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OSCILLATION CRITERIA FOR A CLASS OF SECOND ORDER
NONLINEAR DIFFERENTIAL EQUATIONS WITH DAMPING

(COMMUNICATED BY HUSEYIN BOR)

E. TUNC, H. AVCI

ABSTRACT. In this paper, some oscillation criteria for solutions of a general
second order non-linear differential equations with damping of the form

(a)¥ (z () k (' (1)) +p @) k (') + ¢ (1) f (= (£)) =0,
are given. The results obtained extend some existing results in the literature
by using the refined integral averaging technique introduced by Rogovchenko
and Tuncay ([11, [2]).

1. INTRODUCTION

In this paper, we are concerned with the oscillation of solutions of the second-
order nonlinear differential equations with damping terms of the following form

(a()¥ (z () k (@' (£) +p () k(@' (1) +a (1) f (z(1)) =0, (1.1)

where t > t9 > 0,a(t),p(t),q(t) € C ([to,00);R) and U, k, f € C(R,R). It is also
assumed that there are positive constants c,ci, 4 and v such that the following
conditions are satisfied:

(C1) a(t) > 0 and zf(z) > 0 for all z # 0;

(C2) 0 <c <V (z) < for all z;

(C3) v > 0 and k?(y) < yyk(y) for all y € R;

(C4) q(t) >0, @Zu>0f0r:v7é0.

We recall that a function z : [tg,t1) — R,t; > to is called a solution of Eq.
(@1 if =(t) satisfies Eq. (L)) for all ¢ € [to,t1). In what follows, it will be always
assumed that solutions of Eq. (L) exist for any ¢y > 0. Furthermore, a solution
x(t) of Eq. () is called oscillatory if it has arbitrarily large zeros, otherwise it is
called nonoscillatory. Finally, we say that Eq. (II)) is oscillatory if all its solutions
are oscillatory.
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In the last decades, there has been an increasing interest in obtaining sufficient
conditions for the oscillation of solutions for different classes of second order dif-
ferential equations. Especially, by using the integral averaging technique and the
generalized Riccati technique, the oscillation problem for Eq. (L) and its special
cases such as the nonlinear equations with damping term

(r(6)a’ (£)" +p (D)2 (1) +q (t) f (z (1)) = 0 (1.2)
and
(r(®)(z (0)a’ (£) +p (D)2 () +q (1) f (x (1)) = 0. (1.3)
has been studied extensively in recent years ( see, for example, [I]-[I3] and the
references cited therein).

Following Philos [10], we define a family of functions P which will be used in the
rest of the article. For this purpose, let

D={(ts):t>s>to}.
A function H € C(D,R) is said to belong to the class P if
(i) H(t,t) =0 for t > to, H(t,s) > 0 for t > s > to;
(ii) H(t,s) has a continuous and nonpositive partial derivative on D with respect
to the second variable, and there is a function h € C'(D; [0, +00)) such that
0H
—8—(1%, s) = h(t,s)\/H(t,s) for all (¢,s) € D.
s

In this connection, in 2004, Wang [5] established oscillation criteria for Eq. (IIJ).
We now state one of his main results for easier reference.

Theorem 1.1. ([5], Theorem 3.3). Let assumptions (C1)-(C4) be fulfilled. Let the
function H € P, and suppose also that

. .. H(ts)
< o0. .
0< Slél;f[) {htggvlfH(t,to)} < oo (1.4)

If there exist functions R, ¢ € C ([tg,00);R) and ® € C* ([ty,00);(0,00)) such that
(aR) € C* ([tg,0); R) and

t

/‘b(s)a(s)h%(t, s)ds < 00, (1.5)

to

0071(5) 5 = 00
tO/ B(s)a(s) ™~

1
lim su
oD, o)

and for every T > tg

timsup [ [H(09)Qa(s) = LLa(s)a(s)hie. )] ds = o(),
T

t—o0 H(t7T) 4
where
2
@) =20 {uat) =} (5 - ) 2 = ZuOR) + a0 - ()R
) ¥(s) 2R(s) _ pls)
ha(t,s) = h(t,s) —\/H(t,s) ( s + o cla(s)>
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and
¢+ (s) = max {¢(s), 0},
then Eq. (1)) is oscillatory.

