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A FRACTIONAL POWER FOR DUNKL TRANSFORMS

(COMMUNICATED BY H. M. SRIVASTAVA)

SAMI GHAZOUANI, FETHI BOUZAFFOUR

ABSTRACT. A new fractional version of the Dunkl transform for real order a
is obtained. An integral representation, a Bochner type identity and a Master
formula for this transform are derived.

1. INTRODUCTION

Recently, various works have been published that develop the theory of fractional
powers of operators. We mention particularly the fractional versions of classical
integral transform such that Fourier transform and Hankel transform (see[15] 13, [14]
24]). Dunkl theory generalizes classical Fourier analysis on RY. It started twenty
years ago with Dunkl’s seminal work ] and was further developed by several
mathematicians (see[2] [6 [8, [I7]). In this paper, we consider the Dunkl operators
T;,i,..., N, associated with an arbitrary finite reflection group G and a nonnegative
multiplicity function k. These operators are very important and they provide a
useful tool in the study of special functions with root systems. The Dunkl kernel
Ej, has been introduced by C.F. Dunkl in [5]. It generalizes the usual exponential
function in many respects, and can be characterized as the solution of a joint
eigenvalue problem for the associated Dunkl operators. For a family of weight
functions wy, invariant under a reflection group G, Dunkl [6] introduced an integral
transform associated with the kernel Ej and proved the Plancherel theorem. In
[2], de Jeu studied the Dunkl transform by completely different method and proved
the inversion formula and the Plancherel theorem. The Dunkl transform, initially
defined on L*(RY,wy(x)dx) by

Duf(e) = 57 [, FOBL i p)ont)ds

extends to an isometry of L?(RY, wy,(z)dz) and commutes with the reflection group
G. In the setting of general Dunkl’s theory Rosler [17] constructed systems of natu-
rally associated multivariable generalized Hermite polynomials {H v; v=_(v1,...,UN) € Zf }

2000 Mathematics Subject Classification. 42B10, 42C05, 47D06.

Key words and phrases. Fractional Fourier transform, Dunkl transform, Generalized Hermite
polynomials and functions, semigroups of operators.

(©2014 Universiteti i Prishtinés, Prishtingé, Kosové.

Submitted February 21, 2014. Published May 16, 2014.

1



2 S. GHAZOUANI, F. BOUZAFFOUR

and Hermite functions {h,; v = (v1,...,vn) € ZY }. He proved that the general-
ized Hermite functions {hy}yezﬁ form an orthonormal basis of eigenfunctions for

the Dunkl operator on L2(RY, wy,(z)dz) with Dy(h,) = (=i)"!h,,.

This paper deals with the constraction of a fractional power of the Dunkl trans-
form called the fractional Dunkl transform (FDT), using the multivariable general-
ized Hermite function introduced by Rosler [17]. The resulting family of operators
{Di} ,cr was proved to be a Co-group of unitary operators on L? (RN, wy(z) dz),
with infinitesimal generator T. The spectral properties of T' is studied using the
semigroup techniques. The FDT given in this paper has an integral representation
which used with the analogue of the Funk-Hecke formula for k-spherical harmonics
[23] to derive a Bochner type identity for the FDT. The Master formula of the FDT
is proved and founded to be generalizing the one given by Résler [17] in Proposition
3.10. This Master formula is used to develop a new proof of the statement (2) of
the 3.4 Rosler’s theorem [17].

The contents of the present paper are as follows. In section 2, some basic def-
initions and results about harmonic analysis associated with Dunkl operators are
collected. In section 3, the fractional Dunkl transform definition is given and then
some elementary properties of this transformation are listed. In section 4, the
spectral properties of T is studied. In section 5, the integral representation of the
fractional Dunkl transform as well as the Bochner type identity and Master formula
are given. In section 6, we find a subspace of L2(RY, wy(x)dz) in which we define
T explicitly.

2. BACKGROUND: DUNKL THEORY

In this section, we recall some notations and results on Dunkl operators, Dunkl
transform, and generalized Hermite functions (see, [4, [5 21 [16, 19]).
Notation: We denote by Z, the set of non-negative integers. For a multi-index
v=(v1,...,vn) € ZY, we write |v| = v; + - + vn. The C-algebra of polynomial
functions on RY is denoted by P = C[R¥]. It has a natural grading

P =P
n>0

where P, is the subspace of homogenous polynomials of (total) degree n. S(RY) is
the Schwartz space of rapidly decreasing functions on RY and Cy(RY) is the space
of continuous functions on R vanishing at infinity.

2.1. Dunkl operators and Dunkl Kernel. In RY, we consider the standard
inner product

N
<93, y> = Z:Ekyk
k=1

We shall use the same notation for its bilinear extension to CN x CV. For z € RV,

denote |z| = /(x, ).

For u € RN\{0}, let o,, be the reflection in the hyperplane (Ru)* orthogonal to u

{u, z)
|uf?

ou(r) =2 -2 u, xcRV. (2.1)
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A root system is a finite spanning set R C RY of nonzero vectors such that, for
every u € R, o, preserves R. We shall always assume that R is reduced, i.e.
R N Ru = +u, for all u € R. Each root system can be written as a disjoint union
R =RTU(-R"), where RT and (—R ™) are separated by a hyperplane through the
origin. The subgroup G C O(N) generated by the reflections {o,; u € R} is called
the finite reflection group associated with R. Henceforth, we shall normalize R so
that (u,u) = 2 for all u € R. This simplifies formulas, without loss of generality for
our purposes. We refer to [12] for more details on the theory of root systems and
reflection groups.

A multiplicity function on R is a G-invariant function k : R — C, i.e. k(ou) =
k(u), for fall w € R and o € G. The C-vector space of multiplicity functions on R
is denoted by K. The dimension of R is equal to the number of G-orbits in R. We
set &7 to be the set of multiplicity functions k such that k(u) > 0 for all u € R.

For £ € CV and k € &, C. Dunkl [4] defined a family of first order differential-
difference operators T¢(k) that play the role of the usual partial differentiation.
Dunkl’s operators are defined by

Tk f(@) = 0ef(e) + 3 k) <me> LTI g ooy (99)

ol (n, )

Here O¢ denotes the derivative in the direction of £. Thanks to the G-invariance of

the function k, this definition is independent of the choice of the positive subsystem

R4. The operators T¢(k) are homogeneous of degree (—1). Moreover, by the G-

invariance of the multiplicity function k, the Dunkl operators satisfy
hOTg(k’)Oh71 =Tye(k), YhegG,

where h.f(z) = f(h~'z). The most striking property of Dunkl operators T¢(k),
which is the foundation for rich analytic structures with them, is the following
Theorem 2.1. For fized k, T¢(k) o T,,(k) = T, (k) o Te(k), V&,n € RN,

This result was obtained in [4] by a clever direct argumentation. An alternative
proof, relying on Koszul complex ideas, is given in [7].

