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n-TUPLED COINCIDENCE AND COMMON FIXED POINT
RESULTS FOR WEAKLY CONTRACTIVE MAPPINGS IN
COMPLETE METRIC SPACES

(COMMUNICATED BY NASEER SHAHZAD)

MOHAMMAD IMDAD, ANUPAM SHARMA AND K. P. R. RAO

ABSTRACT. In this paper, we prove results on n-tupled coincidence as well as
n-tupled fixed point in partially ordered complete metric spaces for a pair of
weakly contractive compatible mappings whenever n is even, wherein control
functions are also employed. Our main theorem improves the corresponding
results of Choudhury et al. (Ann. Univ. Ferrara 57: 1-16, 2011). We illus-
trate our main result with an example in arbitrary even order case which also
substantiates the realized improvements.

1. INTRODUCTION

The enormous utility of Banach contraction principle is well known. This result is
one of the pivotal results of metric fixed point theory. It has fruitful applications
within as well as outside mathematics. Generalizations of this principle continues
to be an active area of research. Many authors have extended this theorem em-
ploying relatively more general contractive conditions ensuring the existence of a
fixed point. The investigation of fixed points in ordered metric spaces is a relatively
new development which appears to have its origin (in 2004) in the paper of Ran
and Reurings [21]. This paper was well complimented by the article of Nieto and
Lépez [20]. For similar other results in ordered metric spaces, one can be referred
to |1]-[4],[14]-]16],[18],[19],[23].

In [9], Bhaskar and Lakshmikantham introduced the concept of a coupled fixed
point of a mapping F : X x X — X wherein (X, <, d) be a partial metric space
and also proved some coupled fixed point theorems in partially ordered complete
metric spaces. Afterwards Berinde and Borcut [8] introduced the concept of tripled
fixed point and proved some related theorems. Most recently, Imdad et al. [14]
introduced the concepts of n-tupled coincidence as well as n-tupled fixed point and
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utilize these two definitions to obtain n-tupled coincidence as well as n-tupled com-
mon fixed point theorems for nonlinear mappings satisfying ¢-contraction condition
in partially ordered complete metric spaces.

The purpose of this paper is to prove some n-tupled coincidence as well as n-tupled
fixed point theorems for a pair of weakly contractive compatible mappings enjoying
mixed g-monotone property in a complete metric space equipped with a partial
ordering.

2. PRELIMINARIES

Definition 2.1. [9] Let (X, <) be a partially ordered set equipped with a metric
d such that (X, d) is a metric space. We endow the product space X x X with the
following partial ordering:

for (z,y), (u,v) € X x X, define (u,v) < (z,y) ©u <2,y 3.

Definition 2.2. Let (X, =) be a partially ordered set and T : X — X be a
mapping. Then T is said to be nondecreasing if for all x1,20 € X, 1 = 29
implies T'(x1) = T(x2) and nonincreasing if for all x1,22 € X, x1 < xo implies

Definition 2.3. |9] Let (X, <) be a partially ordered set and F : X x X — X
be a mapping. Then F' is said to have mixed monotone property if for any =,y €
X, F(z,y) is monotonically nondecreasing in first argument and monotonically
nonincreasing in second argument, that is, for

r1,22 € X, 11 222 = F(z1,y) < F(z2,9)

y1,y2 € X, y1 2y2 = F(a,y2) 2 F(o,y1).

Definition 2.4. [18] Let (X, <) be a partially ordered set and F': X x X — X and
g : X — X be two mappings. Then F' is said to have mixed g-monotone property
if for any x,y € X, F(z,y) is monotone g-nondecreasing in its first argument and
monotone g-nonincreasing in its second argument, that is, for

z1,22 € X, g(z1) 2 g(x2) = F(x1,y) = F(x2,y)

y1,y2 € X, g(y1) 2 g(y2) = F(z,y2) 2 F(z,y1).

Definition 2.5. [9] An element (z,y) € X x X is called a coupled fixed point of
the mapping F': X x X — X if

F(z,y) =z and F(y,z) = y.
Definition 2.6. [18] An element (z,y) € X x X is called a coupled coincidence
point of the mappings F': X x X —- X and g: X — X if
F(z,y) = gx and F(y,z) = gy.
Furthermore, (x,y) is called the common coupled fixed point of F and g if
F(z,y) =gz ==, Fy,z)=gy=y.

Remark 2.7. Definitions 2.4 and 2.6 for ¢ = I reduce to Definitions 2.3 and
2.5 respectively. Thus Definitions 2.4 and 2.6 generalize Definitions 2.3 and 2.5
respectively.
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Definition 2.8. [10] Let F': X x X — X and g : X — X be the two mappings.
Then F is said to be g-compatible if

Timd(g(F(2n, yn), F(g2n, gyn)) = 0
Jim_d(g(F (yn, 20)), F(g9n, 9n)) = 0,

where {x,} and {y,} are sequences in X such that

lim F(zp,y,) = lim g(x,) =2

n—oo n—oo
lm F(yn, Tn) = hm 9(yn) = v,
n— o0

(for some z,y € X) are satisfied.

Definition 2.9. |17] A function v : [0,00) — [0,00) is called an altering distance
function if the following properties are satisfied;

(a) v is monotonically increasing and continuous;

(b) ¥(t) = 0 if and only if ¢t = 0.

Theorem 2.10. [11] Let (X,=,d) be a complete partially ordered metric space.
Let ¢ : [0,00) = [0,00) be a continuous function with ¢(t) = 0 if and only if t =0
while ¥ be an altering distance function. Let F : X x X — X and g : X = X be
two mappings such that F has the mized g-monotone property on X and

Y(d(F(z,y), F(u,v))) < ¢(max{d(gz, gu),d(gy, gv)})—p(max{d(gz, gu), d(g9y, gv)})

for all x,y,u,v € X for which gu = gx and gy =< gv. Suppose that F(X x X) C
9(X), g is continuous and F' is g-compatible. Also, suppose that

(a) F is continuous or

(b) X has the following properties:

(i) if a nondecreasing sequence {x,} — x, then g(xz,) =< g(x) for all n > 0;
(i) if a nonincreasing sequence {yn,} — y, then g(y) < g(yn) for all n > 0.

