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ABSTRACT. In the present paper, sharp upper bounds of |ag — ,ua§| for the
functions f(z) = z+az222+a3z23+- -+ belonging to a new subclass of Sakaguchi
type functions are obtained. Also, application of our results for subclass of
functions defined by convolution with a normalized analytic function are given.
In particular, Fekete-Szegd inequalities for certain classes of functions defined
through fractional derivatives are obtained.

1. INTRODUCTION

Let A be the class of analytic functions of the form
f) =2+ anz" (1.1)
n=2

defined on A := {z: z € C' and |z| < 1} and S be the subclass of A consisting of
univalent functions.

For two functions f, g € A, we say that the function f(z) is subordinate to g(z)
in A and write f < g or f(z) < g(2), if there exists an anlytic function w(z) with
w@0) = 0 and |w(z)] < 1, (¢ € A), such that f(z) = gw(z)),
(z € A). In particular, if the function g is univalent in A, the above subordi-
nation is equivalent to f(0) = ¢g(0) and f(A) C g(A).

A function f(z) € A is said to be in the class M (o, A, t) if it satisfies

(1—-t)zf'(2) (1—1)(2*f"(2) + 2f'(2))
e R R e | EX
[t| <1,t#1,0<A<1, for some o € [0,1) and for all z € A.
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For, A = 0, the function f(z) € A reduces to the Sakaguchi type class S*(«,t)

which satisfies (1= 02f'(2)
—1)zf'(#
Re {f(z) f(zt)] > o,

[t| <1, t# 1, for some a € [0,1) and for all z € A was introduced and studied by
Owa et al. [6, 7].

For A =0, a =0 and t = —1, we get the class S*(0, —1) studied by Sakaguchi
[8]. A function f(z) € S*(o, —1) is called Sakaguchi function of order a.

For, A = 1, the function f(z) € A reduces to the class T'(«, t) which satisfies

_ 2 g1 ’
o [0+ 21D
2f'(z) — tzf'(zt)

lt| <1,t+#1, for some a € [0,1) and for all z € A.
In this paper, we define the following class M (¢, A,t) which is the
generalization of the class M («, A, t).

Definition 1.1. Let ¢(z) = 1+ Byz+ Boz?+- -+ be univalent starlike function with
respect to 1 which maps the unit disk A onto a region in the right half plane which
is symmetric with respect to the real axis, and let By > 0. The function f € A is
in the class M (¢, N\ t) if

(1—t)2f'(z)] [(1—t)(22f”(z)+2f'(2))
-0 55 e
<1, t#1,0<A<1.

For A=0 and A =1 in (1.3) we obtain the classes S*(¢p,t) and T'(p,1) respectively
which were studied by Goyal et al. [1].

=< ¢(2), (1.3)

In the present paper, we obtain the Fekete-Szego inequality for the functions in
the subclass M (¢, A\, t). We also give application of our results to certain functions
defined through convolution (or Hadamard product) and in particular, we consider
the class M7 (¢, A, t) defined by fractional derivatives.

To prove our main results, we need the following lemmas:

Lemma 1.2. [3] Ifpi(2) = 14+c12+coz®+- -+ is an analytic function with positive
real part in A, then
v 12 ifv<0,
lco —vc?| < {2 if0<wv<1,
qv — 2 ifv>1.
When v < 0 or v > 1, the equality holds if and only if pi(z) is (1 + 2)/(1 — 2)

or one of its rotations. If 0 < v < 1, then equality holds if and only if p;(2) is
(1+ 22)/(1 — 22) or one of its rotations. If v = 0, the equality holds if and only if

1 1 \14z (1 1 \1-z
. = <y<1
p1(2) <2+201_Z+(2 j01+z (0<~y<1)

or one of its rotations. If v = 1, the equality holds if and only if p;(z) is the
reciprocal of one of the functions such that the equality holds in the case of v = 0.
Also the above upper bound is sharp and it can be improved as follows when
O<v<l:

lco —wved| +vlel)? <2 (0<wv<1/2)
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and
lco —vei| + (1 —v)|e1]* <2 (1/2<wv <)

Lemma 1.3. [2] If p(z) = 1+ c12+c222 +- -+ is a function with positive real part,
then for any complex number p,
|ca — pef| < 2max{1, |2 — 1]}
and the result is sharp for the functions given by
1422 1+2
Tl 1z

p(2) p(z)
2. MAIN RESULTS
Our main result is the following:
Theorem 2.1. If f(z) given by (1.1) belongs to M(¢p, A\, t), then

|ag — paj|

1 1 (1+3)) 9 (1+2)) .
FES 2N ECE) [32 + BY (Tﬁ) (iragz — BT (1%;) (1“)2} if <o,

By
2N (1-9)(2+0)

1 1 (1+3X) 9 (1+2)) .
BTSN GEEy {BQ + BY (Tﬂ) e — 1Bt (TJ—FE) (1+>\)2} if p= oo

where

< if o1 < p < oo,

-1+=—=+1B
+Bl+ 1

1-1¢

(14+X)?