We have two aims in this paper. The first aim is to remove the condition (L)
in Theorem [[.T] and to demonstrate this with an example. The second goal is to
extend the technique developed by Rogovchenko and Tuncay ([1, [2]) for (I2) and

@3 to Eq. (@I).

2. MAIN RESULTS

Theorem 2.1. Suppose that (C1)-(C4) are satisfied. Suppose also that there exist
functions H € P,g € C' ([tp,0);R) and x € C ([ty,o0);R) such that [1.7) holds
and for all t > to, all T > tg, and for some B > 1,

B,
hiisogpz a(5)0(5) ds = oo, (2.1)
and
lim sup-5- (i oy / <H(t, 5)b(s) — Bzcla(s)v(s)hz(t, s)> ds > x(T),  (2.2)
T
where

() = v(t) (uq(t) L) p09) (i - 1) Zé?) . (2.3)

~yera(t) cra(t)

and
X+(s) = max (x(s),0) .
Then Eq. (11) is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of Eq. (I). Then there exists
a Tp > to such that x(t) # 0 for all ¢ > Ty. Without loss of generality, we may
assume that x(t) > 0 for all t > Tp, for some Ty > tp. A similar argument holds
for the case when z(t) is eventually negative. As in [3], define a generalized Riccati
transformation by

ult) = ofe) | 2R

Then differentiating (Z3) and using Eq. (Il), we obtain

(1) POk ((0)  aDfE)  alt)¥ (@ (0) k@ (0) ()
o) M@ { R0 o) 22 (0)

+g(t)| for all t > Tp. (2.5)

u'(t) =

+4'(t)
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In view of (C1)-(C4), we conclude that for all ¢t > Tp,

u'(t) < [—29—“) + 2 }u(t)

~yera(t) cra(t)

+o(t) [—p(t)—k(z/(t)) — pq(t) — a(tw(m(t))(ij(m,(t)) +g’(t)}

z(t) ya?

= [~ 295 + 295 ut) + ot) [-p0) (g (48 - 9®))) = wa(t)]

a(t)V(x(t u(t 2
o) | ~20M0D (s (48— g0)) 4 o)

[u(t)+Zv®)p()—v(®)a()]” | ~u)p2()
)

= —pq(t)v(t) — Sa(O ¥ (@(0)o(0) T T EO)

—l—v(t)g’(t) + [_ 29(t) + p(t) }u(t)

~yera(t) cra(t)

u?(t) ®g®)v() _ v(®)g® ()
< —ugtv®) = soemem T et~ — Aea®

v 2
+o)g' 0+ (& - &) ™
Using ([2.3)) in the latter inequality, we have, for all ¢ > Ty,

w2 ()
t

Seralt)o®) (26)

u'(t) < —o(t) —

Multiplying both sides of [26]) by H(¢,s), integrating it with respect to s from T
to t, and using the properties of the function H(t,s), we get, for all ¢ > T > Ty,

H(t,5)p(s)ds < — H(t,s)u/(s)ds_fg(t,s)ﬂds
T

Yera(s)u(s)

Ne— «
H%w

t s u?(s
= —H(t,s)u(s) [; — | {——Ma(? bu(s) + H(tvs)rlaé)z}‘(s)} ds
T

= H(t, T)u(T) -

Yera(s)u(s)

(2.7)

NeY—

[h(t,s) H{, s)u(s) + H(t,s)ﬂ} ds.
Then, for any 8 > 1, [27) gives

t
H(t, ds < H(t,T)u S HEs) h(t,
(t, 5)0(s)ds ;Q/WMMQ 5)+ 3v/Brera(s)o(s) s) ds

= P

¢
—I—ﬂlcl :[a( s)v(s)h2(t, s) f ﬁ,ycla S)v S) u?(s)ds
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and, for all t > T > Ty,

j (H(t, s)p(s) — %a(s)v(s)fﬂ(t, s)) ds < H(t,T)u(T)
T

_ f( F S u(s) + 3y/Brea)ue)h(t ) ds — féicfig(&? w2 (s)ds.
(2.9)
From (Z9)),

t t
- / (H(t,5)6(5) — B a(s)u(s)h2(t,5) ) ds < ulT) ~ 5tk / D)2 (5)ds

t

H(t,s
H<t1,T>T( Fraatner () + 3 Whts) ds

t
(B—1)H(t.s)
uT) = 7 ~Tf Fraalmu U (s)ds.