If there exist xg,yo € X such that g(xzg) = F(zo,y0) and F(yo,zo) = g(yo), then
there exist x,y € X such that g(x) = F(z,y) and g(y) = F(y,z) i.e. F and g have
a coupled coincidence point in X.

Recently, Berinde and Borcut [8] introduced the following partial order on the
product space X x X x X:

(u,v,w) X (r,y,2) Su=<z, y=v, w=zV(r,y,2),(w,v,w) € X x X x X.
Definition 2.11. [§] Let (X, <) be a partially ordered set and F': X x X x X — X
be a mapping. Then F is said to have mixed monotone property if F' is monotone

nodecreasing in first and third argument and monotone noincreasing in second
argument, that is, for any x,y,z € X

x17x2€X7 LL’lj$2:>F($1,y,Z)jF(.’L'2,y,Z)
y17y2€X7 yljy2:>F(xuy27z)jF(xuyl7z)
Zl,ZQEX, 21522:>F($7y721)jF($=y722)'

Definition 2.12. [€] An element (z,y,2z) € X x X x X is called a tripled fixed
point of the mapping F : X x X x X — X if F(z,y,2) =z, F(y,z,y) = y and
F(z,y,2) = 2
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The following concept of n-fixed point was introduced by Gordji and Ramezani |12].
We suppose that the product space X™ is endowed with the following partial order,
where n is the positive integer (odd or even): (z',22,...,2"), (y', 9>, ...,y") € X"

) . 1
(22 . 2™) < (vt oyt et <P v e {12, ., [_n—i— }}
n n i i\ s n
(22, ., 2") < (R oyt ey <2 Vie {1,2,.., [5}}

Definition 2.13. [12] An element (z',2?,...,2") € X" is called an n fixed point
of the mapping F: X" — X if

ot =F(at, e a2t 2 e Y Vi e {1,2, .., n).

In this paper, we used the new definitions of n-tupled fixed point and n-tupled
coincidence point given by Imdad et al. [14]. Throughout the paper, we consider n
to be an even integer. We begin with the following definitions:

Definition 2.14. |14] Let (X, <) be a partially ordered set and F' : X™ — X be
a mapping. The mapping F' is said to have the mixed monotone property if F' is
nondecreasing in its odd position arguments and nonincreasing in its even position
arguments, that is, if,

(i) for all 1,2} € X, 21 <2 = F(a},22,23,...,2") = F(z}, 22,23, ..., 2")

(i) for all 23,23 € X, 23 < 23 = F(a', 23,23, .., 2") 2 F(a!, 22,23, ..., 2")

(iii) for all 3,23 € X, a3 < 23 = F(z', 22,23, ..., 2") < F(2b, 22,23, ..., 2™)

for all 27, 2% € X, o7 <28 = F(x', 2%, 23, ..., 28) < F(al, 22, 23, ..., 2}).

Definition 2.15. |14] Let (X, <) be a partially ordered set. Let F' : X" — X
and g : X — X be two mappings. Then the mapping F' is said to have the mixed
g-monotone property if F' is g-nondecreasing in its odd position arguments and
g-nonincreasing in its even position arguments, that is, if,

(i) for all 1,2} € X, gof < gzl = F(xf, 2%, 23,...,2") < F(xd, 22,23, ..., 2"

(ii) for all 23,23 € X, gz} < g23 = F(2', 23,23, ...,2") < F(z!, 23,23, ..., 2")

(iii) for all 3,23 € X, go3 < go3 = F(al, 22,23, ...,2") X F(z!, 22,23, ..., 2™)

for all 27,28 € X, ga < gaf = F(a', 22,23, ... 2%) < F(a', 22,23, ... 27).

Definition 2.16. [14] An element (z', 2%, ...,2™) € X" is called an n-tupled fixed
point of the mapping F' : X" — X if

F(zt 2% 23, ... 2") = ot
F(z?,23, ... 2" al) = 2
F(a3, ... 2" 2t 2?) = 23

F(a™, 2t 2%, .. 2" 1) = 2™

Example 2.17. Let (R,d) be a partially ordered metric space under natural
setting and let F' : R® — R be a mapping defined by F(x! 22 23, ... 2") =
sin (zt.22.23..2™), for any x!,22,...,2" € R. Then (0,0, ...,0) is an n-tupled fixed
point of F.
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Definition 2.18. [14] An element (z!,22,...,2") € X" is called an n-tupled coin-
cidence point of F': X™ — X and g: X — X if

F(xl 22 23, ... 2") = g(ah)
F(2?, 23, ... 2" 2b) = g(2?)
al,a?) = g(a?)

F(x3, ... 2",

F(xm, 2t 2%, ... 2" 1) = g(an).

Example 2.19. Let (R, d) be a partially ordered metric space under natural setting
and let F: R® — R be a mapping defined by F(x!,22,...,2") = w for
any z',2%,...,2" € R while g: R — R is defined as g(z) = Z. Then (O 0,. O)
an n-tupled coincidence point of F' and g.

Definition 2.20. An element (2!, 22,...,2") € X" is called an n-tupled common
fixed point of F': X — X and g : X — X if

F(xt, 2% 23, ... 2") = g(at) = 2?
F(x?, 23, ... 2" 2t) = g(2?) = 22
F(x3, ... 2" 2 2?) = g(2®) = 23

F(zm, 2t 2%, ... 2" ) = g(an) = 2™

Remark 2.21. Definitions 2.16, 2.18 and 2.20 with n = 2 respectively yield the
definitions of coupled fixed point, coupled coincidence point and common coupled
fixed point.

