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ABSTRACT. In the present paper, we introduce and study the mixed summation-
integral type operators having Baskakov and Beta basis functions in summa-
tion and integration, respectively. First, we estimate moments of these op-
erators using hypergeometric series. Next, we obtain an error estimation in
simultaneous approximation for Baskakov-Durrmeyer-Stancu operators.

1. INTRODUCTION

Khan [4] and Mishra [5] have proved some results dealing with the degree of ap-
proximation of functions in L,- spaces using different types of operators. Baskakov-
Durrmeyer operators were first considered by Sahai-Prasad [8] in 1985 . Sinha et
al. [9] improved and corrected the results of [§]. In 2005, Finta [I], introduced a
new type of Baskakov-Durrmeyer operator by taking the weight function of Beta
operators on L[0, 00) as

Dn(f,x) = pnil@) / bk (8) £ (1)t + pp,o() £(0), (1)
k=1 0
n o n n k
where pn,k(x) = (k)gk ta) e and bn,k(t) = { +1)]§[ 2k (1+t)tn+k+2'

Wafi and Khatoon [I1] have proved inverse theorem for generalized Baskakov op-
erators. Recently, Gupta and Yadav [3] introduced the Baskakov -Beta- Stancu
operator and invetigated like asymptotic formula, moments of these operators us-
ing hypergeometric series and errors estimation in simultaneous approximation. we
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write the operators () as

= (n zk * (n k
Dufa) = (i)Y " / ¥ L payar O

= k! (1+ z)ntk kU (1 t)ntht2 1+ xz)»

_ *  fO0+2)? n+2 ()" £(0)
= (n+1)~/0 [(1+2)(1+1)] n+22 )2 [(1+x)(1+t)]kdt+(1+117)"'

By hypergeometric series oFi(a,b;c;x) = > 0o, (Zi%k),kxk and the Pochhammer
symbol (n)y, is
n)y =nn+1)(n+2)(n+ 3)....(n + k — 1), using the equality (1); = k!, we can
write
* fHA+2)? [ ( xt ) } f(0)
D,(f,z)=(n+1 Fi{nn+2;1;————— | —1|dt + ——.
=) [ e o (o 20 A+

Now using o F} (a, b; ¢; ) = 2 F1(b, a; ¢; ) and applying Pfaff- Kummer transforma-
tion

2Fi(a,by¢m) = (1 —2)"*2F <a, c— b, — 1>
-

we have

2F1(7’L+2 1-— ,1,1+;j_t> 1 f(())

(1+z+t)n+2 G dit+ (1+z)"

(2)

Du(f.x) = (nt1) / OREE

This is the form of the operators () in terms of hypergeometric functions.

Verma et al. [I0] considered Baskakov -Durrmeyer- Stancu operators and studied
some approximation properties of these operators. Very recently, Mishra and Patel
[6] introduced a simple Stancu generalization of g-analogue of well known Dur-
rmeyer operators. We first estimate moments of g— Durrmeyer-Stancu operators.
They also established the rate of convergence as well as Voronovskaja type asymp-
totic formula for g— Durrmeyer-Stancu operators. Here, we introduce Baskakov
-Durrmeyer- Stancu operators in terms of hypergeometric functions, for 0 < a < 3
as

* [(nt+a ) 2F1 (n+2,1—n71, 1+;Jtrt) 1
D, p(fy2) = (n + 1)/0 f(m)(l +2) [ 1+z+t)n2 B EDRE di
f(0)
fEon )

For ae = 8 = 0 the operators ([B]) reduces to the operators ().
we know that

[ee] [e'e) 1 oo [e'e]
> pnr(z) =1, / Pk(@)de = ——, 3 byi(t) =n+1, / by (£)dt = 1.
k=0 0 n-1 = 0

We take
C,[0,00) ={f € C[0,00) : f(t) =O(t)",v > 0}.
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The operators Dy, o g(f, ) are well defined for f € C[0,00). The behavior of these
operators is very similar to the operators recently introduced in [7] by Mishra et al.
In the present note, first, we estimate moments of Baskakov -Durrmeyer- Stancu
operators with the help of hypergeometric series. Next, we give an error estimation
in simultaneous approximation for the operators (B

2. AUXILIARY RESULTS
In the sequel we shall need several lemmas.

Lemma 2.1. For n > 0 and s > —1, we have

Dy (t5,2) = L(n —;(j; _1|_)1;)(S +1) [(1 + )% (1 —n,—s;1; H%) - (14 gg)—n] .
(4)
Moreover,
R m+s=—Dln—-s)! , s(s=1n+s—=2(n-9)! ., 9
Dn(#,z) = nl(n —1)! * nl(n —1)! T+ 0MT).
(5)

