

1, 2a3
1

)
min( 1

2δ,
1
2δa0,

(ca0−c2−2b2)δ−4a1 max{|c1|,|c2|})
2

.

By taking the least upper bound of the left side with respect to s from 0 to T , we
get the desired estimate (4.1) with K =

√
m.

Remark. It can be proved in a standard way that the operator L: E → F is
closable. Let L be the closure of this operator, with the domain of definition D

(
L
)
.

Definition 4.2. The solution of the operator equation Lu = F is called a strong
solution of problem (3.1)-(3.4).

Remark. The a priori estimate (4.1) can be extended to strong solutions after
passing to limit, that is we have the inequality

‖u‖E ≤ c
∥∥Lu∥∥

F
, ∀u ∈ D

(
L
)

.

This last inequality implies the following corollaries.

Corollary 4.3. If a strong solution of (3.1)-(3.4) exists, it is unique and depends
continuously on F = (f, ϕ).

Corollary 4.4. The range R
(
L
)

of L is closed in F and R (L) = R
(
L
)
.

5. Solvability of problem (2.1)-(2.4)

Corollary 4.4 shows that, to prove that problem (3.1)-(3.4) has a strong solution
for arbitrary F , it sufficient to prove that the set R (L) is dense in F . The proof is
based on the following lemma.

Lemma 5.1. Suppose that a(x, t) and its derivative
∂2a

∂t∂x
are bounded.

Let D0(L) = {u ∈ D(L), u(x, 0) = 0}. If, for u ∈ D0(L) and for some function
v ∈ L2 (Ω), we have ∫

Ω

(
∂u

∂t
− ∂

∂x

(
a(x, t)

∂u

∂x

))
vdxdt = 0. (5.1)

Then v vanishes almost everywhere in Ω; that is v = 0.

Proof 2. From (5.1) we have∫
Ω

∂u

∂t
vdxdt =

∫
Ω

∂

∂x

(
a(x, t)

∂u

∂x

)
vdxdt, (5.2)

We introduce the smoothing operators J−1
ε =

(
I − ε ∂

∂t

)−1

and
(
J−1
ε

)∗
=

(
I + ε

∂

∂t

)−1

,

with respect to t, then, these operators provide the solution of the problems:
uε (t)− ε∂uε

∂t
= u (t) , uε (0) = 0,

v∗ε (t) + ε
∂v∗ε
∂t

= v (t) , v∗ε (T ) = 0.
(5.3)
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We also have the following properties: for any g ∈ L2 (0, T ), the functions J−1
ε g,(

J−1
ε

)∗
g ∈W 1

2 (0, T ). If g ∈ D (L), then J−1
ε g ∈ D (L) and we have lim

∥∥J−1
ε g − g

∥∥
L2(0,T )

= 0, for ε→ 0,

lim
∥∥∥(J−1

ε

)∗
g − g

∥∥∥
L2(0,T )

= 0, for ε→ 0.
(5.4)

Substituting the function u in (5.2) by the smoothing function uε and using the
relation

A (t)uε = J−1
ε A (t)u− εJ−1

ε Bε(t)uε,

where Bε(t) =
∂A(t)

∂t
uε.We obtain

−
∫

Ω

u
∂v∗ε
∂t

dxdt =

∫
Ω

A(t)uv∗ε dxdt− ε
∫

Ω

Bε(t)uv∗ε dxdt. (5.5)

The operator A(t) has a continuous inverse in L2(0, 1) defined by

A−1(t)g =

∫ x

0

dζ

a(ζ, t)

∫ ζ

0

g(η)dη + C1(t)

∫ x

0

dζ

a(ζ, t)
+ C2(t), (5.6)

where 
C1(t) =

a(0, t)

a(1, t)− a(0, t)

∫ 1

0
g(η)dη,

C2(t) = −C1(t)
∫ 1

0

1− x
a(x, t)

dx−
∫ 1

0

1− x
a(x, t)

dx
∫ x

0
g(η)dη.

(5.7)

Then we have
∫ 1

0
A−1(t)u = 0, hence, the function J−1

ε u = uε can be represented
in the form

uε = J−1
ε A−1(t)A(t)u.