Definition 2.22. Let F': X" — X and ¢ : X — X be the two mappings. Then F
is said to be g-compatible if

hm d(g(F(x},, 22,23, ...,2")), F(gxk,, g2, gx3,, ..., gz™)) =0

hmd((( n ol

'rg m’xm))7F(g'r377,7gI?n7"'7g:17/’7n7x’}77,)) :O

Sy ey T

Lo

lim d(g(F(x?, 2z} 22 ... 2% 1), F(ga®, gxl , gz2, ..., g2 1)) = 0,

m7 m? m? m
m— 00

where {z},}, {22}, ..., {27} are sequences in X such that

lim F( m,xf’n,...,znm) = lim g(z},) = «'
m—00 m—00
mlgnooF( Ty Ty ooy T ) = Timg(a) = 2,

for some z',z2,...,z™ € X are satisfied.

3. MAIN RESULTS

Now, we prove our main result as follows:
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Theorem 3.1. Let (X,=,d) be a complete partially ordered metric space. Let
¢ :[0,00) = [0,00) be a continuous function with ¢(t) = 0 if and only if t = 0
and Y be an altering distance function. Let F': X™ — X and g : X — X be two
mappings such that F' has the mixed g-monotone property on X and

Y(d(F(zt, 22, .. 2™), F(yh 92, .., y™)) < w(max{d(gz*, gyt), d(g92%, gy?), ..., d(gz™,

gy™)}) —d(maz{d(gz', gy'), d(g2?, gy?),
s d(gz”,gy™)})  (3.1)

for all 2%, 22, ....2", y',y?, ...,y" € X for which gy' =< gz', gz® < gv?, gy =<
gr3, ..., gz = gy". Suppose that F(X™) C g(X), g is continuous and F is g-
compatible. Also, suppose that

(a) F is continuous or
(b) X has the following properties:

(i) if nondecreasing sequence {xm} — x, then g(zn) < g(z) for all m > 0;
(i) if nonincreasing sequence {x,,} — x, then g(x) =< g(x.,) for all m > 0.

If there exist x}, 23,23, ..., x5 € X such that

g(x(l)) = F(‘T(lﬁx(%vx(?))v 7558)
F(CL‘%,:C(?’), 7x87$(1J) = g(x%)
g(.%'g) = F(‘Tgv "'7x87x%)7x%)
F(xl,ad, 23, .o xf ™) < g(xl)
then F' and g have an n-tupled coincidence point in X.

Proof. Let z}, 2%, x3, ..., 2§ € X such that

g(xg) 2 F(xg, 25, 73, .o 7))

)
) (3.2)

F(z3, 23, ..., 25, x}) < g(a?
g(x3) 2 F(x}, ...zl x}, 22

F(aB,xh, 23, ..., :10871) =< g(zf).

Since F(X™) C g(X), we can choose z1, 2%, 73, ...,2% € X such that

o(e) = Flab,ad,ad, ..af)
o(a) = F(a3 a3, a5 2b)
g(x3) = F(x}, ..., a8, x}, 22) (3.3)

g(z}) = F(xy,z}, 23, ..., :Eg_l).
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As earlier, one can also choose x3, 23,23, ..., 2% € X such that
g(x3) = F(x1,2%,27...,27)
g9(a3) = F(at, 2%, ... 2}, 27)
g(z3) = F(a3,..., a7, 21, 23)
g(a3) = F(CL‘?,.’L‘},CL‘%,.. xy” 1)'

Continuing this process, we can construct sequences {z> }, {2}, ..., {z"}, (m > 0)
such that

g(x}n+ ) F(.I gna :E?n aZE%)
g(xfn_H) =F(xfn,x§n,... k) (3.4
g(x?n—i-l) = F(x?nvx}na 1712115 LKD) 1721_1)'
In what follows, we shall prove that for all m > 0,
9Th, 2 GTh 1, 9oy 2 GTh, gTE X gx 4, Ty 2 g, (3.5)

Owing to (3.2) and (3.3), we have

gy = gy, gai < gxg, gag < gt .., gt < gag,
that is, (3.5) holds for m = 0. Suppose that (3.5) holds for some m > 0. As F has
the mixed g-monotone property, we have from (3.4) that

1 _ 1 2 3 2 3
9Tmy1 = F(xmvxmazma s ) = F( m+15 oy Loy ooy

3 n
—< F( m+17 m+17xm7"'7xm)

3 n
= F( m+17 m+17xm+17"'7xm)

)

3 n
< F(l m+1> m+1’$m+17 "'Vrm—i-l)
= g$m+2'
2 _ 2 3 n 1
gwm+2 - F(xm+17xm+17 "'7‘Tm+17 m+1)
n 1
< F( m+1’ m+1""’$m+17xm)

n 1
< F( m+1a m+1a-'-a$m7xm)

= F(2? m+17 o al al)
= F(2 m,...,x%,x}n)
- gzm-‘rl'

Also for the same reason,

3 _ 3 n 1 n 1 2 _ 3
g‘rm+l - F(‘Tm7 "'7xm7xm7 ) -< F( m+17 "'7xm+17xm+17‘rm+l) - g‘rm+2

1 2 2 —1
gx%+2 =F($%+1,$m+l,$m+1,... m+1) <F( m,zm,...,x% ) :g$%+1-
Hence by mathematical induction it follows that (3.5) holds for all m > 0. Therefore

gry =< gwl < gry < .. 2 gw), X gwm—i—l =
- gwm+1 X gry, = .. 2 grd =2 9961 = g}
gry < gt < gad <. = gxfn X 9Tpg1 = (3.6)

CRgxn g R gry, 2. 2 gay 2 gat X gag.
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Let

Ry = max{d(g2p, 11, 923,), (9% 41, 920, ), oo A9, 11, 970,) }-
Using (3.6) we have,

(A9, 9T41)) = Y(AF (@, 1y 015 oo 1)y F (@, T s 7))

< Y(max{d(gzy,_1, 92,,), d(gz7, 1, 95,), d(g2y, 1, 9T3,), -y d(gy, 1, g27)})
—¢(max{d(gzy, 1, 975,), d(gay, 1, 93,), d(gx], 1, 927,), s A9 1, g27)})-

¢(d(gx$nvg$1211+l)) = ¢(d(F(=’E72nf1a S ‘rnmfha‘.}nfl)? F(‘T?TU o0 xnm7x}n)))