Proof. Taking f(t) = t°, t = (1 + z)u and using Pfaff-Kummer transformation the
right-hand side of (), we get

o0 x)5 T3S —n)i(n -z x)u)k
Dn(tS,HC)Z(le)/0 T (1 + ) unHZl +2) (zz(L+2pu)*

1+a)(1+ (1 +2)(1 +u))*
+F("‘1f(;ff)( > )(1+x)’”:Q1+Q2(Say)-
X (n+2)k(l—n n o0 ustk
Q1 = (n+1)kz_0$(—x)k(l+x) +1/0 WCZU
= (n+1) i (+2)e(l —n)e 2()]:'()12_ ")k (—2)*(1+2) "'B(s+k+1,n—s+1)
k=0 ’
B > (n+2)k(1 —n)p ceni1 LT(s+E+1)T(n—s+1)
= (n—l—l)kzzo—(k!)2 (—2)*(1 +2)"F NCEYT)
Using I'(n 4+ k + 2) = T'(n + 2)(n + 2)k, we have
7 = (n 4+ 2)k(1 —n)y een1 D5+ D (s+1)0(n—s+1)
Q1 = (n+1) 2 g (=) (1 +z)sF T 5 2)(n + D
B e D5+ DT =54+ 1) o= (5 + 1)(1 —n)y
DL — vy ;;) G
= (1+az) (S+;)(E(Z I)S+1)2F1(1—7’L,1+8;1;—£C).

Using 2 F1(a,b;c;x) = (1 —x) "% Fy <a, c—b;c ﬁ), we have

F'n—s+1)I(s+1)

X
= 1 S9F (1 —n,—s;1; —— .
Ql F(TL+1) ( +$) 2 1< n, —s; 71+(E>
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Combining ()1 and @2, we get
Fn—s+1(s+1) x _
1 S5l 1—n,—s;1;, —— | — (1 .
o [ e (1 sl )~ ()

The other consequence (Bl follows from the above equation by writting the expan-
sion of hypergeometric series. ([l

D, (t°,x) =

Lemma 2.2. For 0 < a < 8 and m > 0, we have
n® (n+s—1Yn—2s)!

Duapltso) = & g im - 1)
. ﬁ‘%}@—lan}y(n+2@ﬁ?%;Sﬂ+&%;i;y(n+s;é%?5f+lﬂ}
n x&2{48_1x5_2ﬁQJi;y(n+8&iﬂ?5f+lﬂ
. 5(32—1)a2 (nnj-;)s (n+s;!2!(_n1;!s+2)!} Ry,

Proof. Using binomial theorem, the relation between operators (2) and (B]) can be
defined as

s B ad ° nt+a\’ n « s
Dy p(t®,z) = ;pnk(x)/o bn’k(t>(n+ﬁ> dt + (1+x) (n—i—ﬁ)

= St o3 () S e ()

; n
7=0
= i (5> nat? {Dn(tj,x) —(1+ 3:)”0} +(1+ a:)"( - >
=\ (n+p) n+p
Using (@), we get Lemma ([2.2]). O
Lemma 2.3. [2] For m € N J{0}, if
Up,m(z) = ip" k(@) (E - $>m
’ ’ n ?
k=0
then Uy, o(x) = 1,U,,1(z) = 0 and we have the recurrence relation:
nUn,m1(x) = 2(1 4 ) [U}, ,(2) + mUp,m-1(z)] .
Consequently, Uy, ,(z) = O (n~lm+D/2)) where [m] is integral part of m.
Lemma 2.4. [10] For m € N|J{0}, if
finm(%) = Dnap((t —2)", )
= e nt + « " « "
= n, k(T bn t — T dt + n.olx —
S uste) [ onatt) (555 ) e mmate) (755 )
then
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and for n>m we have recurrence relation:

=) ("2 Y @) = (04 0) ) 4 0010
+ [(m+nx)+ (":ﬁ) (niﬂ —:v) (n—2m)] fm (@)

() [) (32)

From the recurrence relation, it easily verified that for all « € [0, 00), we have
in,m () = O(n~ D/,

Lemma 2.5. [2] There exist the polynomials g; j s(x) on [0, c0), independent of n
and k such that

S

d . ,
() = Y ik = n2) g (2)pa (o).
2;4‘;‘72%5

2*(1 +x)°

3. MAIN RESULT

In this section, we give an estimate of the degree of approximation by DSL 8 (f(t),x)
for smooth functions.

Theorem 3.1. Let f € C,[0,00) for some v >0, m >0 and s < q < s+ 2. If f(@
exists and is continuous on (a—n,b+mn) C (0,00), n > 0, then for sufficiently large
n

q

|| n,o B(fa ) S)(x)HC[a,b] < Cvlni1 Z ||fz||C[a,b]+c2nl/2w(f(q)vn1/2)+0(n7m)a
(6)

where Cy, Co are constants independent of f and n, w(f,d) is the modulus of

continuity of f on (a —n,b+n) and ||.||c[a,y denotes the sup-norm on [a,b].