IN

Therefore, for all t > T > Ty,

lim supH jf ( - ﬁ’ffla(s)v(s)h2 (t, s)) ds

t—o0

t
. B—1)H(t,s
<u(T) - htn_1>£f H(tl,T) ! é,ycla)(s)(v(s)) u?(s)ds. (2.10)

It follows from (Z2]) that

uw(T) > x(T) —i—hmme(tl7 7 / (57;12)(52?58)) u?(s)ds,

t—o0

for all T > Ty and for any 8 > 1. This shows that
wT) = x(T), forallT>T, (2.11)

and

. 1 H(t,s) , Bye
htrgérolf T / s)v(s)u (s)ds < = 11) (u(To) — x(To)) < 0. (2.12)

We want to prove that

[ ()
d . 2.1
/a(s)v(s) s < oo (2.13)
To
Suppose to the contrary that
[_w*(s)
/ a(5)0(s) ds = oc. (2.14)

To
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By (A, there exists a positive constant p such that

. . . JH(ts)
Slgfo |:htrglong(t,t0):| > p. (2.15)
From (219)),
.. H(ts)
hﬂiﬂlfﬂ(t,to) >r>0

and there exists a Ty > T3 such that H(¢,T1)/H(t,t9) > p, for all t > T5. On the
other hand, by ([ZI4) for any positive number §, there exists a T1 > Tp, such that,
for all t > T7,

T() TO
t
) OH(t,s
2 EH(tl,Tg) f |:_ B(s ):| d
T
— é H(t)Tl)
" p H(t,To)
This implies that
H(t
> >
tTO / s)ds > 6 for all t > Tb.

Since ¢ is an arbitrary positive constant,

H(t
hmlnf i, To / s)ds = 400,

which conradicts (Z12]). Because of that, 2.13]) holds, and from (211

o0 o0

/@ds</mds<+oo,

a(s)v(s)  — J a(s)v(s)
To To

which contradicts [2I). Therefore, Eq. () is oscillatory.
Following the classical ideas of Kamenev [4], we define H(t, s) as

H(t,s)=(t—s)""", (t,s)eD
where n is an integer and n > 2. Evidently, H € P and
ht,s)=(n—1)(t—s)""2  (t,s)eD.

Thus, by Theorem 2.1] we have the following oscillation result.
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Corollary 2.2. Let (C1)-(C4) hold. Suppose that there exist functions g € C* ([tg,00); R)
and x € C ([tg,00);R) such that, for all T > to, for some integer n > 2, and for
some 3> 1,

t

2
lim sup tl_"/ ((t —8)"Lo(s) — W#a(s)v(s) (t— s)"_3> ds > x(T)

t—o0
T

and (Z1) holds, where ¢(t) and v(t) are as in Theorem 21l Then Eq. (1) is
oscillatory.

Example 2.3. Consider the differential equation of the form

2(1 PO o' ] g o)
{t (2+ 2 )1+w/2<t>} TG

+ (24 2t* + 6t — 6t2sin® t) z(¢) (1 + 2%(t)) =0, (2.16)

where x € (—o00,00) and t > 1. Since @ =1+a*>1=p, c=1/2,c; =1 the
assumptions (C1)-(C4) hold for v = 1. Let us apply Corollary [Z2 with 8 = 2 and
g(t) =13, then v(t) = 1 and ¢(t) = 2+ 3t> — 6t>sin®t. A direct computation yields
with n =3

tm sup 117 | ((t= 9" 10(s) = 229G a(s)u(s) (t = )" ) ds
T

t—o0

t
= limsupy [ ((t —s)? (2+ 3s? — 6s?sin’ s) — 2L145%) ds

t—o0 T

= % — 2T — 3T?sinTcos T — %TCOS2T+ %Tsin2T+ %sinTcost x(T).