The adjoint of Bε(t) has the form

B∗ε (t)g =
1

a

(
J−1
ε

)∗ ∂a
∂t
g +Gε(g)(x) + C1(t)Gε(g)(1), (5.8)

where

Gε(g)(x) =

∫ 1

x

[
1

a

(
J−1
ε

)∗ ∂2a

∂t∂ζ
g − 1

a2

∂a

∂ζ

(
J−1
ε

)∗(∂a
∂t
g

)]
dζ.

Consequently, equality (5.5), becomes

−
∫

Ω

u
∂v∗ε
∂t

dxdt =

∫
Ω

A(t)uhεdxdt, (5.9)

where hε = v∗ε − εB∗ε (t)v∗ε .
The left hand side of (5.9) is a continuous linear fonctionel of u, hence the function

hε has the derivatives
∂hε
∂x

,
∂2hε
∂x2

∈ L2(Ω) and the following condition are satisfied{
a (1, t)hε(1, t) = a (0, t)hε(0, t),
∂hε
∂x

(0, t) =
∂hε
∂x

(1, t) = 0.

From the equality
∂hε
∂x

=

[
I − ε1

a

(
J−1
ε

)∗(∂a
∂t

)]
∂v∗ε
∂x

,
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and since the operator
(
J−1
ε

)∗
is bounded in L2(Ω), for sufficiently small ε, we have∥∥∥∥ε1

a

(
J−1
ε

)∗(∂a
∂t

)∥∥∥∥
L2(Ω)

< 1.

Hence, the operator I − ε
1

a

(
J−1
ε

)∗(∂a
∂t

)
has a bounded inverse in L2(Ω). We

conclude that
∂v∗ε
∂x

,
∂2v∗ε
∂x2

∈ L2(Ω), and the following condition are satisfied{
a (1, t) v∗ε (1, t) = a (0, t) v∗ε (0, t),
∂v∗ε
∂x

(0, t) =
∂v∗ε
∂x

(1, t) = 0.
(5.10)

Putting

u =

∫ t

0

ectdτ

(
λ1

∫ x

0

av∗ε (η, t) dη + λ2v
∗
ε (x, t) + k (t)

)
, (5.11)

in (5.2), we obtain∫
Ω

ect
(
λ1

∫ x

0

av∗ε (η, t) dη + λ2v
∗
ε (x, t) + k (t)

)
vdxdt

=

∫
Ω

A(t)uv∗εdxdt+ ε

∫
Ω

A(t)u
∂v∗ε
∂t

dxdt, (5.12)

where {
k (t) = −

∫ 1

0
(λ1 (1− x) a+ λ2) v∗ε (x, t) dx,
λ2 > 8 |λ1| a1 + 2.

By integrating with respect to x and using condition (5.10), we get

Re

∫
Ω

A(t)uv∗εdxdt = −Re

∫
Ω

a
∂u

∂x

∂v∗ε
∂x

dxdt.

Using (5.11), the last equality can be represented as

Re

∫
Ω

A(t)uv∗εdxdt = −Re

∫
Ω

a

λ2
e−ct

∂u

∂x

∂2u

∂x∂t
dxdt+ Re

∫
Ω

λ1

λ2
a2 ∂u

∂x
v∗εdxdt.

Integrating with respect to t, we get

Re

∫
Ω

A(t)uv∗εdxdt = −
∫ 1

0

a (x, T )

2λ2
e−cT

∣∣∣∣∂u∂x (x, T )

∣∣∣∣2 dx
+

∫
Ω

at − ca
2λ2

e−ct
∣∣∣∣∂u∂x

∣∣∣∣2 dxdt+ Re

∫
Ω

λ1

λ2
a2 ∂u

∂x
v∗εdxdt.

Using ε− inequalities, we have

Re

∫
Ω

A(t)uv∗εdxdt

≤ −
∫ 1

0

a (x, T )

2λ2
e−cT

∣∣∣∣∂u∂x (x, T )

∣∣∣∣2 dx+

∫
Ω

(
at − ca

2λ2
+ 2

(
|λ2|
λ1

)2

a2
1

)
e−ct

∣∣∣∣∂u∂x
∣∣∣∣2 dxdt

+
a2

1

4

(
|λ1|
λ2

)2 ∫
Ω

ect
∣∣v∗ε − v∣∣2 dxdt+

∫
Ω

ect |v|2 dxdt (5.13)



SOLVABILITY OF A SEMILINEAR PARABOLIC EQUATION 53

By integrating with respect to x, t and using the condition (5.10), we get

εRe

∫
Ω

A(t)u
∂v∗ε
∂t

dxdt = εRe

∫
Ω

a
∂2u

∂x∂t

∂v∗ε
∂x

dxdt+ εRe

∫
Ω

∂a

∂t

∂u

∂x

∂v∗ε
∂x

dxdt.