T B2+ (112N

1—t)(14 N)>? B 1+¢) (1432

= ( )( + ) 1+72+Bl i @
Bi(2+t)(1+2X) By 1—t) (14 X)?2
The result is sharp.

Proof. Let f € M(¢, )\ t). Then there exists a Schwarz function w(z) € A such
that

(1-t)(1+N)? { By <1+t> (1+3/\)]

and

g9

LT )] L [A—DE ) + 2 ()
(1= {f(z) = f(zw] A [ () — 2 (a1)
(ze At <1,t#1).

} —pw(z) (1)

If p1(2) is analytic and has positive real part in A and p;(0) = 1, then

P1(2)2m21+012+02z2+~~ (z € A). (2.2)
From (2.2), we obtain
C1 C%
W(Z)_22+;(02_2> 24 (2.3)
Let
oy | A=D2f(2) (1 —t)(22f"(2) + 2f'(2))
o =13 | B o [0S

=14+bz+bz?+--- (z€A), (2.4)
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which gives
by = ag(l - t)(l + )\) (25)
and
by = a3(t? — 1)(1+3\) +az(2 —t — t3)(1+2)) (2.6)

Since ¢(z) is univalent and p < ¢, therefore using (2.3), we obtain

P(e) = 9(2) = 1+ 2Lz 4 [; ( _ 2) B+ 4c132} 2i (red) (27)

Now from (2.4), (2.5), (2.6) and (2.7), we have,

ax(1—t)(1+)) = B;CH (2.8)
as(t* = 1)(1+3)\) +a —t—t2)(1+2A)
% ( j) L+ clBQ, lt|<1,t#1 (2.9)
Therefore, we have
az — pas = By [co —vci] (2.10)

21+ 20)(1 -2 +1)

Our result now follows by an application of Lemma 1.2. To show that these bounds
are sharp, we define the functions K:f (6=2,3,...) by

a-% [(1 - t)z(K:?@))'] ) [(1 — (2K ()" + z(K(?(z))')}
KJ(2) — K{(zt) 2(KQ(2)) — ta(Kg(zt))
=¢(z71), K$(0)=0=(K{(0) -1
and the function F, and G, (0 <~ <1) by

(- =B )] L+ [ = DEEER) + 2(Fy ()
”‘”[m@)—ma)}“[ 2By () — t2(F (D)) ]

where

and

(1- ) {(1 —t)Z(Gw(Z))’} i {(1 —1)(z3(G4(2))" + 2(G4(2))' )]
G (2) = Gy (2t) (G (2))) — (G ()
—2(z+1) /
= _ G,(0)=0=(G,(0)) =1
o (S5 a0 =0=@,0)
Obviously, the functions Kf, F,, G, € M(¢,\t). Also, we write K¢ := K;’ It
[ < 01 or i > 09, then equality holds if and only if f is K or one of its rotations.
When 07 < p < 09, then equality holds if and only if f is K f or one of its rotations.
If 4 = o1, then equality holds if and only if f is F, or one of its rotations. If y = o9,
then equality holds if and only if f is G or one of its rotations.
If 09 < p < 09, in view of Lemma 1.2, Theorem 2.1 can be improved.
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Let f(z) given by (1.1) belongs to M (¢, A, t) and o3 be given by

_ (=9 +N* [Be 1+t (143X
%'_Bm2+wu+2m[31+Bl<p4>(1+Ay}

If o1 < p < o3, then

|az — paj)|
! L=t (L+X0)? (L6 (1+3Y) o],
# |8 8 (55) o ~ 5 () oy +#88] bs
< B
S22 -0E+
If o3 < p < 03, then
|ag — paj|
1 L=t 1+ o (14+1) (1+3)) 10
*B%{(BﬁB?)(m)mm*Bl 751) Gy~ PB e
By

S ET Y ECE
([l

Corollary 2.2. For A =1 in Theorem 2.1, f(z) given by (1.1) belongs to T'(¢,1),
then

|as — paj)|
s | B+ B (1) — 1Bt (B)]  du<on
< smhEm if o1 < < o,

—sEHE [32 + By (%) iuBt (%)} if p> 0o

where
4(1—1¢) By 1+t
= 7 g+ 2B (=
VT 3B (2 +t) { et 1(1__t>}
and
4(1—1) By 1+t
= 22 B, [
72T 3B(2+ 1) {%_B1+_ 1(1_t)]

The result is sharp.
Also o3 is given by

If o1 < p < o3, then

|a3—-ua§

1 4 (1—t 4 (14t
— |(B1— B2)= B2 (= B2 2
B%[(l %3(2+t> 13(2+t>'+” J'“ﬂ
< B
“31-t2+1t)