For k € &', there exists a generalization of the usual exponential kernel e{ by
means of the Dunkl system of differential equations.

Theorem 2.2. Assume that k € RT.
(i) (Cf [5,[16).) There exists a unique holomorphic function Ej on CN x CN
characterized by

Te(k)Ep(z,w) = (£, w)E(z,w), V¥V &eCN,
{Ei((o,wk)(: v (& w)Er(z,w) (2.3)

Further, the Dunkl kernel Ey is symmetric in its arguments and satisfies
Er(Az,w) = Ex(z, \w), Ei(z,w) = E(z,w) and FEy(gz,9w)= Er(z,w) (2.4)

for all z,w e CN, X e C and g € G.
(ii) (Cf. [20].) For all z € RN, y € CN and all multi-indices v € ZY

9, 0)] < ] s e

In particular,

10 Bu(x, )| < || ellmev]) (2.5)
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and for all x,y € RN :
|E (i, y)| < 1. (2.6)

Remark 2.1.

o When k =0, we have Ey(z,w) = el2w) for 2 w e CN.

o For complex-valued k, there is a detailed investigation of by Opdam [16].
Theorem [2.9 (i) is a weak version of Opdam’s result.

e M. de Jeu had already an estimate on Ey with slightly weaker bounds in [2],
differing by an additional factor \/@

The counterpart of the usual Laplacian is the Dunkl-Laplacian operator de-

N
fined by Ay = Z Tg, (k)?, where {&;,...,&n} is an arbitrary orthonormal basis of
i=0

(RN, (.,,)). Tt is homogeneous of degree —2. By the normalization (u,u) = 2, we
can rewrite Ay as

Apf(z) =Af(x)+2 Z k(n) {<V<J;(x),n> _ f(@) = foy2)

2 )
il ) (n, @)

where A and V denote the usual Laplacian and gradient operators, respectively

(cf.[]).

2.7)

2.2. Dunkl transform. For fixed k € &%, let wy be the weight function on RY
defined by

we(z) = TT [(m, ).
neR+
It is G-invariant and homogeneous of degree 2-y, with the index
y=qk)= > k).
neR+

Let dx be the Lebesgue measure corresponding to (.,.) and set LY (RY) the space
of measurable functions on RY such that

I = ([ @Pat) @) <4 ir1<p <o

Following Dunkl [6], we define the Dunkl transform on the space L}.(RY) by

Duf(e) = gz |, SO B p)enl)ds

-1
where ¢ denotes the Mehta-type constant ¢, = </ ef‘z‘zwk(x)dm . Many
RN

properties of the Euclidean Fourier transform carry over to the Dunkl transform.
In particular:

Theorem 2.3. (Cf. [6,2].)
a) (Riemann-Lebesgue lemma) For all f € Li(RY), the Dunkl transform Dy f
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belongs to Co(RY).
b) (L'-inversion) For all f € L},(RYN) with Dy f € Li(RY),

Dif = f, a.e, where f(z) = f(—x). (2.8)

¢) The Dunkl transform f — Dyf is an automorphism of S(R™N).

d) (Plancherel Theorem)

i) If f € LE(RN) N L2(RY), then Dy f € L2(RN) and ||Di.f|2 = || f]l2-

1) The Dunkl transform has a unique extension to an isometric isomorphism of
L3(RN). The extension is also denoted by f — Dy.f.

We conclude this subsection with two important reproducing properties for the
Dunkl kernel due to [6].

Theorem 2.4. (Cf. [6].) For allp € P and y,z € CV,
2
(1) s [ e 820(0) Buliony) anla) e 2da = d00p(y),

(2) w7 /N Ex(2,y)Ex(z, 2) wi(z) e 1#172de = e0OHED/2p(),
R

2.3. Generalized Hermite functions. For an arbitrary finite reflection group G
and for any non-negative multiplicity function &, Résler [I7] introduced a complete
systems of orthogonal polynomials with respect to the weight function wy () e~lel® dx,
called generalised Hermite polynomials. The key to their definition is the following
bilinear form on P, which was introduced in [5]:

[p,q]k := (p(T)q)(0) for p,q € P.

The homogeneity of the Dunkl operators implies that P,, L P, for n # m. More-
over, if p,q € P,, then

[P, alk = Q"Ck/ e/ Ap(x) e A Ag(x) wi(x) e d.
RN

This is obtained from Theorem 3.10 of [5] by rescaling, see lemma (2.1) in [I7]. So
in particular, [.,.]x is a scalar product on the vector space Pg = R[z1,...,zN].

Now let {¢,, v € ZY} be an (arbitrary) orthonormal basis of Pr with respect
to [., .]Jr such that ¢, € P}, (For details concerning the construction and canonical
choices of such a basis, we refer to [I7]). Then the generalised Hermite polynomials
{H,,v € Z¥} and the (normalised) generalised Hermite functions {h,,v € Z¥}
associated with G, k and {¢, } are defined by

H,(z):=2WMe /g (£) and  h,(z) = Qﬁ e_lg”lz/QH,,(x) (z € RY). (2.9)
We list some standard properties of generalised Hermite functions that we shall use
in this article.

Theorem 2.5. (Cf. [I1].) Let {H,} and {h,} be the Hermite polynomials and
Hermite functions associated with the basis {¢,} on RN and let z,y € RN. Then
(1) The h,, satisfy h,(—x) = (=1)"Ih, (z).

(2) {h,,v € ZY'} is an orthonormal basis of L3 (R™).

(3) The h, are eigenfunctions of the Dunkl transform on L2(RY), with Dyh, =
(=i)Ih,.
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(4) (Mehler formula) For r € C with |r| < 1,

_r2(=?41yl?)

AL Y S

2] (1 — r2)+(v/2) — Y

N
vELY

Throughout this paper, R denotes a root system in RY, R* a fixed positive
subsystem of R and k£ a nonnegative multiplicity function defined on R.