Hence

εRe

∫
Ω

A(t)u
∂v∗ε
∂t

dxdt

≤ ε (a1 + max (|c1| , |c2|))
∫

Ω

(∣∣∣∣ ∂2u

∂x∂t

∣∣∣∣2 +

∣∣∣∣∂u∂x
∣∣∣∣2 +

∣∣∣∣∂v∗ε∂x
∣∣∣∣2
)
dxdt, (5.14)

Now from (5.13) and (5.14), we deduce that

Re

∫
Ω

A(t)uv∗εdxdt+ εRe

∫
Ω

A(t)u
∂v∗ε
∂t

dxdt

≤ −
∫ 1

0

a0

2λ2
e−cT

∣∣∣∣∂u∂x (x, T )

∣∣∣∣2 dx+

∫
Ω

(
c2 − ca1

2λ2
+ 2

(
|λ1|
λ2

)2

a2
1

)
e−ct

∣∣∣∣∂u∂x
∣∣∣∣2 dxdt

+

∫
Ω

ect |v|2 dxdt+
a2

1

4

(
|λ1|
λ2

)2 ∫
Ω

∣∣v∗ε − v∣∣2 dxdt
+ ε (a1 + max (|c1| , |c2|))

∫
Ω

(∣∣∣∣ ∂2u

∂x∂t

∣∣∣∣2 +

∣∣∣∣∂u∂x
∣∣∣∣2 +

∣∣∣∣∂v∗ε∂x
∣∣∣∣2
)
dxdt. (5.15)

From the left-hand side in (5.12), we have

Re

∫
Ω

∂u

∂t
vdxdt

=

∫
Ω

λ2e
ct |v|2 + Re

∫
Ω

λ1e
ctvdxdt

∫ x

0

av (η, t) dη

− λ1 Re

∫ T

0

ectdt

∫ 1

0

vdx

∫ 1

0

(1− x) av (x, t) dx− λ2 Re

∫ T

0

ectdt

∫ 1

0

vdx

∫ 1

0

v∗ε (x, t) dx

− Re

∫
Ω

λ2e
ctv (v∗ε − v) dxdt+ Re

∫
Ω

λ1e
ctvdxdt

∫ x

0

a (v∗ε (η, t)− v (η, t)) dη

− λ1 Re

∫ T

0

ectdt

∫ 1

0

vdx

∫ 1

0

(1− x) a (v∗ε (η, t)− v (η, t)) dx. (5.16)

It is easy to show that

Re

∫
Ω

λ1e
ctvdxdt

∫ x

0

av (η, t) dη ≤ |λ1| a1

∫
Ω

ect |v|2 dxdt,

−Re

∫
Ω

λ1e
ctdt

∫ 1

0

vdx

∫ 1

0

av (η, t) dη ≤ |λ1| a1

∫
Ω

ect |v|2 dxdt,

−Re

∫
Ω

λ2e
ct (v∗ε − v) vdxdt ≤ λ2

2

∫
Ω

ect |v|2 dxdt+
λ2

2

∫
Ω

ect |v∗ε − v|
2
dxdt,

−Re

∫
Ω

λ1e
ctdt

∫ 1

0

vdx

∫ 1

0

a (v∗ε − v) dη ≤ |λ1| a1

∫
Ω

ect |v|2 dxdt+λ1a1

4

∫
Ω

ect |v∗ε − v|
2
dxdt,

Re

∫
Ω

λ1e
ctvdxdt

∫ x

0

a (v∗ε − v) dη ≤ |λ1| a1

∫
Ω

ect |v|2 dxdt+λ1a1

4

∫
Ω

ect |v∗ε − v|
2
dxdt.
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From (5.3) we have

v∗ε (x, t) =
−1

ε
e

−t
ε

∫ T

t

e

τ

ε v (x, τ) dτ .

