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ABSTRACT. We determine the best positive constants p and ¢ such that
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1. INTRODUCTION

In recent years inequalities involving trigonometric and hyperbolic inequalities
have attracted attention of several researchers. For instance, the Huygens, the
Cusa-Huygens, and the Wilker inequalities for trigonometric and hyperbolic func-
tions have been studied extensively in numerous papers. For more references the
interested reader is referred to [1] and [4]. For example, it was demonstrated in [1]
that for all z € (0,7/2) one has

2

T sinx x
1.1
sinh? T sinhz’ (1.1)
1 sinx x
1.2
coshz x sinhz’ (1.2)
and
1/2 1/4
1 x 1
< < 1.3
( coshz ) sinh z ( coshz ) (13)
for0<z < 1.

In the recent paper [5] we have determined the best inequalities of type (1.1).
The goal of this paper is to determine optimal inequalities which are similar to (1.1)
- (1.3). They are contained in Theorems 2.1 and 2.2.
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2. MAIN RESULTS

The following auxiliary results will be needed in the sequel.
Lemma 2.1. For all x > 0 one has

Incoshx > gtanh x. (2.1)

Proof. Let us define fi(z) = Incoshz — gtanh x, x> 0.
A simple computation gives
2cosh®z - f](z) = sinhz - coshz — 2 > 0,

where the last inequality follows immediately from sinhx > x and coshz > 1
(x > 0). Thus f; is a strictly increasing function. This in turn implies that
fi(x) > f1(0) = 0 for > 0, with equality if « = 0. This completes the proof of
inequality (2.1). O

Lemma 2.2. For all z € (0,7/2) one has

T sinx — xrcosx

1 < . 2.2

n sinx 2sinx (22)
sinx — x cos

Proof. Let fo(x) = : a;sirfw Y siix’ 0<z< g

A simple computation gives
2xsin®x - fy(x) = 2 + & -sinz - cosz — 2sin® z > 0,
where the last inequality is satisfied iff

sinz  cosx ++v/cos?xz + 8
< .
T 4

In order to prove (2.3) it suffices to use the Cusa-Huygens inequality (see, e.g.,

[4])

(2.3)

sinx coszT + 2

2.4
ne contt? (2.4
together with
cosx + 2 o o8 ++vcos?x + 8
3 4 ’
where the last inequality is equivalent to
(cosz —1)% > 0.
Thus f5(z) > 0 for > 0, and this implies
fg(l‘) > f2(0+) = lim fg(l‘) =0.
z—04
The proof of inequality (2.2) is complete. O

The main results of this paper are contained in the following two theorems.
Theorem 2.1. The best positive constants p and q in the following inequality

1 sin x 1 m
0, = 2.5
(coshz)P <z < (cosh:r)‘l’glj < ( ’ 2) (2:5)

1
are p =In(n/2)/Incosh(mw/2) ~ 0.49 and ¢ = 3= 0.33...
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Proof. Let

x

In —
h _ __sinz _ fi(z) LA
(@) In cosh z 91(96)’xG (0’ )

Simple computations give

sinx — x cos sinh x
file) = —————,41(2) =

rsinx
sinx — xrcosx

coshz’

27/ _ _ z
(Incoshz)“h}(x) = In(coshz) — tanh x In g (2.6)

rsinx
T
Using the inequalities sinz > xcosz, —— > 1, coshz > 1, (2.1) and (2.2),

sinx
we see using (2.6), that A} (x) > 0 for > 0. This shows that, the function h; is
strictly increasing, so

h1(04) < hy(z) < by (g) for any 0 < z < g (2.7)
Elementary computations give
) 1 In(7/2)
hi(04+) = lim A =c-h(m/2)= —— -~ =049....
1(0+) 250 (@) 3 i(7/2) In cosh(7/2)
Thus by virtue of (2.7) we see that ¢ = h1(04) and p = hy(n/2) are the best
possible constants in (2.5). O

Remark 2.1. The right side inequality in (2.5) also follows from the inequality
sinh )
ST S Yeosha (2.8)
x
which has been discovered by I. Lazarevié (see [3], [4]). We have shown recently

(see [6]) that (2.8) is equivalent to an inequality in the theory of bivariate means
[2]:

L > VG2A, (2.9)
where L = L(a,b) = (b—a)/(lnb—1na) (a # b) is the logarithmic mean of a and b,
while G = G(a,b) = Vab, and A = A(a,b) = 20
and arithmetic means of a and b.

We note that inequality (2.1) of Lemma 2.1 also follows from known results in
the theory of means. Let

are, respectively, the geometric

S = S(a,b) = (a® - b*)1/(*+)
be a mean which has been studied, e.g., in [7]. It is known that
A2

S<m (2.10).

We let @ = €, b = e~ to obtain A = A(a,b) = coshz, G = G(a,b) = 1, and
S = S(a,b) = e*tanhe Tt is clear that (2.10) becomes (2.1). From results in [8] we
can deduce the following refinement of (2.1):

1
Incoshz > 1[3(53 cothx — 1) + z tanh z] > gtanhm. (2.11)

Theorem 2.2. The best positive constants p' and ¢ for which the following

inequality
(Sinhz>p < 2 < (sinhx)q (2.12)
x cosr+1 T
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=15 and ¢ =1n2/In[sinh(7/2)/(7/2)] = 1.818...
Proof. In order to obtain the desired result let us introduce

Weosa+1) _ ) (7
ha(w) = In(sinhz/x)  ga(x)’ < (O’ 2>' (2.13)

18 valid are p’ =

N w

i hx — sinh
Easy computations give f4(z) = % and gh(z) = %. Hence
VN9 o z coshx — sinhx 2 sinh x sinx
-h =— 1 1 . (2.14
9o ()" hy(x) zsinh x (ncostrl i x cosz +1 (2.14)

We will need the following inequality:

sinh z 1 zcoshx —sinhz
In — .

0. 2.15
x 2 xrsinh z e ( )

We note that (2.15) follows from [7, 8]:
L*>G-1, (2.16)
where I = I(a,b) is the identric mean of a and b, defined by
I=e 1 (°/a®)/ =) for q # b.

sinh z

Since L(e®, e ") = , I(e%,e7) = evcothz—1 G(e? =) = 1, (2.16) yields
x
(2.15).
We now prove that
z sinx 2 T
_r _1 f ( ,7) . 2.1
o(z) 2 coszx+1 ncosav—|—1>00r%6 02 (2.17)

An easy computation gives

T —sinx

!/
=——F->0.
@' (@) 2(cosz + 1) -

This in conjunction with a(0) = 0, yields (2.17).
Making use of (2.15) and (2.17), and taking into account (2.14) we get hj(z) > 0
for x > 0. Thus ho(z) is a strictly increasing function. This in turn yields

P = h2(04) < ho(z) < ho(m/2) = ¢ (2.18)

A simple computation, involving application of 'Hospital’s rule, together with
the use of the well known limits

. sinx . sinhzx
lim = lim =1
x—0 X x—0 x

implies p’ = g = 1.5 and
o2 isis

(D)

This finishes the proof of Theorem 2.2. ([l
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1
Remark 2.2. Since % = cos? g, sinx = 2singcosg, Sing < g and

x oz )
tan — > —, one obtains
27 2

(Sinx>2< cosx + 1 - sinx. (2.19)
T 2 T
This in conjunction with (1.1) yields
sinh x 2 - <sinhx>4. (2.20)
T cosz + 1 x

Comparison with inequality (2.12) reveals superiority of the latter result.
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