3. THE FRACTIONAL DUNKL TRANSFORMS

If A € R™"*" is a square diagonalizable matrix A then we may write its eigenvalue
decomposition A = PDP~!. Clearly for any integer a it holds that

A® = ppep~t,

So it is a natural generalization to use the same formula as a definition if a is not
integer. Exactly the same idea can be used for a linear operator A on a linear space
if it has a sequence of eigenvectors that is complete in the whole space [14} 24]. Let
{ Ak, ex}32 o be the sequence of eigenvalues and corresponding eigenvectors. Since
the set of eigenvectors is complete, we can associate with each element f in the
Hilbert space a unique set of coordinates and conversely. These mappings are called
the analysis and the synthesis operators respectively. They are adjoint operators.
If £ is the synthesis operator and £* the analysis operator, which for a given set of
basis vectors {ej} are defined by

EA{alilo— f= chek and &7 : fr— {ck}io,
k=0

then we can write
A =ENET
where A is the simple diagonal scaling operator
A {er}iZo — {Awer}izo
Its fractional power is then clearly A% = EA%E*.
3.1. Definition and properties. In order to construct a fractional power of the

Dunkl transform, we use the idea developed in the above by restricting ourselves
to the Hilbert space L2 (R™) with the inner product given by:

(fr9)k = /RN f(x)g(2)wy(z)dz.

Let [%(Z%) be the space of complex sequences u = (uy)yezﬁ such that Z lu, |* <
verzy
oo. This is a Hilbert space for the inner product

(u,v) = Z Uplyy U= (uu)uezfa v= (Uu)yezf € lz(Zi/)-

VEZf
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Define the analysis and the synthesis operators associated to the generalized Her-
mite functions {h,,v € Zf } respectively by
E: ZQ(Zf) —  L3(RV)
(Uu)yezf — = Z uyhy
verZy
and
& LARY) — lQ(Zf)
/ = (o h)eny
As the generalized Hermite functions {h,,v € ZY} are a basis of eigenfunctions of
the Dunkl transform Dy on L?(RY), satisfying Dy (h,) = e~"""I/2h,,, then we can
write
Dy, = EAE™, (3.1)
where A is the diagonal scaling operator
A P@))  — @)
(UV)uer — (e_mlyl/ ul’)uEZf ’
Definition 3.1. Let o € R, we define the fractional Dunkl transform Df on
L;(RY) by
o =ENE,
where A% is a fractional power of the diagonal scaling operator given by
A ZQ(Zf) — l2(Zﬂ\r[)
(UV)VGZf — (euﬂu‘u”)V€Z$ )

More explicitly, if f € LE(RYN), then

DRf = > eMe(fn) h,. (3.2)

VEZf
We summarize the elementary properties of Df} in the next Proposition.

Proposition 3.1. Let a, B € R. The fractional Dunkl transform Dy} satisfies the
following properties:
1) Dg = I, which is the identity operator,

2) D, =Dy,

3) D¢ oD} =Dy,

4) DyT =D,

5) Df =1, where [f(z) = f(~x),

6) For all f and g € L*(RN, wy(z)dzx), (D f,g) = (f, D, “g).

Proof 1), 2) and 4) follow immediately from (3.2)).
3) From (3.2)), we have

DD} f)

> e (Dl hy) by

verzy

= Z eI (f b)Y b, = D;:Jrﬂf_

ueZﬁ
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5) By (3.2) and Theorem [2.5] 1) , we have
Dmf o= > e T ) by

vezl

= > M) b

IJEZi’
= If.
6) Let f and g € L*(RY, wi(x)dx). It is easy to check that

(Difig) = Y e (fih) (g.h) = (fih) emiVe(g, hy)

verzy vezy
= (/,Dc"%).

Theorem 3.1. The family of operators { D }aer is a Co-group of unitary operators
on L2(RYN).

Proof From Proposition we deduce that the family {Djf},cr satisfies the
algebraic properties of a group:

D=1, DgoD} =D =DloDy; a, BeR
For the strong continuity, assume that f € LZ(RY). Then

IDEf = flls = D le™* =12 [(f, b))

N
VELY

For each v € Zﬂf , we have

Jim |l =12 |(f, ho)|” 0,
M — 1R (L)< Al
Since

Do AP =113 < oo,

very
then we can interchange limits and sum to get:
lim || Dg f — f|l3 = 0.
lim {|DEf = 1l

Hence {D$}cr is a strongly continuous group of operators on L (RY). In addition,
by Proposition we have for all f, g € LZ(RY),

(Dif, 9) = (f, D"9),
and therefore (D)* = D ® = (Dg)~!, establishing that each D{ is unitary.

4. THE INFINITESIMAL GENERATOR OF THE Co-GROUP {DY }ocr.
The infinitesimal generator T' of the Co-group {Df }acr is defined by

T:L2(RN) D D(T) — LE(RY),
fo— Tf
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where
D(r) = {fen}®"): lm(1/a)[Dgf - /] € LE®RM)},
Tf = lm(a)[DRf - fl. feD(T).

Our goal here is to study spectral properties of T. We indicate some necessary
notation and definitions, needed in the sequel. We denote by B(L?(RY)), the set
of all linear bounded operator in L7 (R™). The resolvent set of 7' is the set p(T)
consisting of all scalars A for which the linear operator AI —T is a 1-1 mapping from
its domain D(AI — T) = D(T) on to the Hilbert space L?(RY) with (\] —T)~! €
B(L2(RY)). The spectrum of T is the set o(T) that is the complement of p(T') in
C. The function R(A\,T) = (M —T)~! from p(T) into B(LZ(RY)) is the resolvent
of T.

As T is the generator of the Co-group {D{ }acr, some elementary properties of
T and Dy are listed in the following proposition (see [9], [10]).

Proposition 4.1. Let a € R. The following properties hold.
i) If f € D(T), then D¢ f € D(T) and

d

ﬁDg‘f =D;Tf=TD;f. (4.1)
ii) For every t € R and f € LE(RY), one has

/tD,‘jf do € D(T).
0

iii) For every a € R, one has

Df-f = [ Difds ifeEY) (42)

/a D;Tf ds, if f € D(T). (4.3)
0

Remark 4.1. If we apply the Proposition 1i1) to the rescaled semigroup
S(a):=e D¢ acR

whose generator is B := T — Al with domain D(B) = D(T), we obtain for every
A e C and a € R,

—e DR f+ f

(M —T) /Oa e Dif ds;  feLiRY),  (4.4)

= /ae_ASD,i()\I—T)f ds;  f e D(T). (4.5)
0

Now we are interesting with the eigenvalues of T by giving an important formula
relating the semigroup {Dj }qcr, to the resolvent of its generator T

Proposition 4.2. For the operator T, the following properties hold:
1) T is closed and densely defined.