+
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If 03 < u < og, then

las — pa3)|

S30-nEr

Remark 2.3. When A =0 in Theorem 2.1, f(z) given by (1.1) belongs to S*(¢,t)
and the result coincides with a recent result of Goyal et al. [1].
Theorem 2.4. Let ¢(z) =1+ Bz + Boz? +---. If f(2) given by (1.1) belongs to
M(p, A\ t), then
B

— nad?l < L
las = na2l < N —pE 0

B 1+t\ (143X 24¢\ (1+2X

()5 (2033

1 L A L L R S i)
mx{’B1 1-t)arne M \1a) arae
This result is sharp.

} (2.11)

Proof. By applying Lemma 1.3 in (2.10), we obtain the result (2.11).
The result (2.11) is sharp for the function defined by
_ / _ 2.0 /
SO (ESITC) IR G ERRC)
f(z) = () 2f'(z) — tzf'(2t)

A0 L [ 0E ) 2 (2)
1= [f(z) - f(zt)} A { )~ D)

| = o)

and

} — o(2)

lag — pa3| <

Let ¢(2) =1+ B1z + Baz? + -, then
B, 1+t 24t
2. (") _ B[22
5o (1) e ()}
This result is sharp.
B B 14+t 3 /241t
— nall < L 2., () _, B2 (2"
a3 = pas| B, TP \1= ) P \T

(I
Corollary 2.5. Let A =0 in Theorem 2.4, f(2) given by (1.1) belongs to S*(,1).
By {1
—————max 1,
(1-t)(2+1)
Corollary 2.6. Let A = 1 in Theorem 2.4. Let ¢(z) =1+ Byz + Boz? +--- and
f(2) given by (1.1) belongs to T(¢,t), then
< ———max<1,
3(1—1t)(2+1) {
This result is sharp.
3. APPLICATIONS TO FUNCTIONS DEFINED BY
FRACTIONAL DERIVATIVES

o0 o0
For two analytic functions f(z) = Z+Z anz™ and g(z) = Z+Z gn 2", their con-
n=2 n=2
volution (or Hadamard product) is defined to be the function

(f*xg)z =2+ Zangnz". For a fixed g € A, let M9(¢p, A\, t), S9(o,t), TI(p, 1)

n=2
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be the classes of functions f € A for which f * g belongs to M (¢, A, t), S*(¢,t) and
T(¢,t) respectively.

Definition 3.1. Let f(z) be analytic in a simply connected region of the z-plane
containing the origin. The fractional derivative of f of order v is defined by

1 d [*
DU = mreas |, g 0 <) (31)
where the multiplicity of (z — )~ is removed by requiring that log(z — () is real
for (z—¢) > 0.

Using definition 3.1, Owa and Srivastava (see [4, 5]; see also [9, 10])
introduced a fractional derivative operator Q7 : A — A defined by
Q) (z) =T(2—=v)2"DYf(2), (v # 2,3,4,...). The classes M7 (4, A, t), S7(,1),
T7(¢,t) consists of functions f € A for which Q7 f belongs to M (¢, A, t), S*(¢,t)
and T'(¢,t) respectively. The classes M7 (¢, A\, t), S7(¢,t), TV (¢, t) is a special case
of the classes M9 (P, A\, 1), S9(p,t) and T9(p,1)
respectively, when

g(z) =z + ; F(?(Z _1’_)5(3 7)7) 2" (z € A).

The classes S9(¢,t) and S7(¢,t) were studied by Goyal et al. [1].
Now applying Theorem 2.1 for the function (f*g)(z) = z+azg22% +azgzz>+- -
we get the following theorem after an obvious change of the parameter pu:

Theorem 3.2. Let g(z) = z + Zgn (gn > 0). If f(2) given by (1.1) belongs
to M9(p, A, t), then,
las — pa3]
T E [Bz + B2 (%) G — nBY (%) ﬁiiﬂ if p<m,
< m ifm < p <,

1 1 (143X) 2 (142X) .
T I (D) {BQ + B (1—3) (o — hBT % (%ﬁ) (my} if w=m2

where

g3 (1 —1)(1+ N)? { By (1+ )( +3/\)}

= 1+ —+B
T B2+ (1 + 2)) B, '\1 (1+ )2

and

A=t +N)? By 1+t (1+3))
T B2+ )+ 2 {H B B (1 _t) (1+A)2}

The result is sharp.

v _ =)
Since Q7 f(z z—i—g n+17 . z",
we have (3T )
T'3)re -« 2
= = 3.2
2TTIe-y T2 2
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and
L2 -1) 6
gs = = 3.3
S v R R [ERE) 33
For gs,93 given by (3.2) and (3.3) respectively, Theorem 3.2 reduces to the
following:

Theorem 3.3. Let v < 2. If f(z) given by (1.1) belongs to M7 (p, A\, t), then

|as — paj|

(2—7)(3=7) 1 143\ 3 2—) (2 (142X) . "
SN A0 T [32 + B} (Tﬁ) — SuBY 5= (%ﬁ) (1“)2] if p < i,

B1(2—y)(3=v)

<4 saeNa—DerD if i < <mn3,
R B B (452) ) - 3um o (32) 42] iz,
where
- 23 =)L =) (1 +N)? [1+ B p (1+t) (1+3)\)}
32—7)B1(2+t)(1+2)) B 1—t) (14 X)?2
and

. 2=y —t)(1+N)? B
"2 3R ) B2+ (1 + 2V [1+Bj+31(

1—|—t> (1 +3)\)}

1—t) (1+A)?2

The result is sharp.

Corollary 3.4. For A\ =1 in Theorem 3.2, f(z) given by (1.1) belongs to TI(p,1),
then

|as — pas|
1 2 ( 1+t 3 2 24+t -
35 (-D@H) [32+Bl (ﬁ)*zuBlﬁfg(%tﬂ if <,
B .
< 30 ifm < < s

1 2 (14t 3,12 2+t .
T30 (1) (210 [BQ + By (ﬁ) - ZMBlgé (ﬁ)} if =2,

where

4g3(1 —t) By 1+t
= 1+224B
n 3g93B1(2+1) + B, + o 1—1¢

and

4g3(1 —t) [ By <1+t>]
=1+ 24 By
2 3g331(2 =+ t) B1 !

The result is sharp.

Remark 3.5. When A =0 in Theorem 3.2, f(z) given by (1.1) belongs to S9(¢,t)
and the result coincides with a result of Goyal et al. [1].
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Corollary 3.6. For A\ =1 in Theorem 3.3, f(z) given by (1.1) belongs to T (,1),
then

las — pa3|
(2—7)(3=v) 9 (2=7) (2 - *
18(1’115)(24:15) |:B2 + B2 (%) - gMB% (3,;}:) (%ﬁ)} Zf//‘ < s
Bi(2=7)(3—7)

< { T8I ifni < p<mns,

ey |Ba B (1) - Bt G5 (3)] ifuz s,
8 /3—v\ (1-1) Bs 1+t
Ti=— 1+ +B | —
i3 (=) s o ()]

=5 (52 mave |z 2 ()]

The result is sharp.

where

and

Remark 3.7. For A = 0 in Theorem 3.3, f(z) given by (1.1) belongs to SV(¢,t)
and the result coincides with a result of Goyal et al. [1].

Theorem 3.8. Let g(z) = Z+Z gnz" (gn > 0) and let the function ¢(z) be given

by ¢(z) =1+ Zan" If f(2) given by (1.1) belongs to M9(¢p, A\, t), then

n=1
las — a3 < oL
STHRIS AN — 02+ o)
By L+t) (1+3)) 241\ (1+2))
max{l B, Bl(l—t) (T+N? 92(1 t> <1+A>2}

The proof of Theorem 3.8 is similar to Theorem 2.4, so the details are omitted.

Corollary 3.9. Let A =0 in Theorem 3.8, f(z) given by (1.1) belongs to S9(o,1),
B
lag — pad| < ——— —_ max {1,

then
Bs 1+t 24+t
2B — ) -uBL
g1 D)2+ 1) B, 1(1—t> Mg (1—t>'}

Corollary 3.10. Let A =1 in Theorem 8.8, f(z) given by (1.1) belongs to TI(,1),
then

B,
~ 3g3(1 —t)(2+ 1)

By 1 2
4B +t) 3 ng +t
B 1-—t¢ 4 g3 1—t¢

las — pa3| <

max {

For go,gs given by (3.2) and (3.3) respectively, Theorem 3.8 reduces to the
following:
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Theorem 3.11. Let ¢(z) =1+ Bz + Boz® +---. If f(2) given by (1.1) belongs
to M7 (¢, \,t), then

9 Bi12-v)B-17)
laz — pas| < 6(1+20)(1—1¢)(24+1)

o (20 5 (5 (229 22

The result is sharp.

|

Corollary 3.12. Let A = 0 in Theorem 3.11, f(z) given by (1.1) belongs to S7(,1),
then

lag — pa3| <

B, 1+t\ 3 2\ (24t
L2 4B [ —— ) —2uB [ =—L) (=== )%
e {15+ (757) - 30 (57) (355

Corollary 3.13. Let A = 1 in Theorem 3.11, f(z) given by (1.1) belongs to
TY(¢,t), then

B1(2-7)(3—-7)
18(1— )2+ 1)

B, 1+t\ 9 27\ [2+t
LIZ24+B (—— ) =ZuB (==L ) (=)}
s {50 (15) - 3o (57) (20) )
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