< Y(max{d(gas, 1, 927,), (9T, 1, 925,)s -y d(g2y, 1, 927, ), A9, 1, 92 0,) })

(b(m&X{d( m 1, 9Tm )d(g‘r?nflag'rfn)aad(gzzflvgzZ)vd(g‘r}nflvgz}n)})

Similarly, we can inductively write
Z/}(d(gx?nv gz%Jrl)) = 1/’(d(F(517%71 9 :177171715 eeey 517%:11)7 F("E%a :1771717 ceey 'r?nil)))
< ¢(max{d(gzy,_y, 92y, d(goh,_ 1, 971,), d(9am, 1, g27,), s d(gan 1, g2 1)})

—p(max{d(gz}, _y, g27,), d(923, 1, 9273,), d(ga7, 1, 9a7,), ooy A9y g h)}).
From above inequalities and the monotone property of 1, we have
(max{d(gay,, g2y, 1), (g2, 9m41)s - dlgzy, s ganih)})
= max{$(d(g7,. g7 41)), (A9, 9 11))s oo W( gl gz )}
< Y(max{d(gzy, 1, 927,),d(g2y, 1, 9%,), - dgzy ", g257")})
1

—p(max{d(gzy, 1, g2p), d(gx, 1, 97%,), . d(gzmt, gxm )},
that is,

Y(R) < Y(Rm-1) — ¢(Rim—1). (3.7)
Using the property of ¥, we have

w(Rm) < ¢(Rm—1)
which implies that
Ry, <R,_1 (by the property of ).

Therefore {R,,} is a monotonically decreasing sequence of nonnegative real num-
bers. Hence there exists » > 0 such that

R,, > rasm — oco.

Taking the limit as m — oo in (3.7). Then by the continuities of 1) and ¢, we have
Y(r) < ¢(r) — o(r),

which is a contradiction unless r = 0. Therefore

R,, — 0 as m — oo, (3.8)
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so that
i d(gwy,, gty,,1) =0, lim d(gay,. go5,41) =0, lim d(gay,, gay, 1) = 0.

Next, we show that {gal }, {g22},...,{ga"} are Cauchy sequences. If possible
suppose that atleast one of {gxl },{g22,},...,{g2"} is not a Cauchy sequence.
Then there exists an € > 0 and sequences of positive integers {m(k)} and {¢t(k)}
such that for all positive integers k,

t(k) > m(k) > k,
Dy = max{d(g,,(x)> 9% 1(k)) A(GT i (1) 95511y ) -0 AGT 0 1) 971 1))} = €
and
max{d(gx;m(k)vgx%(k)fl)v d(gxfzn(k)?gxf(k)fl)v e d(gxnm(k)ﬂgx?(k)fl)} <e.
Now,

e< Dy = max{d(gx;l(k),gx;}(k)), d(g;vfn(k),gacf(k)), s d(gT, (1) 9T 1)}
< max{d(gx}n(k), gw;}(k)fl), d(g:v%l(k),g:vf(k)fl), s A9, 1y 9T gy 1) }

erax{d(g:z:%(k)_l, 9517%(;@))7 d(g:cf(k)_l, ng(k))a ey d(g:z:?(k)_l, 9517?(;@))},
that is,
€ < Dy = max{d(gp,x)> 9%5(1) ) AGT o (k) > 977 (1) )5 -+ A(GT (1) 975 (1))} < € Ri(ry—1-

Letting k — oo in above inequality and using (3.8), we have

Jm Dy = lim max{d(gp, (), 9T 1())» AGT o 1y » GTH 1) )5 -0 A(GT 1, 1) 9T ) )} = €.

(3.9)
Again
Dyy1 = max{d(g‘r}n(k)Jrlv gz%(k)+1)a d(ngn(k)+1) gxf(k)+1)v a d(gwk(mﬂ,gw%ﬂ)}

< max{d(gay, ) 110 9T AITT 1) 110 I (a) ) -+ AITT ()10 9T 1))}
—i—max{d(g:v}n(k), gw%(k)),d(gacfn(k), gxf(k)),...,d(gle(k), 9T33) }
erax{d(g:z:%(k), gz%(k)+1)ad(gzt2(k)v g:cf(k)_i_l),...,d(g:c?(k), 9517?(;@).:,_1})

= Rm(k) + Dy + Rt(k)
and
Dy < Rpyky + Di+1 + Ryry-
Letting k — oo in the preceding inequality, using (3.8) and (3.9) we have

Jm Deyg = Hm max{d(92p, )+ 15 9%1() 41)s AT (k) 41 T2 1y 41)5 -+

d(gxnm(k)—i-l?gx?(k)-i-l)} =€ (3.10)
Since t(k) > m(k) and

gi&ln(k) = g‘r}(k)J gfﬂf(k) = gwfn(k)a giﬂf’n(k) = gw?(k)J e 9Ty 2 9Ty

therefore owing to (3.1) and (3.4), we have



28 MOHAMMAD IMDAD, ANUPAM SHARMA AND K. P. R. RAO
7/1(d(93371n(k)+179$%(;§)+1)) = 7/}(d(F(3371n(k)7333n(k)7 "'733%(10)7 F(I%(;g)alﬂf(k)a ey I?(k))))
< w(max{d(gx}n(k), gxi(k))a d(gxfn(k),gxf(k)), d(gxib(k)vgx?(k))v S d(gx?n(k)ugx?(k))})

t;ﬁ(fnax{d(gx,ln(k) ’ 955%(1@))7 d(gxfn(k), g;vf(k)), d(g;vf’n(k) ’ gxf(k)), e d(gx%(k), gx?(k))})u
at is,

D92 1y 115 9% 11y 1)) < V(Dy) — H(Dy). (3.11)
Also,

7/1(d(933$n(k)+17917%(k)+1)) = 7/1(d(F(33$n(k)7 ---73377;(16)733},1(1@))7 F(I?(k)a R 517?(;@)733%(1@))))
< P(max{d(gzy, ), 97 1)) AGTD, 1)+ 97 1) )s s AT, (1) 927 1) A9, 1y 9T 1)) )