2) The operator iT is self-adjoint.

3) o(T) = 0,(T) CiZ, and for each A\ € C\iZ and for all f € LZ(RY),

RNT)f = (1 —e 27! /277 e D3 f ds. (4.6)
0



10 S. GHAZOUANI, F. BOUZAFFOUR

Here 0,(T) ={A € C: A —T is not injective} .

Proof 1) The fact that T is closed and densely defined follows from the Hille-
Yosida Theorem (see[[10], p. 15]).
2) Since {Dg }aer is unitary, it follows from Stone’s Theorem [[I0], p. 32] that T
is skew-adjoint (T* = —T') and therefore T is self-adjoint.
3) If we replace o by 27 in and and we use the fact that {Df}cr is a
periodic Cy-group with period 27, we get

(1—eNf = (M-T) /%e_ASDZf ds; f e Li(RY), (4.7)
0

= /%e“D,‘:(AI—T)f ds;  f e D(T). (4.8)
0

Let A ¢ iZ. Then 1 — e~2™ £ 0. By the use of (4.7) and (4.8), A\J — T is invertible
(A € p(T)) and

M —=T)"'f=R\T)f =1 —e ™)} /% e D3 f ds.
0

The previous Proposition indicates that every point in the spectrum of T is an
isolated point of the set ¢Z. Let in be an element of the spectrum of T" and

1

P, = — T
= o /F ROLT) d,

the associated spectral projection, where I' is a Jordan path in the complement

of iZ\{in} and enclosing in. The function A — R(A,T) can be expanded as a

Laurent series
+oo

RAT)= > (A—in)*B;
k=—o0
for 0 < |A — in| < § and some sufficiently small § > 0. The coefficients By, of this
series are bounded operators given by the formulas
1 R(\T)
2im Jp (A —in)ktl
The coefficient B_; is exactly the spectral projection P, corresponding to the de-

composition o (1) = {in}U{iZ\{in}} of the spectrum of T. From (4.6)), one deduces
the identitie

By dx, keZ.

P, = B_,= lim (A —in)R\T)
A—in
1 27 .
= % o eiznsDz dS, (49)

which allows as to interpret P, as the nth Fourier coefficient of the 27-periodic
function s — Dj.
In the following Proposition we gather some properties of the operator P,.

Proposition 4.3. Let n,m € Z such that n # m and f,g € L?(RY). Then
i) TP, = inP,,

i) D3P, = ¢ P,,

i) PPy =0,
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w) (Pnf,9) = (f, Png) - In particular (P, f, Png) = 0.
v) The linear span

lin | ) PoLi(RY)
nez
is dense in L2(RY).

Proof i) It follows directly from (4.7)) applied to A = in.
i1) Applying Dj to each member of (4.9)) then according to Proposition 3.1} 3), we

obtain
1 27
s —int s Dt
kanf = % . (& ‘Dk‘Dk‘f dt
1 21

— - —intDs—i-t dt
27T 0 € k f

The change of variables u = s + t gives the desired result.
i4i) From (4.9) and i), we have

1 27 )
P.P,f = 7 e " D{(Pnf) ds
0
1 27 .
_ (/ el(mfn)s d8> me
2T 0
= 0.

iii) Obvious.
iv) Assume that the linear span

lin | J P,LE(RY)

nez

is not dense in L2 (R"). By the Hahn-Banach theorem there exists a nonzero linear
functional

o:L2(RYN) —C
vanishing on each PnLﬁ(RN ), n € Z. By the Riesz representation theorem, there
exists a unique vector g € LZ(R™)\{0} such that

o(f) = (f,g) for all f e LF(R").
Hence for all n € Z and f € L{(RY),
1 o —ins s
1 27

= 5 ; e~ (D5 f,g) ds.

For each f € LZ(RY), the function s — (D;f,g) has all its Fourier coefficients
equal to zero, then it vanishes. This cannot be true, since if we take f = g and
s=0,
(DRg,9) = llgll3 > 0.
Proposition 4.4. Let f € D(T). Then
“+o0

[= Z P.f, (4.10)

n—=—oo



12 S. GHAZOUANI, F. BOUZAFFOUR

and therefore, if f € D(T?)
“+o0

Tf = Y inP.f. (4.11)

n=—oo

Proof We are going to show that the series z P, f is summable for all f €

neE”Z
D(T). For this, let f € D(T) and put ¢ = Tf. The commutativity of T and P,

together with Proposition [4.3] gives:
Pog=P,Tf =TP,f = inP,/.
By the Cauchy-Schwartz inequality, it follows that

> (Pufih) > (in)™! (Pag, h)

neH neH
1/2 1/2
< (Zn‘Q) <Z|<Png,h>l2> ;
neH neH

where h € LZ(RY) and H be a finite subset of Z\{0}. The function s — (D g, h)
belongs to L?([0,27]), then we obtain from Bessel’s inequality

27
Z ‘<Png7h>|2 < |<ng,h>|2 ds
neH

27 Jo

[

<
- 2

2
2 2 2
/0 1D2gllZ ds = (1Bl (19112

Therefore, for any h € L (RY),

(5

neH

> (Pufih)

neH

1/2
< [ll2 llgll2 <Z n‘2> :

neH

Taking supremum over h € L (RY) with ||h|l2 < 1, we get

1/2
SRSl < gl (Z n2> ;
2 neH

neH
which means that the series g P,.f converges converges in LZ(RY).
neL

Set
+oo
fi= > Puf
and let g € L%(RN ). As the Fourier coefficients of the continuous, 27-periodic

functions
s— (Dpfi,9) and s+— (Dif,9)

coincide. Then, for all s € R,
(Dif1,9) = (Di.f,9)-
In particular, for s =0, (f1,9) = (f,¢) and therefore f; = f.

Replacing f in (4.10) by T'f, then we get (4.11)).
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At the end of the section 4, we will show that P, = 0, for any negative integer

n # 0.

5. INTEGRAL REPRESENTATION.

In this section, we shall derive an integral representation for the fractional Dunkl
transform D defined by ({3.2)), for suitable function f.
We define the operator Dy . on L(RY) by

Dy f = > sy, (5.1)
VEZf
where 0 <r <1 and so Dy = Dg,y
In the next proposition, we collect some properties of Dy ..
Proposition 5.1. Let & € R and r €]0,1]. Then
1) D, is a bounded operator on L3 (RN) satisfying D% fll2 < I fll2-
2) For all f € LE(RYN), D¢, f— Dgf in L{(RY) asr—1".