Then

− λ2 Re

∫ T

0

ectdt

∫ 1

0

vdx

∫ 1

0

v∗ε (x, t) dx

=
λ2

2ε

∫ T

0

e

2t

ε

∣∣∣∣∫ 1

0

vdx

∣∣∣∣2 dt+
λ2

2ε

(
c− 2

ε

)∫ T

0

e(c−
2
ε )tdt

∫ T

t

e

τ

ε dτ

∣∣∣∣∫ 1

0

vdx

∣∣∣∣2 .

By integrating with respect to t, we have

λ2

2ε

(
c− 2

ε

)∫ T

0

e(c−
2
ε )t
∫ T

t

∣∣∣∣∣
∫ 1

0

e

τ

ε vdτdx

∣∣∣∣∣
2

dt =
λ2

2ε

∫ T

0

∣∣∣∣∫ 1

0

vdτ

∣∣∣∣2
ect − e2t

ε

 dxdt.
Therefore,

−λ2 Re

∫ T

0

ectdt

∫ 1

0

vdx

∫ 1

0

v∗ε (x, t) dx =
λ2

2ε

∫ T

0

ect
∣∣∣∣∫ 1

0

vdτ

∣∣∣∣2 .

If, we choose c, such that [
c2
a0

+
a2

1

a0

(
|λ1|
λ2

)2
]
≤ c.

Then from the previous inequalities and (5.15), we have∫
Ω

(
λ2

2
− 4 |λ1| a1 + 1

)
ect |v|2 +

λ2

2ε

∫ T

0

ect
∣∣∣∣∫ 1

0

vdτ

∣∣∣∣2
≤

(
λ2

2
+
λ1a1

2
+
a2

1

4

(
|λ1|
λ2

)2
)∫

Ω

ect |v∗ε − v|
2
dxdt

+ ε (a1 + max (|c1| , |c2|))
∫

Ω

(∣∣∣∣ ∂2u

∂x∂t

∣∣∣∣2 +

∣∣∣∣∂u∂x
∣∣∣∣2 +

∣∣∣∣∂v∗ε∂x
∣∣∣∣2
)
dxdt.

By passing to the limit as ε → 0, we conclude that v = 0. The proof of lemma is
now completed.

Now, we give the main result in this section.

Theorem 5.2. The range R
(
L
)

of the operator L coincides with F .

Proof 3. Since F is a Hilbert space, we have R
(
L
)

= F if and only if the relation∫
Q

fgdxdt+

∫ 1

0

luϕ1dx = 0, (5.17)

for arbitrary u ∈ D (L) and (g, ϕ1) ∈ F , implies that g = 0 and ϕ1 = 0.
Putting u ∈ D0 (L) in (5.17), we conclude from the Lemma 5.1 that g = v = 0, a.e.
Taking u ∈ D (L) in (5.17) yields∫ 1

0

luϕ1dx = 0.
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Since the range of the trace operator l is everywhere dense in Hilbert space with

the norm
∫ 1

0
|lu|2 dx, see ([1]). It follows that ϕ1 = 0. The proof of theorem is

completed.

6. Study of the semilinear problem

In this section, we prove the existence, uniqueness and continuous dependance
of the solution on the data of the problem (2.1)-(2.4).
If the solution of problem (2.1)-(2.4) exists, it can be expressed in the form u =
w + U , where
U is a solution of the homogeneous problem

£U =
∂U

∂t
− ∂

∂x

(
a
∂U

∂x

)
= 0, (6.1)

U (x, 0) = ϕ (x) , (6.2)

∂U

∂x
(0, t) =

∂U

∂x
(1, t) , (6.3)∫ 1

0

U (x, t) dx = 0. (6.4)

And w is a solution of the problem

£w =
∂w

∂t
− ∂

∂x

(
a
∂w

∂x

)
= F (x, t, w) , (6.5)

w (x, 0) = 0, (6.6)

∂w

∂x
(0, t) =

∂w

∂x
(1, t) , (6.7)∫ 1

0

w (x, t) dx = 0, (6.8)

where F (x, t, w) = f (x, t, w) and satisfied the condition

|F (x, t, u1)− F (x, t, u2)| ≤ d |u1 − u2| for all x, t ∈ Ω. (6.9)

According to Theorem 4.1 and Lemma 5.1, the problem (6.1)-(6.4) has a unique
solution that depend continuously on ϕ ∈ L2 (0, 1) where L2 (0, 1) is a Hilbert space
with the scalar product

(u, v)L2(0,1) =

∫ 1

0

uvdx,

and with associated norm

‖u‖2L2(0,1) =

∫ 1

0

|u|2 dx.