—gb(max{d(g:r?n(k) ) 933?(1@))7 d(ga:?n(k), 917?(;@)), ey d(gIZ(k) ) 933?(1@))7 d(g%ln(k)v 917%(19))}),
that is,
(95, 1y 115 9751y +1)) < P(Di) — H(Dy). (3.12)

Similarly,
V(g2 1y 410 9Ty 41)) = @[J(d(F(x:;(k),x}n(k), o x%f(;)), F(:C?(k),:v}(k), o :v?(;)l)))
< w(max{d(g:c%(k), 9517?(;@))7 d(gxﬁl(k),gxi(k)), d(g:z:il(k),g:rf(k)), ey d(g:czl_(;),g:c?(;)l)})

—gb(max{d(g:z:ﬁl(k) ’ g:c?(k)), d(g:c}n(k), gw}(k)), d(ngn(k) ’ g:cf(k)), e d(gx;z;), 917?(2)1)}),
that is,
¢(d(gx7n(k)+1ﬂgx?(k)+1)) < P(Dx) — ¢(Dy). (3.13)

Using (3.11), (3.12) and (3.13) along with monotone property of v, we have,

Y(Dgy1) = 1/’(max{(d(g$21(k)+1a gxll(k)+1)v d(g‘r}n(k)Jrlag‘r%(k)Jrl)a iy d(g$;?;)+1v 917;1(;)1+1)})

= max{w(d(g:vﬁl(k)ﬂ, 995?(1@)“)7 d(ngln(k)-i—l? gw%(k)-i—l)a e d(g:v;(,i)ﬂ, 955?(;)1“))}

< Y(D) — ¢(Dy).

Letting k — oo in the above inequality, using (3.9), (3.10) and the continuities of
1 and ¢ we have

() < 1(e) — ¢(e),

which is a contradiction by virtue of a property of ¢. Thus {gzl }, {922}, ..., {gz™}
are Cauchy sequences in X. From the completeness of X, there exist 2!, z2,...,2" €
X such that

mliglOO F(zl, 22 23, ... an) = n}gnoog(x}n) .
(3.14)
lim F(l‘%,w}mx?n, ._.,xnm—l) — lim g(l’%) —

m— o0 m—r oo
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Since F is g-compatible, we have from (3.14),

hm d(g(F(z},, 22,22, ...,2")), F(gzk,, g2, gx3,, ..., g2™)) = 0

hm d(g(F(x2,,23,,....2", 2L ), F(gx2,, gx2,, ..., gx",, gzl ) = 0

meo (3.15)
lim d(g(Fa?,xl 22 ... 2% 1), F(ga®, gzl ga2,, ..., gz~ 1)) = 0.

m— 00

Let condition (a) holds. Then for all m > 0, we have

d(gzt, F(gxl,, g2, g23,,...,g21)) < d(g9xt, g(F(xl,, 22,23 ,....,2")))
+d( ( ( m7$3n7$?n,""$:ln)7F(g$3717gz72n7g$73n7 "'7g$:ln)).

Taking m — oo in above inequality, using (3.14), (3.15) and continuities of F' and
g, we have

d(gz', F(2', 2% 23, ...,2™)) = 0; that is ga' = F(a', 2%, 23,...,2").
Continuing this process, we obtain that

d(gz?, F(2?, 2%, ...,2", 2")) = 0; that is ga® = F(2?, 2°, ..., 2", 2").

d(gz™, F(z™, 2", 2%, ...,2"" ")) = 0; that is g = F(z", 2", 2%, ...,2" 1),

Hence the element (z!,z2,...,2™) € X" is an n-tupled coincidence point of the

mappings F: X™ — X and g : X — X. Next, we suppose that the condition (b)

holds. From (3.6) and (3.14), we have
g9z, = gz, ga® = ggal,, ggad = ga®, ., gz" < ggal. (3.16)

Since F' is g-compatible and g is continuous, by (3.14) and (3.15) we have

lim gga,, = ga' = lim g(F(xy,,25,,...,27,)) = lim F(g wimgwfmm,gw%)
m— 00 m— 00 m—00

— — 2 n 1 — n 1
Airf(l)ogg;v = ga? Al_rg(l)og(F( X2y ey T T ) —nll_I}I(l)oF( 2 g g))
lim gga?, = ga" = lim g(F(ap,, zh,,..,zpm ) = lim F(gal,, gz, ... g0 ")

Now, using triangle inequality, we have
d(F(a' 2%, ...a"),ga') < d(F(a' 2%, ... a"), g9y, 1) + d(9920 41, 97"),
that is,
d(F(z', 2%, .. 2™), gz') < d(F(x', 2%, .., 2™), g(F(zp,, 20y, ooy wi))+d(gg2 s, 41, 97").
Taking m — oo in the above 1nequahty, using (3.17) we have

d(F(zb, 22, ...,2"),g2t) < lim d(F(a',22,...,2"),g(F(z},,22,,...,a"))

m m)
m—r oo

+  lim d(ggzl, 1, g92")

m—r oo

= lim d(F(a!,22,...,2"), F(gx},, g22,, ..., g2™)).

m—r oo
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Since v is continuous and monotonically increasing, from the above inequality we
have

G(A(F (@l 0%, a),ga) < lim d(F(e,a?, . a"), Fgal,, ga2, ..., g27)))

m—r oo

= lim ¢(d(F(z', 2%, ...,2"), F(gry,, go7,, ... g77,)))-

m— o0

By (3.1) and (3.16), we have
Y(d(F (! 22, 2"), g2t)) < lim [y (max{d(gz’, ggzy,), d(g2?, 9927,), ---
d(ga™, ggy,)}) — ¢(max{d(gz’, ggzy,),
d(ga®, gga7,), ., d(gz™, gga7,)})]-

Using (3.17) and the properties of ¢ and ¢, we have ¥ (d(F (z*, 22, ...,2™), gz*)) = 0,
which implies that
d(F(z, 2% 23, ... 2™), gz') = 0; that is ga' = F(2!, 22,23, ..., 2™).