Proof Let f € LZ(RY). 1) According to Parseval’s formula, we have

DR fl5 = 237"2""|<f,hy>|2
UGZf
< AR =IFIE.
uEZf

2) It is easy to see that
pef=DRf = (M =1 (f b )y
vezy
Then
2 14
1D f = DR flly = D I =1 h)

VEZf
By the dominated convergence theorem it follows that lim ||Dgr f—Dif Hz =0.
r—1- ’
Corollary 5.1. For each fized f € Li(RY), there exists {r;}32,, with r; =1~ as
j — oo, such that
Dif(x) = lim Dy, f(x)
j—oo >
for almost all x € RV,

Proof This is a consequence of a standard result that if a sequence {f,} con-
verges in L% (RN) to f, then there exists a subsequence {f,,, } that converges point-
wise almost everywhere to f.

The operator Dy defined above have the integral representation given in the next
lemma.

Lemma 5.1. For f € L2(RY) and 0 < r < 1, we have

L) = [ Kalria) fnts) du, (52)
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where
Ka('f',m,y) = Z r‘yleilu‘ah’l’(x)hV(y)'

very

Proof Let € RN and H be a finite subset of Zf. Then

Z o (2)ha (y) (Teia) i

veH

2 veH
Since the series (see Theorem 3.12 in [I7])

S by (@)h (y)(re )

very

converges absolutely for all 2,y € RY, then according to (5.4), the series

> (@) (y)(re')

veH

converges in L2(RY) to a function denoted by K,(r,z,.).
By the use of Cauchy-Schwartz inequalities, we obtain

Dgfx) = > e hy(x) [ f)h(y)wi(y) dy

N
very R

= F) D b (@) (y)(re™) M wily) dy

verZy
= Ka(r,z,y) f(y)we(y) dy.
RN
Now, we summarize some properties of the kernel K, (r, z,y).

=3 ()P

(5.3)

(5.4)

Proposition 5.2. Letx, y € RN o, 7 € R such that 0 <|a] <7 and 0 <r <1,

then we have

1)

o Ty e Hw)”) opeivig
Ky(r,z,y) = ¢k (1 = r2cZia)r+N/2 B (
2)
Jlim Ko (r2,y) = AaKalz,y),
where
Ko(z,y) = e eot@ e+ Ek( .ix ,y),
sSin &
cpet(rtN/2)(Gm/2—a) . )
Ao = = gapren - o & = sgnisina).
3)

— 2.2 Y
1—re

2(1—r2e2ia) - -
€ — 2g2ia Y

_(r2e?ioy)y)? £ orety 2r2 (1-r?) cos? (o) ||
k
1

S e (rt—2r2 cos2a+1)(r2+1) |

(5.7)

(5.8)
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Proof 1) According to (2.9)), we have

H,(x)H,
Ka(rz,y) = cpe (#7002 37 (e Iv\%.
VEZN

Using Mehler’s formula for the generalized Hermite polynomials (see Theorem [2.5)
4)) and setting z = re'® with |z| = r < 1, we obtain the desired result.
2) Clearly

1+T2 2t
lim ———— = icota,
r—1- 1 —reese
rete )
lim 5 o7 = -
r—1- 1 — rées@ 2sin «
lim (1 —r2e2@)=0+3) = (1 — e2io)=(r+%)

r—1—
et(V+N/2)(am/2—a)

= @sma)pryz 0 Vhere & =sen(sina).

Then, for 0 < |a| <,
lim Ka(r,x,y) = AaKa(:Evy)7

r—1-
where K, (z,y) and A, are defined respectively in and .
3) It is straightforward to show that

1 2, 2ic 11—t
oo () A=r)
1 — r2e2ia (1 +7%) —2r2cos 2
2ret® 2(r —r3) cos a
by =R| ———— = . 5.10
(1 — 7“262“1) 1+ r4 —2r2cos 2« (5.10)

From ([2.5) and (5.10)), we deduce the following majorization:

oretyx
et s [br] |z|ly]
’Ek<1_r2€2ia7y)‘<e :

_ a4l y)? o2rety 2
e 2a-rZey f T sV < e~ arlylHlor] fzllyl (5.11)
—Tree

Hence,

As a, > 0, we deduce that
b7l ?

4da,

sup(—a,s? + |b.| |z|s) = — (5.12)
s>0

Combining (5.11) and (5.12)), we see that
(4r2e2io)|y|2 Qretdy 2r2(1—r2) cos?(a) |2
5 (=)

e 201-rZeZia) — 5 e y <e (1 =2:2 cos 2at 1) (r2+1)
—rce

Proposition 5.3. Let « € R\7Z and f € LL(RY) N L2(RY). Then the fractional
Dunkl transform Dy} have the following integral representation

Dy f(zx) = A, / F (W) Ko(z,y)wi (y)dy, a.e, (5.13)
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where

Ka(z,y) = e cot@al+ly? )Ek( i y>

sin o
and
Ckei('y+N/2)(ol7r/27oz)

A =
“ (2] sin a|)7+N/2

Proof Dy is periodic in o with period 27, we can assume that 0 < |a| < 7. Let
f € Li(RYN)N L2(RY). From Corollary

pf(e) = lim [ Ko(rj,2,9)f(y)er(y) dy, a.e.

j—oo JpN
From Proposition 2) we see that
jli>nolo Ka(rja &€, y)f(y) = AaKa(‘Ta y)f(y)

Using again Proposition 3), we obtain

(14722 |y)?

-t 2rje**x
e 20-riO po (Way> )| < M [f(y)l,
J

2r2(1—r2) cos? (a)|z|?

where M, = sup e('-2rfcos2a4D)(r?+1)
0<r<1
Hence, the dominated convergence theorem gives
Dif(x / fly (z, y)wi(y)dy, a.e.

Definition 5.1. We define the fractional Dunkl transform D¢ for f € Li(RYN) by

D f(x) = An / F@) Koz, y)on(y)dy.

