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CERTAIN INEQUALITIES RELATED TO THE CHEBYSHEV’S
FUNCTIONAL INVOLVING A RIEMANN-LIOUVILLE
OPERATOR

(COMMUNICATED BY R. K. RAINA)

ZOUBIR DAHMANI, OUAHIBA MECHOUAR, SALIMA BRAHAMI

ABSTRACT. In this paper, the Riemann-Liouville fractional integral is used to
establish some integral results related to Chebyshev’s functional in the case of
differentiable functions whose derivatives belong to the space Ly ([0, co[).

1. INTRODUCTION

The fractional calculus has attracted great attention during last few decades.
One of the important reasons for such deep interest in the subject is its ability to
model many natural phenomena, see, for instance, the papers [7, 11]. In this work,
we consider the celebrated Chebyshev functional [1]

b b b b
T(f.9.p) = / p(2) / p(@)f (2) g (@) de — / p(2)f (z) da / p(2)g (z) da
(1.1)

where f and g are two integrable functions on [a,b] and p is a positive and inte-
grable function on [a, b].

The functional (1.1) has wide applicability in numerical quadrature, transform the-
ory, probability and statistical problems, and the bounding of special functions. Its
basic appeal stems from a desire to approximate, for example, information in the
form of a particular measure of the product of functions in terms of the products
of the individual function measures. It is, also, of great interest in differential and
difference equations [4, 10].

In [5], S.S. Dragmir proved that

b b
2L 9.0 < 17191 [ [ 1o = s@pwdsay].  02)
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where f,g are two differentiable functions and f’ € L,.(a,b),g’ € Lg(a,b),r >
1,r P 4+s 1 =1.

Many researchers have given considerable attention to (1.1) and several inequali-
ties related to this functional have appeared in the literature, to mention a few, see
[2, 3, 8,9, 12, 13] and the references cited therein.

The main aim of this paper is to establish some new inequalities for (1.1) by us-
ing the Riemann-Liouville fractional integrals. We give our results in the case of
differentiable functions whose derivatives belong to L, ([0, co[. Other class of "no
weighted” inequalities are also obtained. Our results have some relationships with
some inequalities obtained in [5, 10].

2. BASIC DEFINITIONS OF THE FRACTIONAL INTEGRALS

Definition 2.1: A real valued function f(t),t > 0 is said to be in the space
C,,p € R if there exists a real number p > p such that f(t) = ¥ fi(t), where
fi(t) € C([0, 00])-

Definition 2.2: A function f(¢),t > 0 is said to be in the space C};,u € R, if
fMmec,.

Definition 2.3: The Riemann-Liouville fractional integral operator of order o > 0,
for a function f € C,, (n > —1) is defined as

JOf() = 15 Jo (=TT f(T)dr; @ >0, >0,
JOf(t) = f(1),

where T'(@) == [° e “u*"'du.

(2.1)

For the convenience of establishing the results, we give the semigroup property:
JEJOf(t) = JoHEf(t),a 2 0,8 20, (2.2)
which implies the commutative property
JOTPf(t) = JPTf(t). (2.3)

For more details, one may consult [6].

3. RESULTS

Theorem 3.1. Let p be a positive function on [0,00[ and let f and g be two
differentiable functions on [0,00[. If f' € L.([0,00[),g" € Ls([0,00[),7 > 1,71 +
sl =1, then for all t > 0,a > 0, we have:

2

Jp()Ipfo(t) — Jpf(t)Jpy(t)
< Wl [§ ot =) 0 = ) = plp(mp(p)drdp (31

< [1£'1lrllg'llst(Jp(t))>.
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Proof. Let f and g be two functions satisfying the conditions of Theorem 3.1 and
let p be a positive function on [0, ool.
Define

H(r,p) := (F(r) = F(P))(9(T) = g(p)); T p € (0,1), 2 > 0. (3-2)

Multiplying (3.2) by (t}T()aTlp(T); 7 € (0,t) and and integrating the resulting
identity with respect to 7 from 0 to ¢, we can state that

L t — 1) p(r)H (T, p)dr
el KGR LY -

=Jfg(t) = f(p)Jpg(t) — g(p)J*pf(t) + f(p)g(p)J*p(t).

(t=p)> "
T(a)

identity with respect to p over (0,t), we can write

Now, multiplying (3.3) by p(p); p € (0,t) and integrating the resulting

1 t ot - o
s | [ =0 e e H )iy
(@) Jo Jo
(3.4)
= 2(Jp()I°pfo(t) — TS (1)Ipg(1)).
On the other hand, we have
pore .
Hirp) = [ [ 7wy, (35)
Using Holder inequality for double integral, we can write
P e , rt PP , st
o] [ [ 1rwra] | [0 [ g @rd: (36)
Since
pore rt Sy [P, ot
[ [ rwrae = —or”| [irwra) (37)
and
? g / T o st ’ / s s
e e L W I B
then, we can estimate H as follows:
P , rt 4 , st
1ol <l [1rwra] | [Cgere (39)

On the other hand, we have

vy | [ e o et i

Sy

t t o— a—
< potay Jo Jo (E = 1)1 (E = p)* T = plp(T)p(p)
(3.10)
Applying again Holder inequality to the right-hand side of (3.10), we can state that