We shall prove that the problem (6.5)-(6.8) has a weak solution by using an ap-
proximation process and passage to the limit.
Assume that v and w ∈ C1 (Ω), and the following conditions are satisfied v (x, T ) = 0,

∫ 1

0
v (x, t) dx = 0,

w (x, 0) = 0,
∂w

∂x
(0, t) =

∂w

∂x
(1, t) .

(6.10)
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Taking the scalar product in L2 (Ω) of equation (6.5) and the integro-differential
operator

Mv = h(t)

(
a (0, t)

∫ x

0

dζ

∫ ζ

0

vdη + a(1, t)

∫ 1

x

dζ

∫ ζ

0

vdη

)
,

by taking the real part, we obtain

H (w, v) = Re

∫
Ω

F (x, t, w)Mvdxdt

= Re

∫
Ω

∂w

∂t
Mvdxdt− Re

∫
Ω

∂

∂x

(
a
∂w

∂x

)
Mvdxdt. (6.11)

Substituting the expression of Mv in the first integral of the right-hand side of
(6.11), integrating with respect to t, using the condition (6.10), we get

Re

∫
Ω

∂w

∂t
Mv

= −Re

∫
Ω

w

(
a (0, t)h(t)

∫ x

0

dζ

∫ ζ

0

∂v

∂t
dη + a(1, t)h (t)

∫ 1

x

dζ

∫ ζ

0

∂v

∂t
dη

)
dxdt

− Re

∫
Ω

w

[(
h(t)

∂a

∂t
(0, t) + a(0, t)

∂h

∂t

)∫ x

0

dζ

∫ ζ

0

vdη +

(
h(t)

∂a

∂t
(1, t) + a(1, t)

∂h

∂t

)∫ 1

x

dζ

∫ ζ

0

vdη

]
.

(6.12)

Substituting the expression of Mv in the second integral of the right-hand side of
(6.11), integrating with respect to x, using the condition (6.10), we get

− Re

∫
Ω

∂

∂x

(
a
∂w

∂x

)
Mvdxdt = Re

∫
Ω

h2(t)w

(
∂a

∂x

∫ x

0

vdη + av

)
dxdt. (6.13)

Insertion of (6.12), (6.13) into (6.11) yields

H (w, v) = Re

∫
Ω

h(t)v

(
a(1, t)

∫ 1

x

dζ

∫ ζ

0

F (η, t, w) dη − a(0, t)

∫ x

0

dζ

∫ 1

ζ

F (η, t, w) dη

)
,

(6.14)
where

H (w, v)

= Re

∫
Ω

h2(t)w

(
∂a

∂x

∫ x

0

vdη + av

)
dxdt

− Re

∫
Q

h(t)w

(
a (0, t)

∫ x

0

dζ

∫ ζ

0

∂v

∂t
dη + a(1, t)

∫ 1

x

dζ

∫ ζ

0

∂v

∂t
dη

)
dxdt

− Re

∫
Ω

w

[(
h(t)

∂a

∂t
(0, t) + a(0, t)

∂h

∂t

)∫ x

0

dζ

∫ ζ

0

vdη +

(
h(t)

∂a

∂t
(1, t) + a(1, t)

∂h

∂t

)∫ 1

x

dζ

∫ ζ

0

vdη

]
.

(6.15)

Definition 6.1. By a weak solution of problem (6.5)-(6.8) we mean a function
w ∈ L2

(
0, T : L2 (0, 1)

)
satisfying the identity (6.14) and the integral condition

(6.8).
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We will construct an iteration sequence in the following way.
Starting with w0 = 0, the sequence (wn)n∈N is defined as follows: given wn−1, then
for n ≥ 1, we solve the problem

£wn =
∂wn
∂t
− ∂

∂x

(
a
∂wn
∂x

)
= F (x, t, wn−1) , (6.16)

wn (x, 0) = 0, (6.17)

∂wn
∂x

(0, t) =
∂wn
∂x

(1, t) , (6.18)∫ 1

0

wn (x, t) dx = 0. (6.19)