Again, we have

d(gz®, F(2®, 2%, ...,a", a")) < d(g2®, gga2, 1) + d(ggas, 1, F(2*, 2%, .. ,a™, a)),
that is,
d(ga® F(2?,...,a" 2") < d(ga?, gga2, .1 )+d(g(F(22,, ...,z xb)), F(z?, ..., 2™, zh)).
Taking m — oo in the above inequality and using (3.17), we have

d(ga?, F(2?,23, ..., 2", 2')) < n}gn@ d(gz?, gga2, 1)

+ lim d(g(F(22,,...,2%,x})), F(2?, ..., 2", 2b))

) m) m
m—r oo

= lim d(F(ga2,,...,g2%,9xL)), F(2?, ..., 2™, zb)).

m?
m—roo

Since v is continuous and monotonically increasing, from the above inequality we
have

Y(d(ga®, F(2?,...a™ at))) < o hm d(F(ga7,, ..., g2, 92,)), F(a?, ..., 2", 21)))

m— 00

= lim Y(d(F(ga2,,...,g2",gxL)), F(2?, ..., 2" zb))).

m—r oo

By (3.1) and (3.16), we have
P(d(ga®, F(a?, 2%, ..., 2", 2"))) < lim [p(max{d(gges,, g2°), d(ggas,, gz*), ...,
m—r 00

d(ggxy,, gz™), d(ggxs,, gz*)}) — p(max{d(ggx?,, gz?),

d(ggas,, gz®), ..., d(ggxl, gx™), d(ggx),, gzt )})].
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Using (3.17) and the properties of 1) and ¢, we have 1 (d(gx?, F (2%, 23, ...,2™, 21))) =
0, which implies that
d(gz?, F(2?, 2%, ..., 2", 2")) = 0; that is F(2?, 2°, ..., 2", 2') = gz*.
Continuing in this way, we get
d(gz™, F(z™, 2", 22, ..., 2" 1)) = 0; that is ga™ = F(2", 2, 2%, ..., 2" 1).
Hence the element (z!,22,...,2™) € X™ is n-tupled coincidence point of the map-
pings F: X™ — X and g : X — X. This completes the proof of the theorem. [

Theorem 3.2. In addition to the hypotheses of Theorem 8.1, suppose that for
real (xt, 2%, ..., 2"), (y1, 92, ...,y") € X" there exists, (21,22, ...,2") € X™ such that
(F(z1, 22, ..., 2"), F(22, ..., 2", 2Y), .., F (2™, 24, .., 2" 1)) dis comparable to (F(z!, 22,
), F(2?, a2t F(a 2t ™) and (F(yh, v2, 0 y™), (Y2, 0 g™, yh),
s Fy™ oyt oy ). Then F oand g have a unique n-tupled common fized point.

Proof. The set of n-tupled coincidence points of F and g is non empty due to
Theorem 3.1. Assume now, (z!,2% 23, ...,2") and (y!,y2 %3, ...,y") are two n-

tupled coincidence points, that is,
F(x' 2?23, .. 2") =

F(2?,2°, ..., 2", ') =

(Y, Fly',v%, 9%, . y") =g
(), Fly, 9%, y"y') =g

nfl)

n—1

F(x”,xl,xz,...,x = g(z"), F(y”,yl,yz,...,y ) =g(y™).

Now, we show that
9(z') = 9(y"), 9(@®) = 9(y), -, 9(=") = 9(y").-
By assumption, there exists (21, 22,23, ..., 2") € X™ such that
(F(2,2%,23,..,2"), F(22,23, ..., 2", 2Y), .., F(2", 2, 2%, ..., 2" 1))
is comparable to

(F(2', 2?23, .. 2", F(2?, 23, ... 2™ 2b), ..., F(z™, 2", 2%, ..., 2" 1))

and
(Fv* 0, oy, F2 0, oy ) ™yt w2y ).
Put zé = zl,zg = 22, ..., 2y = 2™ and choose 2}, 2%, ..., 27 € X such that

9(21) = F(20, 25, 2, s 20)

1
1
9(21) = F (25, 25, - 20, 20)

9(21) = F(25, 20, 25, 025 )-

Further define sequences {g(z})},{g(22,)}, ..., {g(27)} such that

g(Z}n-i-l) = F(Zvlna 272nv ngnv sy Z:;’z)
g(zfnﬂ) = F(qu, Zgw ey Z;lw Zrln)

9(omg1) = F (2, 2y 2 s 2 )
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Further set xf = o', 23 = 22, ...,2} = 2™ and y} = v, y2 = 42, ...,y = y". In the

same way, define the sequences {g(z7,)}, {g(z7, )} {9} and {g(yn)} {9(vi) }
»{9(y™)}. Then it is easy to show that

g(:E?lTLJrl) = F(;E:nuxfznvx?nv -'-71"77:1)7 g(yranrl) = F(yrlnuygwyia 7y:ln)
g(x72n+1) = F(I?n’x?n? ...,.I%,:E}n), g(ym—i-l) F(ymayma . ayz’wyvln)

g(xfn-i-l) = F(zfnaa:}nv'rgnv '-'7$%71)7 g(yZH-l) = F(ygLvy}nvyfna "-ayz’Lfl)'
Since

(F(zh, 22,23, ..., 2"), F(z? 23, ..., 2", x), .., F(z", ', 2%, ..., 2" 1))
= (g9(21),9(x1), ..., g(a1)) = (g(z1), g(2?), ..., g (™))

and
(F(2,2%,23,...,2"), F(22,23, ..., 2™, 21, ..., F(2", 24, 2%, .., 2" h)

= (9(21),9(27), -, (1))
are comparable, we have
g9(@') =2 g(21), 9(27) = g(2?),9(2°) = g(27), ., g(27) = g(a™).
1

iy
It is easy to show that (g(z ) g(z?),...,g(z™)) and (g(z1,),9(22),...,g(z")) are
comparable, that is, for all m > 1,
2

g9(z') = gl(zp), 9(z
Thus from (3.1) we have

) X g(a?),9(2%) 2 g(22), .. 9(2]) = g(a™).