The relation
X3 ()
a(t)v(t)
implies that the condition (21)) is satisfied. Therefore, Eq. (214) is oscillatory by
Corollary[Z.2. Note that in this ezample

= 0(t?) as t— oo

t t

1 1 2-1-1
lim sup— / bra a(s)v(s)h*(t, s)ds = lim supt—2/ s2-1-4ds = oo. (2.17)
1

t—00 t 4 t—00 4

(2.17) shows that we do not need to impose any condition similar to the condition

(L3) in Theorem [L1l

Theorem 2.4. Suppose that (C1)-(C4) and (21) are satisfied. Suppose also that
there exist functions H € P,g € C! ([to,00);R) and x € C ([to,00);R) such that
(I-4) holds and, for all T > ty, and for some § > 1,

¢

lim inf (tl, 75 / (H(t,s)d)(s) - ﬂlcla(s)v(s)hz(t,s)) ds > x(T)
T

where ¢(t),v(t) and x4+ (t) are the same as in Theorem [21l Then Eq. (1) is

oscillatory.



OSCILLATION CRITERIA FOR A CLASS OF SECOND ORDER NONLINEAR ... 47

Proof. Since

x(T)

IN

liggfﬁ/ (H(t,s)¢(s) - %a(s)v(s)h%t,s)) ds
T

t

< limsupﬁ/ (H(t,s)¢(s) - ﬁZlCl a(s)v(s)h2(t,s)) ds,
T

t—o0

that Eq. () is oscillatory follows readily from Theorem 211

From now on, we present a new set of oscillation theorems. We want to point
out that these theorems differ from Theorem 2T and 2.4l That is, they are neither
a special case nor a generalized form of Theorem 2.1l and 2.4

Theorem 2.5. Let (C1)-(C4) hold. Suppose that there exists a function g €
C' ([to,00) ; R) such that, for some 8 > 1 and for some H € P

i s [ (6800 10,00 Y = Bl 1)) s = o
! (2.18)
where ¢(s) is defined by (Z3) and
v(t) = exp —% / ”ygcf(ss?) ds | . (2.19)

Then Eq. (1) is oscillatory.

Proof. Let x(t) be a non-oscillatory solution of the differential equation (IIJ).
Then there exists a Ty > to such that z(t) # 0 for all ¢ > Tp. Without loss of
generality, we may assume that z(t) > 0 for all ¢ > Ty. Define the function u(t) as
in ([2.3), where v(¢) is given by (219). Then differentiating (23] and using (1)) ,

we have

W) = Su) .
—p(t)k(z’(t) (z a(t)U(z(t) k(2 (t))z' (t) 2.20
Fu(t) |22 mé) ) «IGE) mz(g) <O L o)

Using (C1)-(C4) in [220)), we easily get

pult)  v*(t)
cra(t) yera(t)v(t)’

where ¢(t) is defined by ([23). On the other hand, since the inequality

u'(t) < —o(t) -

(2.21)

2
m n
mz —nz? < 2——522,n>0,m,z€R
n

which holds for all n > 0 and all m, z € R, we see from (2.21)) that

2 v u2
40 =Sy O Fraton 2
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for all t > Tp. Multiplying (Z22]) by H(¢,s) and integrating from T to ¢, we have
for some 8 > 1 and for all t > T > T,

£ 2 S)v(s
[ H(t.5) (003) — 50 as

t
< 7
< H(t ! (, / 25'ycla S)v U )+ 2v/2Bycra(s)v(s)h(t ) ds
t t

+ 8121 :[a(s)v(s)hQ(t, s)ds —i%ﬁ(s)ds.

This implies that, for all t > T > Ty,
f 2(s)(s) _ B

I (H(t, $)p(s) — H(t, 5) B — 201 (50 (s)h2(t, s)) ds < H(t, T)u(T)
T

t
H(t
fzﬂwclasws) (S)ds_{( et ws) + 3v/2Brenals)u(s)hlt, ) ds.