From Theorem 4.1 and Lemma 5.2, we deduce that for fixed n, each problem (6.16)-
(6.19) has a unique solution wn (x, t). If we set Vn (x, t) = wn+1 (x, t) − wn (x, t),
we obtain the new problem

£Vn =
∂Vn
∂t
− ∂

∂x

(
a
∂Vn
∂x

)
= σn−1, (6.20)

Vn (x, 0) = 0, (6.21)

∂Vn
∂x

(0, t) =
∂Vn
∂x

(1, t) , (6.22)∫ 1

0

Vn (x, t) dx = 0, (6.23)

where

σn−1 = F (x, t, wn)− F (x, t, wn−1) . (6.24)

Lemma 6.2. Assume that the condition (6.9) holds, for the linearized problem
(6.20)-(6.23), there exists a positive constant k, such that

‖Vn‖L2(0, T : L2(0,1)) ≤ k ‖Vn−1‖L2(0,T : L2(0,1)) . (6.25)

Proof 4. We denote by

QVn = a (0, t)h (t)

∫ x

0

dζ

∫ ζ

0

∂Vn
∂t

dη + a (1, t)h (t)

∫ 1

x

dζ

∫ ζ

0

∂Vn
∂t

dη.

We consider the quadratic form obtained by multiplying equation (6.20) by e−ctQVn,
with the constant c satisfying (4.7), integrating over Ωs = [0, 1] × [0, s], with 0 ≤
s ≤ T , taking the real part, we obtain

Φ (Vn, Vn) = Re

∫
Ωs

σn−1QVndxdt

= Re

∫
Ωs

e−ct
∂Vn
∂t

QVndxdt−RE
∫

Ωs

e−ct
∂

∂x

(
a
∂Vn
∂x

)
QVndxdt.

(6.26)
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By integrating with respect to x, t and using the conditions (6.21), (6.22) and (6.23)
we get

− Re

∫
Ωs

e−ct
∂

∂x

(
a
∂Vn
∂x

)
QVndxdt

=
1

2

∫
Ωs

(
−
∂
(
ah2(t)

)
∂t

+ cah2(t)

)
e−ct |Vn|2 dxdt+

1

2

∫ 1

0

ah2(t)e−ct |Vn|2 dx
∣∣∣∣
t=s

+ Re

∫
Ωs

e−cth2(t)
∂a

∂x
Vn

∫ x

0

∂Vn
∂t

dζdxdt. (6.27)

By integrating with respect to x and using the condition (6.23), we get

Re

∫
Ωs

e−ct
∂Vn
∂t

QVndxdt =

∫
Ωs

h2(t)e−ct
∣∣∣∣∂Vn∂t

∣∣∣∣2 dxdt. (6.28)

Combined (6.27) and (6.28) with (6.26), we obtain

1

2

∫
Ωs

(
−2ah(t)

∂h

∂t
+

(
ca−

(
∂a

∂x

)2

− ∂a

∂t

)
h2(t)

)
e−ct |Vn|2 dxdt

+
1

2

∫
Ωs

h2(t)e−ct
∣∣∣∣∂Vn∂t

∣∣∣∣2 dxdt+

∫ 1

0

ah2(t)

2
e−ct |Vn|2 dx

∣∣∣∣
t=s

≤ Re

∫
Ωs

e−ctσn−1QVndxdt. (6.29)

Following the same procedure done in establishing the proof of Theorem 4.1, we
have

Re

∫
Ωs

e−ctσn−1QVndxdt

≤ 8a2
1

∫
Ωs

exp(−ct) |σn−1|2 dxdt+
1

2

∫
Ωs

h2 (t) exp(−ct)
∣∣∣∣∫ x

0

∂Vn
∂t

dζ

∣∣∣∣2 dxdt.
(6.30)

Combining the previous inequalities with (6.29), using (6.9) we have

‖Vn‖2L2(0,T :L2(0,1)) ≤ k
2 ‖Vn−1‖2L2(0,T :L2(0,1)) , (6.31)

where

k2 =
16d2a2

1

min(δa0, (ca0 − c2 − 2b2) δ − 4a1 max {|c1| , |c2|})
ecT .