P(d(g(@?), 9(zmy1))) = Y(A(F (2, 2%, 8%, &), F (2, 2y, 25 o0 21))
< y(max{d(gz’, gzp,), d(9a?, g27,), d(g2°, gz7,), .., d(ga™, gzy) })
—¢(max{d(gz", gzp,), d(9®, g27,), d(g2°, gz3), .., d(ga™, gzy) ),
P(d(g(2?), 9(2m41))) = Y(A(F (2%, 2%, ...,a™, 1), F(23,, 2, oo Zs Zm)))
< Y(max{d(gz?, gz7,), d(gz°, gzp), ... d(g2™, gz11,), d(g", g2,)})

—¢(max{d(gz?, gz2,),d(gx3, gz3), ..., d(gx™, gz"), d(gz*, gz )}),

—¢(max{d(gz", gz1), d(gz", gz,), d(ga?, gz2,), .., d(gz" ", gzl 1)}).

From above inequalities and monotone property of v, we have

n—1

Y(max{d(gz™, gz 1), d(gat, gz, 1), d(g2?, 922 11), o d(ga™ ™t g2 0}
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= max{¢(d(ga™, 927 1)), ¥ (d(gzt, 92t 1)), s ¥(d(gz™ L, gzl )}
< ¢p(max{d(gz", gz, d(gz", gz},), d(gx?, g22,), ..., d(ga" 1, gzi1)})

—¢(max{d(gz™, gzl),d(gzt, gz}, d(gx?, g22%), ..., d(gz" 1, gz 1)}). (3.18)
Let
Ry, = max{d(ga', g2y, 11),d(92%, 927, 11), - d(g2™, 9210 41) )
Then
1/)(}%m) < 1/)(}%mfl) - (b(Rmfl)- (319)
Using the property of ¥, we have
1Z)(}%nm) S 1/}(Rm71) = Rm S Rmfl-

Therefore {R,,} is a monotone decreasing sequence of nonnegative real numbers.
Hence there exists » > 0 such that

R,, > r asm — oo.
Taking the limit as m — oo in (3.19), we have

() < B(r) - 6(r),
which is a contradiction unless » = 0. Therefore

R,, = 0asm — oo.

Then
: 1 1 : 2 2 : n n
"}E)noo d(gz",9%,41) =0, "}E)noo d(gx*, 92m11) =0, ...,Al_r)noo d(gx", gz, 1) = 0.

Similarly, we can prove that
. 11 _ . 2 2 _ : _
Jim d(gy™, g2n,11) = 0, lim_d(gy”, 92,11) = 0,.., lim _d(gy", 927,11) =0
On using the triangle inequality, we have
d(gz', gy') < d(gz', g2mi1) + d(9Zmi1, 9y") = 0 as m — o0

d(gz®, gy®) < d(ga®, g2 1) + (92241, 9y%) — 0 as m — oo

d(gz", gy") < d(gz", gz 11) + d(92m41,9Y") — 0 as m — oo,
so that

Since
g(z') = F(zh, 22, ..., 2", g(z?) = F(2?,...,a", 2'),...,g(z™) = F(z",z*, ...,a"" 1),
and F' is g-compatible, we have

99(at) = F(ga', ga?, ga®, ..., gz")

99(2*) = F(ga?, ga®, ..., gz", ga')

gg(a") = F(ga", gz', gz°, .., ga" ).
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Write g(z!) = at, g(2?) = a?, ..., g(z") = a™, then we have
a') = F(a',a?, a3, ...,a")

a?) = F(a? a®,...,a", a')

g(
ol (3.21)

g(a™) = F(a™,at,a?,...,a"1).

Thus (a',a?,...,a") is an n-tupled coincidence point of F' and g. Owing to (3.20)

with y' =a',y? = a?,...,y" = a”, it follows that

g(z') = g(a'), g(2*) = g(a®), ..., g(a™) = g(a"),

that is,

gla') =a',g(a®) =, ...,g(a") = a". (3.22)
Using (3.21) and (3.22), we have

al = g(a’l) = F(a’17 a27 a?;’ ceey an)

a? = g(a?) = F(a?,a,...,a", a)

(3.23)

a” = g(a") = F(a"™,a',a?, ...,a" ).

Thus (a',a?, ...,a") is an n-tupled common fixed point of F' and g. To prove the
uniqueness, assume that (b, 2, ...,b") is another n-tupled common fixed point of
F and g. In view of (3.20), we have
bt =g(b') = g(a') = a'
b =g(t*) =g

b* =g(b") = g(a") = a".
This completes the proof of the theorem. O

Considering g to be an identity mapping in Theorem 3.1, we have the following
corollary:

Corollary 3.3. Let (X, =) be a partially ordered set. Suppose that there is a metric
d on X such that (X,d) is a complete metric space. Let ¢ : [0,00) — [0,00) be a
continuous function with ¢(t) = 0 if and only if t = 0 and ¢ be an altering distance

function. Let F: X" — X be a mapping having the mized monotone property on
X and

Y(d(F (@t a2, 2"), Flyh y?oy™) < d(max{d(al,y'), d(a?,y?), ..., d(z", y")})

= d(max{d(z", y"),d(2? y?), .., d(x",y")})

for all 2%, 22, ....2", y', y2, ..., y" € X for which y' <z, 22 <y?, 3 <23, .., 2" =<
y™. Suppose that

(a) F is continuous or
(b) X has the following properties:

(i) if nondecreasing sequence {xm} — x, then T, =< x for all m > 0;
(i) if nonincreasing sequence {xm,} — x, then x X X, for all m > 0.
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If there exist x}, 23,23, ..., x5 € X such that
1 1,2 .3
xy = F(xh, x5, 28, ... xf)
2 .3 1 2
F(x§, xg, ..., xy, xp5) = 2§

3 2 F(x}, ...zl o), 22 (3.24)

F(xy,xd, 22, ..., :Cg_l) <zf
then F has an n-tupled fixed point in X.