Remark 5. 1

e For a = — 3, the fractional Dunkl transform Dy} is reduces to the Dunkl transform
Dy, and when the multiplicity function k = 0, Dy coincides with the fractional
Fourier transform F< [1]

o(iN/2) (a7 /2—a)

(27| sin o] ) N/2

i 2 2 iy
Fof(x) = /RN R (O

e In the one-dimensional case (N = 1), the corresponding reflection group W is Zs
and the multiplicity function k is equal to v+1/2 > 0. The kernel K, (x,y) defined

by becomes

Koc(xay) = 67%C0ta(m2+y2)Ey ( .Zx ,y> ’ (514)
sSin o«

where E,(x,y) is the Dunkl kernel of type As given by (see [19])
. . wy
K(zx,y) = jl,(.%'y) + 20+ 1)]V+1(xy)7
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and j, denotes the normalized spherical Bessel function

A Tulx) _ S~ )"/
gul@) = 2T+ 1)=0 _F(V+1),;,nlr(n+u+l)'

Here J, is the classical Bessel function (see, Watson [21]). The related fractional
Dunkl transform Df} in rank-one case takes the form

+oo
Dy f(z) =B, Koz, y)f(9)ly[** dy, (5.15)

where
pi(v+1)(am/2—a)
B = T D @lsm@))
Note that if f is an even function then, the fractional Dunkl transform
coincides with the fractional Hankel transform [13]

(5.16)

too _i2 2 . T
H f(z) = QBV/ em2(@Fy)cota Jv( Y )f(y)zf”1 dy.
0

sin «

e More generally, for W = Zs X -+ X Zs and the multiplicity function k =
(v1,...,UN), the kernel K, (z,y) defined by 1s given explicitly by

N .
Ko(e,y) = e deorele+ul) T ,, ( i yj),

, sina’
Jj=1

where x = (z1,...,%n), ¥ = (Y1,...,yn) € RN and E, (x;,y;) is the function
defined by . In this case the fractional Dunkl transform will be

Dif(z) = Ao | f)Ka(z,y)wi(y) dy,

RN
where
(i(v+N/2)(ém/2-a)
Aa = T(n +1)...D(uy + 1)(2[sina])7+V/2
and

N
wr(y) = I s
j=1

5.1. Bochner type identity for the fractional Dunkl transform. In this
section, we start with a brief summary on the theory of k-spherical harmonics.
An introduction to this subject can be found in the monograph [8]. The space of
k-spherical harmonics of degree n > 0 is defined by

HE = KerAp NP,,.

Let SN=! = {z € RY; |2| = 1} be the unit sphere in R with normalized Lebesgue
surface mesure do and L2(S™V~1, wy(x) do(z)) be the Hilbert space with the fol-
lowing inner product given by

(= [ 1)) doto).
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As in the theory of ordinary spherical harmonics, the space L2(SN ™1, wy () do(z))
decomposes as an orthogonal Hilbert space sum

L*(SN7, wi(x) do(x)) = EDHE.
n=0

In [23], Y. Xu gives an analogue of the Funk-Hecke formula for k-spherical har-
monics. The well-known special case of the Dunkl-type Funk-Hecke formula is the
following (see [20]):

Proposition 5.4. Let N > 2 and put A\ = v+ (N/2) — 1. Then for allY € HE and

r € RN,

1 : T+ _

CTk o K(iz,y)Y (y)wk(y) do(y) = m]n.;.,\ﬂx\)}/(m), (5.17)
where

di, = /SN?lwk(?ﬂ do(y).

In particular
1

an /SN_1 K(iz, y)wr(y) do(y) = ja(|x]). (5.18)

An application of the Dunkl-type Funk-Hecke formula is the following;:

Theorem 5.1. (Bochner type identity) If f € L}L(RYN) N LZ(RY) is of the form
f(z) = p(x)¥(|z|) for some p € HE and a one-variable 1) on R, then
DR f(x) = ™ p(a)Hyl oy (vy2) -1 (|2])- (5.19)

In particular, if f is radial, then

Dif(z) = Hr?+y+(N/2)f1w(‘x|)‘

Proof Since Dy} is periodic in a with period 27, we can assume that —m < o < 7.
We see immediately that

Dpf(x) = f(
pfe) = S
(

z),
x)
p(=z)¢(—x)
= (=1"p(@)y().
Now, let 0 < |a| < 7. By spherical polar coordinates, we have

Dif(z) = Aa RNf(y)Ka(x,y)wk(y)dy

—+oo
= Aa/ rNLE (e ) dr, (5.20)
0

where
27TN/2

Fna) = figy [, Kool antra) doty)
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From (5.7) and the homogeneity of wy and p, we obtain
27TN/2

L'(N/2)
Using (5.17)), we get

irr

F(T,QT) 6_%(|$\2+r2)cot(a)w(r)rzfy_t,_n/

SN-—1

p(y)Ex ( ),y) wi(y) do(y).

sin(«

2nN/2d;,  T(A+1)
T(N/2) 2°T(A +n+ 1)
“ e;<w2+r2>cot<a>¢(r)rzw+np< i )an( rlz| )

sin(a) sin(a)

F(r,z) =

where
A=7v+(N/2) -1
Using again the homogeneity of p, we get

Flrz) = 27N/2d),  T(A+1) i \"
DT (N2 2T+ n+ 1) \ 2sina

— i (|z|?+r? a n . T\
x em st @y ()22 (1) ja g (Sin|(0|é)>.

Now we can express a relationship between di and cg. In fact

_ _ 2
&' = / Py (y) dy
RN

onN/2 oo Mg e
= — rY e " wi(ry) do dr
F(N/2)/0 /SN_1 k(ry) do(y)

27TN/2 oo 2 2
— y+N—-1_—r
71"(]\[/2) /0 r e /SN?1 wi(y) do(y) dr

~ aNPT(A+1)d
= WQ)’“ (5.21)

Recall that

A B iefio( 'Y+(N/2)
@~ %\ Ssina ’

then by the use of (5.21)), we obtain

PR At+n—+1
A 27TN/2dk F()\—|—1) 7 " 2(25ina> eina
“T(N/2) 2'T(A+n+1) \2sina  T(A+n+1)
= 2B,

Hence

F(T, Qj) _ 2Bueino¢€7%(|z|2+r2)cot(a)w(r)r27+2np(x)j/\+n (r|x|) ) (5'22)



20 S. GHAZOUANI, F. BOUZAFFOUR
Substituting (5.22)) in (5.20) to get
Rf(x) = 2B,emp(x)
—+o0
—1(|z|>+r?) cot(a) 2(A+n)+1 ; r|z| d
X /0 e v(r)r Iatn sin(a) r
= e"p(a)Hy \(|z])

= " p(@)Hy oy (vy2y—10([2])-

8

Application
Now, we give the material needed for an application of Bochner type identity. Let
{pn.j}jes, be an orthonormal basis of H%. Let m, n be non-negative integers and
j € Jy. Define

B ( m! T(N/2) )1/ 2
o = \aNET((N/2) + 7 + 1+ m)
and

G (X) = Con prj () LOTVEN271 (|)2) o= 1217/2) (5.23)

where Lg,(f) denote the Laguerre polynomial defined by
—a ,T dTL
L(a) _ rem dm o _x nta ]
(@) n!  dam (e ’ )
It follows from Proposition 2.4 and Theorem 2.5 of Dunkl [6] that
{mmnjm n=0,1,2,..., j€J,}

forms an orthonormal basis of LZ(RY).