Since Vn (x, t) = wn+1 (x, t) − wn (x, t), then the sequence wn (x, t) can be written
as follows

wn (x, t) =

k=n−1∑
k=1

Vk + w0 (x, t) .

The sequence wn (x, t) converge to an element w ∈ L2
(
0, T : L2 (0, 1)

)
if

d2 <
min(δa0,

(
ca0 − c2 − 2b2

)
− 4a1 max {|c1| , |c2|})

16a2
1

e−cT .
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Now to prove that this limit function w is a solution of the problem under consid-
eration (6.20)-(6.23), we should show that w satisfies (6.8) and (6.14).
For problem (6.16)-(6.19), we have

H (wn − w, v) +H (w, v)

= Re

∫
Ω

a(1, t)h(t)v

∫ 1

x

dζ

∫ ζ

0

(F (η, t, wn−1)− F (η, t, w) dη) dxdt

− Re

∫
Q

a(0, t)h(t)

∫ x

0

dζ

∫ 1

ζ

(F (η, t, wn−1) dη − F (η, t, w) dη) dxdt

+

∫
Ω

a(1, t)h(t)v

∫ 1

x

dζ

∫ ζ

0

F (η, t, w) dη − a(0, t)h(t)

∫ x

0

dζ

∫ 1

ζ

F (η, t, w) dη.

(6.32)

From the equation (6.16), we have

H (wn − w, v)

= Re

∫
Ω

∂ (wn − w)

∂t

(
a (0, t)h (t)

∫ x

0

dζ

∫ ζ

0

Vndη + a (1, t)h (t)

∫ 1

x

dζ

∫ ζ

0

Vndη

)
dxdt

− Re

∫
Ω

∂

∂x

(
a
∂ (wn − w)

∂x

)(
a (0, t)h (t)

∫ x

0

dζ

∫ ζ

0

Vndη + a (1, t)h (t)

∫ 1

x

dζ

∫ ζ

0

Vndη

)
dxdt.

Integrating with respect to t and x, using the conditions (6.10), we obtain

H (wn − w, v)

= Re

∫
Ω

∂v

∂t

(
a(0, t)h(t)

∫ x

0

dζ

∫ 1

ζ

(wn − w) (η, t) dη + a(1, t)h(t)

∫ x

0

dζ

∫ ξ

0

(wn − w) (η, t) dη

)
dxdt

+ Re

∫
Ω

v

(
d (a(0, t)h(t))

dt

∫ x

0

dζ

∫ 1

ζ

(wn − w) (η, t) dη +
d (a(1, t)h(t))

dt

∫ x

0

dζ

∫ ξ

0

(wn − w) (η, t) dη

)
dxdt

+ Re

∫
Ω

h2(t)a (wn − w) vdxdt+ Re

∫
Ω

h2(t)
∂a

∂x
(wn − w)

∫ x

0

vdζdxdt. (6.33)

Each terms of the left-hand side of (6.33) is controlled by

Re

∫
Ω

∂v

∂t

(
a(0, t)h(t)

∫ x

0

dζ

∫ 1

ζ

(wn − w) (η, t) dη + a(1, t)h(t)

∫ x

0

dζ

∫ ξ

0

(wn − w) (η, t) dη

)

≤ k1

(∫
Ω

|wn − w|2 dxdt
)1

2
(∫

Ω

∣∣∣∣∂v∂t
∣∣∣∣2 dxdt

)1

2
, (6.34)

where

k1 = sup
t
{a(0, t)h(t), a(1, t)h(t)} .
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And

Re

∫
Ω

v

(
d (a(0, t)h(t))

dt

∫ x

0

dζ

∫ 1

ζ

(wn − w) (η, t) dη +
d (a(1, t)h(t))

dt

∫ x

0

dζ

∫ ξ

0

(wn − w) (η, t) dη

)
dxdt

≤ k2

(∫
Ω

|wn − w|2 dxdt
)1

2
(∫

Q

|v|2 dxdt
)1

2
, (6.35)

where

k2 = sup
t

{
d

dt
a(0, t)h(t),

d

dt
a(1, t)h(t)

}
,

And the last term by

Re

∫
Ω

h2(t)a (wn − w) vdxdt+ Re

∫
Ω

h2(t)
∂a

∂x
(wn − w)

∫ x

0

vdζdxdt

≤ sup
t

(
a1h

2(t), bh2(t)
)(∫

Ω

|(wn − w)|2 dxdt
)1

2
(∫

Q

|v|2 dxdt
)1

2
. (6.36)

From (6.34)-(6.36), we deduce that

|H (wn − w, v)| ≤ C ‖wn − w‖L2(0,T :L2(0,1))

(∫
Ω

∣∣∣∣∂v∂t
∣∣∣∣2 + |v|2 dxdt

)1

2
, (6.37)

where

C = 3 max

(
k1, k2, sup

t

(
a1h

2(t), bh2(t)
))

.