Using the properties of H(t, s), we see that for every ¢t > Tp

t

Tf (H(t, $)p(s) — H(t,5) 2B lle) %a(s)v(s);ﬂ(t,s)) ds

S H(t,TQ)’u(To) S H(f, To) |U(TQ)| S H(f, to) |U(T0)| .
Therefore,

tft (H(t, $)p(s) — H(t,5) 2B lle) %a(s)v(s);ﬂ(t,s)) ds

- f(H(t,s)¢(s) Hit, s)vg<7>(<)> %a(s)v(s)iﬂ(t,s))ds

+ f (H(t, s)p(s) — H(t, s)%a)(vs()s) — %a(s)v(s)h%t, s)) ds

H(t, to) lf |p(s)| ds + |u(To)]

for all t > Ty. This gives

t

lim sup gt 7 S (H(t,s)gb( ) — H{(t, s) 5 L) ﬂ;ﬂa(s)v(s)hm,s)) ds
oo 0

To
< [ |é(s)]ds + [u(Tp)| < +oo,
to

which contradicts with the assumption ([ZI8]) of the theorem. This completes the
proof of Theorem

Therefore, by Theorem we have the following oscillation result
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Corollary 2.6. Let (C1)-(C4) hold. Suppose that there exists a function g €
C! ([to, ) ;R) such that, for some integer n > 2 and some 3 > 1
¢

28’()8 c1(n— 2 —
limsup tlfn/ l(t_s)nl (¢(8) _ p ( ) ( )) _ ﬁ/y l( 1) a(s)v(s) (t_s)n 3 ds — 0,

t—00 2c1a(s) 2
to
(2.23)
where ¢(t) and v(t) are as in Theorem[2ZA. Then Eq. {I1) is oscillatory.
Example 2.7. Fort > 1, consider the nonlinear differential equation
-2\ 242%(t) ' (t) -2, 2/(t)
[(1 +sin® t) T Hm/z(t)} +EV 1+ sin® i
+ (24 32) 2(t) (1 + ﬁ%)) —0, (2.24)

Obviously, for all x € (—00,00) one has 1 < U (z) <2 and f(x)/x > 1= p. Let
g(t) =0 and v =1, then v(t) = 1, and ¢(t) = 2 + +t*. Let us take n = 3, and for
any > 1,

lim sup t1*"j [(t — )t (¢(S) _ ’YPZ(S)U(S)) _ chl(;z—lﬁa(s)v(s) (t— S)n73:| ds

oo 1 2cia(s)

¢
=limsup & [ [(t — )2 x 2 — 48 (1 +sin’s)] ds = oo

t—o0 1

Therefore, Eq. ([2-24)) is oscillatory by Corollary 2.6

Theorem 2.8. Suppose that (C1)-(C4) are satisfied. Suppose also that there exist
functions H € P,g € C* ([to,00);R) and x € C ([tp, ) ;R) such that (1.7) holds,
and for all t > to, any T > tg, and for some 5 > 1,

lim supﬁ/ (H(t, s)p(s) — H(t, S),ch(li)(l;(;) - ﬂzcl a(s)v(s)h*(t, s)) ds > x(T),

t—o0
T

(2.25)
where ¢(t) and v(t) are the same as in Theorem [2Z3. If (21) is satisfied, Eq. (I1))

is oscillatory.

Proof. The proof of this theorem is similar to that of the Theorem 2.1 and
hence it is omitted.

Theorem 2.9. Let all assumptions of Theorem satisfied except that condition
(2:23) be replaced with

U [ o els) e o
it o T/ (#1996 110, 510 Dyt e.s) ) s = ()

Then Eq. (L) is oscillatory.

Proof. By a similar argument to that in the proof of Theorem 24 one can
complete the proof of this theorem. Therefore, we omit the detailed proof for the
theorem.

Remark 2.10. If f(z) = z, then q(t) > 0 is not necessary in the above Theorems.
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Remark 2.11. If (Z7) is replaced by
t)yw t) k(z/ (¢
u(t) — () [ G (D) E (D)
flz ()
then, without putting any sign condition on q(t), we can obtain similar oscillation

results that are derived in the main results section of this paper for Eq. (I1l). But
in this case the assumption f'(x) > o > 0 is necessary.

Remark 2.12. When k(a’) = 2/, it is easy to see that Theorems[2.8 and 2.9 reduce
to Theorems 9 and 10 of [1] with v = 1, respectively.

+9@)]|,
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