Theorem 5.2. The family {¢mpnj:m, n=0, 1, 2,..., j€ J,} are a basis of
eigenfunctions of the fractional Dunkl transform D on L? (]RN, wi () da:) , satis-
Jying
Divmn,; = em(n+2m)¢m,n,j~ (5.24)
Proof We need only to prove . Applying Theorem [5.3| with p replaced by
pn; and with (r) = LT N0 (3:2) ¢=r*/2 e obtain

Dyt i () = Cmne’™ pn,j (2) H 9 (|2),

where
v=n+7y+(N/2)-1,
and
oo i 24,2 7‘|a:| -2
Hyv(lzl) = 231// e et el™r) 5 () LW (r2)e 7 2+ g,
0 sin av
Observe that
Hep(ja|) = 2Beseot@lel’
where
- rteonan?; (712
0 sin ar

i v ptoo .
2T(v+1) <Sma> / rV+1L£:l’)(T2)6*(%+%Cot(a))TQJV < 7|zl > o
0

|| sin «
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To compute I,,, we need the following formulas (see 7.4.21 (4) in [I1])

/—"_Oo v+1 —ﬁyzLu( 2)J ( ) d d v —zz/(4,8)Ly |: a22 :|
y e m\ay )Ju\2Y) AY = amz € m | 2. _ 2\
0 4p(a — B)
where d,, = ((8 —a)™/(2 T 87 T™H), a, RB >0, Rv > —1.
Let us take 8 = % + %cot(a) = ng a=1and z= Silrfla, then
dm _ eQiam ’
A T(v+ 1)
e
4p(a — f)
2 2
_Z;B _ _% n %cot(a)|x|2.

Hence

2
|z

+oo ) 2iam ,— +1 cot(a)|z|? v
u+1L(l/) 2 —(%+% cot(a))r2J ’/‘|Z‘| dr = € € 2 2 ‘Jf| L(u) 2
/0 " m (r7)e Y\ sina " H AT (v +1) sin « m (121,

and therefore
Hyw(lel) = L) (|al?) e,
which finishes the proof.
5.2. Master Formula for the fractional Dunkl transform. In this section, we

are interesting with a master formula for the fractional Dunkl transform. For this
we need the following lemma

Lemma 5.2. Let p € P, and v = (x1,...,xn) € CN. Then for w € C and
R(w) > 0,

I(x)

—wlyl? € w w
Ch /RN p(y) Ex(z,2y)e” 1 wi(y) dy = W“Akl)(@a (5.25)

N
where I(z) = ij.
j=1
Proof First compute the above integral when w > 0.

c’“/ p(y) Er(x, 2y)e 1wy (y) dy = Ck/ p(y) Ex(x, 2y)e” Vo () dy.
RN R

N

By the change of variables u = y/wy and the homogeneity of wy and p, we obtain

Ck/ p(y) Ex (2, 29)e 1" wi(y) dy
RN

Ck x 2
= W/RN p(y)Ex (\/(729) e v w(y) dy. (5.26)

Using Theorem 1), we deduce the following identity:

ck/ p(y)Ek(x,Qy)e_ly‘ka(y) dy = el(’c)e%p(x). (5.27)
RN
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Combining (5.26]) and (5.27) to get
I(x)

—wly|? __ e =
o [ PO B 20 anty) dy = et o ()

Now use Lemma 2.1 from [I7] to obtain
Ag €T 1 w A
()~
Hence, we find the equality (5.25) for w > 0. By analytic continuation, this holds
for {w e C: R(w) > 0}.
We are now in a position to give the master formula.

Theorem 5.3. Let p € P, and v € RN. Then

ol W A ina 122 _ Ak
Dy e 2 e A py)| () =€ 2 e 2 px). (5.28)
Proof It follows easily from (5.13]) that
|2 i )
Dy [e”e‘i’“my)} (@) = Ageter@le” [ e‘*mmEk(@ y) e (y) dy,
RN sin a
where
1 4 ie ™
=24+ Zcot = . 2
w=g gt =o5g (5.29)
Since (2]
_ Bk _ a (_1)5 s
e” 1 py) = ige DkpY);

we conclude that

_ A (4 —wlyl? —1)° s T —wlyl?
L ¥ wn (o) e am an=3 S [ s () e ) dy
RN 8.4 RN

sin «
s=0

(5.30)

For s € Z4 with 2s < n, the polynomial Ajp is homogeneous of degree n — 2s.
Hence by the previous Lemma, we obtain

. UXa)
i 2 e w w
s —wly| _ LA 25 A S
% | Aip(y) Ex (Sina,y> e we(y) dy = — e [w?Agp] (Xa)5.31)
where
i
a = . 5.32
2sin a ( )
Substituting (5.31)) in (5.30)) to get
. UXa) (5] . 9
A iz el e w w (=1)sw*s |
vy wlyl — Ag s
Ck /RN e p(y) Ex (Sma,y> e wi(y) dy e P(Xa)
{(Xa)
e w

PYNULY
et e T rXa)

(Xa)
w w—w?

(&
o (N/2) €

Akp(Xa)-
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Replacing w and X, by their values given in (5.29) and (5.32)) and use Lemma 2.1
in [I7], we obtain

Wﬁw?Ak i" —sin?(a)(w—w?)Ay
et ) = et p(a)
" _ A
= ———e 1 p(x).
27 sin” o p()
Also,
ety (N/2) Z'efioz n+y-+(N/2) ,L'nefina ei(erN/z)(dﬂ—/Q,a)
w = =
2sin « 27 sin"™ o (2|sjna|)ﬂ/+(N/2)
Wad  _ Fmglel?
Then

i

ie

/ e~ T p(y) By < . ,y) e~ wy(y) dy = Agtemesima el o= S p(2). (5.33)
- sin o

Finally, if we multiply equation 1) by Aae*%COt(o‘)mQ, we obtain the desired
result.
A consequence of the Master formula (5.28) is

Corollary 5.2. (Hecke type identity) If in addition to the assumption in Theorem
the polynomial p € HE | then becomes

|z|2

Dy {eﬁp} (2) = emeF p(a). (5.34)