Considering v and g to be identity mappings in Theorem 3.1, we have the following
corollary:

Corollary 3.4. Let (X, <) be a partially ordered set. Suppose that there is a metric
d on X such that (X,d) is a complete metric space. Let ¢ : [0,00) — [0,00) be a
continuous function with ¢(t) = 0 if and only if t = 0. Let F : X" — X be a
mapping having the mized monotone property on X and

d(F(z',2%,...a"), F(y',y?, .0y™) < max{d(z',y'), d(a?y?), ... d(", y")}

—  ¢(max{d(x',yb),d(2?,y?),...,d(z", y™)})
forall %, 22, ..., 2", ¥y, y2,...,y" € X for which y' <z, 22 <y?, 93 <23, ..., 2"

Yy
Also in view of conditions (a) and (b) of Corollary 3.3, if (3.24) is satisfied, then

F has an n-tupled fized point in X.

PN

Considering ¥ and g to be identity mappings and ¢(t) = (1 — k)¢, where 0 < k < 1
in Theorem 3.1, we have the following corollary:

Corollary 3.5. Let (X, =) be a partially ordered set. Suppose that there is a metric
d on X such that (X, d) is a complete metric space. Let F: X™ — X be a mapping
having the mized monotone property on X. Assume that there exists k € [0,1) with

d(F(zt,a?, . a™), F(y',y?, o y™) < k max{d(a’, '), d(@?, %), .., d(z",y")}
for all %, 22, ..., 2", y', y2,...,y" € X for which y' <z, 22 <y?, 3 <23, .., 2" <

y".
Also in view of conditions (a) and (b) of Corollary 3.3, if (3.24) is satisfied, then
F has an n-tupled fized point in X.

Remark 3.6. With n = 2, Theorem 3.1 and Corollaries 3.3-3.5 respectively yield
the results of Choudhury et al. |11]. However, from Theorem 3.2, we can deduce a
unique coupled common fixed point theorem.

Example 3.7. Let X = [0,1]. Then (X, =) is a partially ordered set with the
natural ordering of real numbers. Let d(x,y) = |z —y| for all z,y € X. Then (X, d)
is a complete metric space with the required properties of Theorem 3.1. Define
g: X = X by g(z) =22 for all z € X and F : X" — X (wherein n is fixed) by

(11)27(m2)2+(z3)27 ..... Jr(acT“l)Qf(z")27 if :Ei+1 =< :Ei,i — 17 3, o — 1

0 otherwise,
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n

for all z!,22%,...,2" € X. Then F obeys the mixed g-monotone property. Let
¥ :]0,00) = [0,00) and ¢ : [0,00) — [0,00) be defined respectively as follows:

2n+1
_ 42 _ 2
1/)(t) =¢° and ¢(t) = mt y for ¢ S [0,00)
Then @ and ¢ have the properties mentioned in Theorem 3.1. Also F is g-
compatible in X. Now choose (z},23,...,28) = (0,¢,0,¢,...,c) (¢ > 0). Then
g(x(l)) = g(O) =0= F(xé,x%,x%, 7$8) = g(m%)

g(xf) = F(x%,x%, 7$8’I6) <= g(c) = g(I(QJ)

9(x5) = 9(0) = 0 = F(ag, ... x5, 25) = g(x7)

g(at) = F(ag, 5,28, .. x5~ ") 2 ¢ = g(c) = g(af)).

We next verify inequality (3.1) (of Theorem 3.1). We take !, 22, ..., 2", y', 9%, .., y" €
X such that

gy' = gz', g2 = gy?, gy = ga®, .., 92" < gy™.

Let
M = max{d(gz', gy'),d(g92?, gy?), d(9z*, gy*), ..., d(ga", gy™)}
= max{|(z)’ — )], 1(%)" — ®*)°],1@*)° = (&*)°], s [@") = (¥™)?]}-
Then
M > |(@) = ("), M > (2 = (®)° [, M = (@) = (%) ], s M > (2= (y")7)-

The following four cases arise:
Case L: Let ', 22,23, ....2", y', 92,93, ...,9" € X such that z'T! < 7 ¢! < 4
fort=1,3,...,n— 1. Then

n+1 n+1
@) =@+ @) = @) @) -+ ) - )
n+1 n+1
- \ (@)’ = ")) = (@) = @) + (@) = *)) — .. — (@) = (™))
n+1
@) @+ 1@ - @+ 1@ = 6D+ 1@ - )]
- n+1
< n
“n+1

Case II: Let ', 22,23, ...,2", y',9%,¢°,...,y" € X such that 2'*! < 2% for i =
1,3,...,n—1and y° < y**! for atleast one i. Then (for y* < y?),

d(F(a:l,:zrz, z3, ez, F(yl, y2, y3, e y™)
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n+1
@) - @+ @) - @) D) - )
- n+1
(@Y = @)) — (@3 - D) + @) — @)+ — @)’
n+1

@) = @)+ 1@ - 6+ 1@ = 6] e @) - )]
- n+1

<
“n+1

Case IIL: Let o', 22, 23, ..., 2", y',v%, 9%, ...,y™ € X such that 2’ < 2'*! for atleast
one i and y't! < gy’ for i = 1,3,...,n — 1. Then arguing as in Case II, one verify
inequality (3.1).

Case IV: Let 2%, 22,23, ..., 2", y', 42,93, ...,y" € X such that 2¢ < zit!, ¢’ < ¢it!
for atleast one ¢. Then
d(F(a:l,xQ, 3, .., x™), F(yl,yQ,y?’, y™) =d(0,0) <

n

M.
n+1

In all above cases

Q/J(d(F(.%'l,.’L'27.’L'3, L8] :En)u F(y17y27y37 7yn)))

n? M2 = A2 2n+1

Tt (1)
= y(max{d(gz', gy'), d(92°, gy*), ... d(g2", 9y™)})
—¢(max{d(gz', gy"), d(92%, gy°), ... d(92"., gy")})-
Hence all the conditions of Theorem 3.1 are satlsﬁed and (0
coincidence point of F' and g.

,0,0,...,0) is an n-tupled
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