=1
J21g' ) dz| drdp.
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ﬁ /o /0 (t=7)*"(t = p)*'p(7)p(p)| H (7, p)|drdp

-1

< [k Jo Joe =121 = ) = plp(r)(p)| 21 ()" dyardp]

-1

x [%@) Jo Jo(t =)t = p)*tT = plp(r)p(p)| [7 \g'(2)|sdz‘d7dp} ’

(3.11)
Now, using the fact that
/ ' P ) dy| < 11717 / ' 19/(2)dz| < [lg']I5 (3.12)
we obtain
1 ! ! 1 a—1
i [, = e o el ey
< (B85 Jy fye = 7)o = )7 = plo(r)p(p)drdp] (3.13)
o R e e e
From (3.13), we get
1 ! ! 1 a—1
g ) ] 0 = o el )
< W [ 5 ot = 1o (6= ) 7 = plplrdplp)drdp] (1)
<[ i it =)= = gy = plp(r)p(p)drdo]
Since r~! + 57!, then we have
1 t t
5 (t—7) "Mt = p)*'p(r)p(p)|H(7, p)|drdp
() /0 /0 (3.15)

’ i ! s t t o— oa—
< WIS [ 3 ot = )22t = p)*=r = plp(r)p(p)drdp].

By the relations (3.4) and (3.15) and using the properties of the modulus, we get
the first inequality in (3.1).
Now we shall prove the second inequality of (3.1). We have
0<7<t0<p<t
Hence,
0<|r—pl<t.

Therefore, we have
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F%M)/o /0(t—r)a—l(t—p)"‘lp(T)p(p)lH(TaP)|d7df’

< WL 1 7ya= (1 — o)L p(r)p(p)drdp (316)

= [1F'|l+]lg'[lst(Tp(t))?.
Theorem 3.1 is thus proved. t

Remark. Taking a = 1 in the first inequality in Theorem 3.1, we obtain the
inequality (1.2) on [0,t].

We shall further generalize Theorem 3.1 by considering two fractional positive
parameters.

Theorem 3.2. Let p be a positive function on [0,00] and let f and g be two
differentiable functions on [0,00[. If f' € L.([0,00]),g" € Ls([0,00[),r > 1,r7! +
571 =1, then for all t > 0,a > 0,8 > 0, we have

Jop(t) T pfg(t) + JPp(t) I pfg(t) — Jpf(£)JPpg(t) — JPpf(t) T pg(t)

< WRg e (5 — 7)ot — )P~ |r = p)[p(7)p(p)drdp

<1 1lellg'llstTp(t) T p(2).

(3.17)
Proof. Using the 1dent1ty (3.3), we can state that
o [ [ e e s
= Jop(t)JPpfg(t) + JPp(t) T pfg(t) — J*pf(t) I pg(t) — Jpf(t)Jpy(t).
(3.18)
From the relation (3.9), we can obtain the following estimation
I .
—_— t—7)* p(r)|H(T,p)|dT
i [ =)
(3.19)

—1

Sl (=) dz’ dr.

LWl dy‘

= r(a)fo (t —7)*Hr —plp(7)

Therefore, we have

# t pt _Ta—l _ \B-1 . - .
F(a)rw)/o/o(t )e Lt — p)’ " p(r)p(p)| H (7, p)|drdp

S (y ’”dy’

t ot a
<ty Jo Jo(t =7t = p)P M — plp(7)
(3.20)
Applying Holder inequality for double integral to the right-hand side of (3.20),
yields

L g (2)]° dZ‘

dep.
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1 t t ot .
F@E . [ e

71

< [1‘%@4) fg fot(t_T)ail(t_ )ﬁ Y7 = plp(T) |f )| dy‘dep}

-1

[Fs(ﬁ fo fo a ! t— )B 1|7'—,0\p |g SdZ‘dep}s

By (3.12) and (3.21), we get

(3.21)

_ [ — 1)t = p) P p(r T T
ot ) / L L

< Wit Jo o = p)P Y7 = p)lp(r)p(p)drdp.

Using (3.18) and (3.22) and the properties of modulus, we get the first inequality
n (3.17). O

Remark. (i) Applying Theorem 8.2 for a = 3, we obtain Theorem 3.1
(ii) Taking o« = § = 1 in the first inequality in Theorem 3.1, we obtain the inequality
(1.2) on [0,t].

In Theorem 3.1, if we set p(x) = 1, we arrive at the following corollary :

Corollary 3.3. Let f and g be two differentiable functions on [0,00[. If ' €
L, ([0,00[),g" € Ls([0,00[),7 > 1,771 + 571 = 1, then for all t > 0, > 0, we have:

tO(

mjafg(t) = JUf(t)Jg(t)

(3.23)

2o+l

< |[f'Nl-1lg’ ||sm
In Theorem 3.2, if we set p(x) = 1, we obtain the following corollary:

Corollary 3.4. Let f and g be two differentiable functions on [0,00[. If ' €
L.([0,0[), 9" € Ls([0,00]),7 > 1,771 +s71 =1, then for all t > 0, > 0, we have:
I gl () — I (07 9(0) — I 1))
Ta+1)” "9 1" 7Y g g (3.24)

a+[3+1

< #1119 lls 7asmrean -
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