Proof. By the Taylor’s, expansion, we have

NN (@ (z) — fl@
Z L I0@) = FUE)

t—x
q!

(t —2)"x(t) + h(t, 2)(1 = x(t))

where £ lies between ¢ and z, and x(t) is the characteristic function on interval
(a - b+ 77)
For t € (a—n,b+n) and z € [a,b], we have

d s (@D (g) — f@
Z [P (@) = [P()

t—x —|— '
= ! q!

For t € [0,00)\(a —n,b+n) and z € [a, ], we define

h(t,z Zf(l (t — )’
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Now

3

i ' ) (9) _ fl@
Mg(fa — @) (x) { Mﬁ ((t — )t x) —f(s)(x)} +DS)‘”(W

(t — 2)7x(t), ) + DY) s(h(t,2)(1 - x(t),2) = Fy + Fy + F.

Using Lemma 22 we get

W : N (_pyi-i & | n (n+j—1Dln—j)!
A= YN () e s

7=0
G=1( a0 _ n  (n+j—2)(n—j)! o It (n+j—2)(n—j+1)!

T (j(] Vasar -0l mray 2l(n — 1)1 )

=t (n4j—=3)(n—j+1)

(n+ )7 nl(n —1)!

j(j_l)a2 2 (ntj=3)n—j+2) Y| — FO) (p
v e o PR o) - o)

Hence

Lo (j(j 1)~ 2a

q
|F1]|cap < Cint Z 1 lcap + O(n™™), uniformly on [a,b].

i=s

Next, we estimate F5 as

s o0 @ () — @ t a
Bl < Y@ | bn,k<){’f (””)q,f © r e X(t)}dt
k=1 '
(TL+S—1)' —n—s _ !
R —y (I+z) —+B x| x(t)
< w(f,8) [~ (s) °°b ol r;t:;_ ‘ nt + « th
< PR wen [ oo |1+ | [
(n+$—1)' —n—s ﬁ ! o !
(s) i +1
< “(fq,"”[Dp D [ bt (””a— e jjj;‘_xq )dt
' k=1
(n+s—1)! s a a o« qt+l
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Now, on application of Schwarz inequality for integration and then for summation,
we get

ank |k—m:|J/ by i (t) | ——
0

nt—|—a
n -+

o0 nt + a 2\
(A “*@<n+6‘“> ﬁ)

1

< (S st (Sto

k=1

Using Lemma 23] we get
S pus(a)h—na)? = 02 S pusta)hn = 2) - (1 ) (-}
k=1 k=0
= an{O(nj) + O(nr)} (for any r > 0).

=0(n’). (7)
Similarly, using Lemma [2.4] we get

> oo nt + a oo . vl 2
%pnyk(x)/o bn,k(t)<n+ﬁ_x> it = O(n?)—(1+z)"(-z)

= On 9 4+0n™") (for any r > 0).

=0(n~%). (8)
Hence
0 (o'} q
ank(xﬂk — mc|3/ bn)k(t)‘nt:g — 2| =0mI’*O(n9?) = O(nY=D/2) uniformly on [a,b]. (9)
k=1 0 "

Therefore, by Lemma and (IEI), we get

> (s) nq'LJS k— J/oob ¢
I DI [ b > Y Ml Lkt [ st

k=1 2itj<s
i,5>0
nt + « a
—x ) dt
<n+ﬁ x)

o nt + o a
<K nk(2) |k — nal’ by ke (t dt
<K Y n (Zpk M= nal’ [ b)) S5 )

iti<s

i,7>0
=K Z nOnY=D/2) = O(n*=D/2), uniformly on [a,b], (10)
2i+j<s
i,§>0

nt—|—a

— T
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where K = SUP2i-<s SUDzea, b]ﬁ Choosing 6 = n~'/2 and making use of

(@), we get for any m > 0,

w(f@, n=1/2)
q

For ¢ € [0,00)\(a — n,b+ 1), we can choose ¢ such that |t — x| > § for all z € [a, b].
Thus by Lemma 2.5 we get

n'L S
Bl< Y M) ank M= nal [ buaolh(eo)ld:

1F2llcian < [O(n=D/2) + 020~ D2) 4 O(n™™)] < Ca(n™ 1772w

2i45<s z® 1+£L' [t—x|>6

i,j>0
(n+s—1)! e a
- (1 S h| —— .

CESIRAE n+ g’
We can find a constant M7 such that
B
t
h(t, 2)| < My |~ :;‘ —a| forlt—g| >4

where 8 > (v, q). Hence applying Schwarz inequality, (@) and (&), it is easy to see
that F3 = O(n~") for any r > 0 uniformly on [a,b]. Combining the estimates of
Fy, F5 and F3, the required result follows. O
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