Integrating with respect to x, using (6.10), we obtain

Re

∫
Ω

a(1, t)h(t)v

∫ 1

x

dζ

∫ ζ

0

(F (η, t, wn−1)− F (η, t, w) dη) dxdt

− Re

∫
Ω

a(0, t)h(t)v

∫ x

0

dζ

∫ 1

ζ

(F (η, t, wn−1)− F (η, t, w) dη) dxdt

= Re

∫
Ω

a(1, t)h(t) [F (x, t, wn−1)− F (x, t, w)]

∫ 1

x

dη

∫ η

0

vdζdxdt

+ Re

∫
Ω

a(0, t)h(t) [F (x, t, wn−1)− F (x, t, w)]

∫ x

0

dη

∫ η

0

vdζdxdt.

Using the condition (6.9) and the Cauchy-Schwartz inequality, we obtain

Re

∫
Ω

a(1, t)h(t)v

∫ 1

x

dζ

∫ ζ

0

(F (η, t, wn−1)− F (η, t, w) dη) dxdt

+ Re

∫
Ω

a(1, t)h(t)v

∫ 1

x

dζ

∫ ζ

0

(F (η, t, wn−1)− F (η, t, w) dη) dxdt

≤ 2k1d ‖wn − w‖L2(0,T :L2(0,1))

(∫
Ω

|v|2 dxdt
)1

2
. (6.38)
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From (6.37), (6.38) and passing to the limit in (6.32) as n→ +∞, we deduce that

H (w, v) =

∫
Q

a(1, t)h(t)v

∫ 1

x

dζ

∫ ζ

0

F (η, t, w) dη−a(0, t)h(t)

∫ x

0

dζ

∫ 1

ζ

F (η, t, w) dη.

Now we show that (6.8) holds. Since lim‖wn − w‖L2(0,T :L2(0,1))
n→+∞

= 0, then

lim
n→+∞

∣∣∣∣∫ 1

0

(wn − w) dx

∣∣∣∣ ≤ lim
n→+∞

∫ 1

0

|wn − w|2 dx→ 0. (6.39)

From (6.39) we conclude that
∫ 1

0
wdx = 0.

Thus, we have proved the following

Theorem 6.3. If condition (6.9) is satisfied, then the solution of problem (6.5)-
(6.8) is unique.

Proof 5. Suppose that w1, w2 ∈ L2
(
0, T : L2 (0, 1)

)
are two solution of (6.5)-(6.8),

the function v = w1 − w2 is in L2
(
0, T : L2 (0, 1)

)
and satisfies

∂v

∂t
− ∂

∂x

(
a
∂v

∂x

)
= G (x, t) , (6.40)

v (x, 0) = 0, (6.41)

∂v

∂x
(0, t) =

∂v

∂x
(1, t) , (6.42)∫ 1

0

vdx = 0, (6.43)

where G (x, t) = F (x, t, w1)− F (x, t, w2).
Taking the inner product in L2 (Ω) of equation (6.40) and the integro-differential
operator

Qv = a (0, t)h (t)

∫ x

0

dζ

∫ ζ

0

∂v

∂t
dη + a (1, t)h (t)

∫ 1

x

dζ

∫ ζ

0

∂v

∂t
dη

where λ > 2a1 and following the same procedure done in establishing the proof of
Lemma 6.2, we get

‖v‖2L2(0,T :L2(0,1)) ≤ k
2 ‖v‖2L2(0,T :L2(0,1)) ,

where

k2 =
16a2

1

min(δa0, (ca0 − c2 − 2b2) δ − 4a1 max {|c1| , |c2|})
ecT .

Since k2 < 1, then v = 0, which implies that w1 = w2 ∈ L2
(
0, T : L2(0, 1

)
.
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