Now, we are interesting to complete the spectral study of T started in proposition
by means of the Master formula. In fact we have the following

Corollary 5.3.
L? (RN, wi () d:c) decomposes as an orthogonal Hilbert space sum according to

L? (RN, wy(z) dz) = @ Vis

neLy

where

_l=l? A
Vi = {6 2 e 4 p(m); pepn}

is the eigenspace of T corresponding to the eigenvalue in. In particular, T is essen-
tially self-adjoint. The spectrum of its closure is purely discrete and given by

o(T) =il
Proof Let f be an element of the subspace V,, defined by

|z]2

_ _ Lk
flz) =e 2" p(x),
where p € P,,. From ([5.28)), the limits

Do f — na __ 1
i D6 S gy
a—0 « a—0 (e}
exists in LZ(RY) and equals inf. Then
feD(T) and T(f)=inf. (5.35)

Hence, V,, is the eigenspace of T' corresponding to the eigenvalue in.
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6. REALIZATION OF THE OPERATOR T.

The aim of the following is to find a subspace W C D(T) of L(RY) in which
we define T' explicitly.

N
Lemma 6.1. For z € CV set l(z) = sz Then for all z,w € CV,
i=1
. RICILE
Ck /RN Ek(2Z,ZL')Ek(2W,§C)67A|II wk(x) dr = WEk(?Z/A7W), (61)

where A is a complex number such that (A) > 0.
Proof The result is obtained by means of a similar technic used in the proof of
Lemma [5.2| and the following formula (see [6])
ck/ Ek(2z,m)Ek(2w,x)eilx‘ka(x) dz = AT B (22, w).
RN

Theorem 6.1. Let f € LL(RN) N L2(RY) such that Dyf € LL(RY) and o ¢
{g + km, k€ Z} . Then

—ia Y+3 .
o _ ¢ L tan(a)(Jz|+]y|?) t
o= (m) [ B2 ) D)y (6:2)

Proof Let f € LL(RY)NLZ(RY) such that Dy f € Li(RY). Let € be an arbitrary
positive number and put

Fe(z) = - FW)ge(y)wr(y) dy,

where ge(y) = 67(6+% cot a)‘y‘QEk (siir?:a’y) .
From (2.6, we deduce that

1f@)ge@)l < W),
so the dominated convergence theorem can be invoked again to give
e%lz* cota
lim Fe(z) = TDgf(x)~ (6.3)

Using Lemma [6.1} we can show

_ |2
e 4esinZ atisin2a EE x
D — e 4ef2icota E —_—, . 64
k9e(€) (2¢ + i cot a)Y+N/2 k <2€Sina+icosa §> (64)

Now applying the Parseval formula for the Dunkl transform (see Lemma 4.25, [2])
and using (6.4)), we obtain

=2

F@) = P P ey /RN ol By (‘T g) Dif(—&)wi(€) de.

(2¢ + i cot )Y TN/2 2esina+icosa’

(2.5) gives again the following majorization:

€T 2e sin o
Ek‘ —’5 < 6462 sin2(a)+cosz(a)‘r‘|§|'
"\ 2esina +icosa -
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Hence,
2
e e ) | e (65)
where
B €
Pe = e +cot?a
and

2esin(a)|z|

9= e sin? () + cos?(a)

As pe > 0, we deduce that
2

2 de

SUp(—pes® + qes) = — . 6.6
up(—pes? ) =~ (6.6)

Applying formula (6.5)) and , we obtain

€]2 z o acwl®
T 4ef2icot E i — D — < 4e2 sin2 (a)+cos2 (a) D _
: v ertt) LA I D (-6)
_ de|z|?
where B, = sup e #Zsin?(@+eo?(@ . The function ¢ — Dy f(=£) is in L}(RY),

€€]0,1]
then the dominated convergence theorem implies

ilx]?

oy o) = S [ (< ) Dot gpaneiony

e—0 COS «x

Hence, (6.3) and gives after simplification

e lo 75 P Qg2 1T
) eslzl® tana /RN ezl  tana B, ( ,5) Dkf(*f)wk(a}%)

2cos o COSs «

Dif@) = o
Finally, if we make the change of variables u = —y in , then we find (6.2]).

Remark 6.1. Using together with the dominated convergence theorem, we
get

lim DEf@) = lim DEf(e) = DEf(-n) = f(a).ac.
lim Dpf(x) = lim . D¢ f(z) = Dif(z) = f(—x) a.e.

Corollary 6.1. Under the assumptions of Theorem (6.1, we have

Dif(e) = f=) _ C £ tan(a)(|z[>+Iy[?) iz
- o r1(a) IH(N/2) RNe Ex coso/y Dy f(y)wr(y)dy
C
b [ nlan ) D)y, a (6.9)
27t+3 RN

where

(8%)%% !  tan(o) (|21° +yl?) g, (o

cosa — = tan(a) (|| +|y E 1T ) — E.(i ,
ri(a) = — and  rola,x,y) = e ko(;ow v) A y)

Proof The result is consequence of (6.2)) and (2.8].
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Lemma 6.2. Let ag €]0, 5[ and z,y € RY. Then

1 sin (o
ool < 5000+t ao) ol + )+ SN VR Lalll, (610

where a €]0, ap].

Proof By the mean value theorem, we have

[ra(, w,y)| < sup
a€l0,a0]

0
%TB(O‘7$7y) )

where

r3(o, z,y) = e%tan(a)(lﬂfIQHylz)Ek ( & ,y> .

cos «
From (2.4), we get

Therefore,

TB(OZ X y) = e%tan(a)(|$|2+‘y|2)Ek " Zy .
- " cos a

A simple calculations shows that

D rs(aay) = 2+ tan® o)l + ly)rs(o,,9)
L E8I) s ana) (a2 )Zy O g (w2 (611)
cos?(c) dy; "cosa )

j=1

From ([2.5)), the inequality

‘8Ek <m, W )’ < |z
0y; cos o

holds and hence

0 1 |sm )|
geralas)| < G+ tna)of + )+ \|Z|J\
< L) +yP) + 'Sm( )' VE [ally
-2 cos?(a)
1 | sin(ao)|
< (1 t 2 2 2
< 5+t ag)(af + o) + SOV el

Which finishes the proof.

Theorem 6.2. Let

W= {f e LL®Y)NIZRY) ; [y2f € 2RY) and |yl*Dpf € LLRY) NLERY)}.
Then for all f € W,

Tf(z) = —i(y + (N/2)) f(z) + |~”C| fx)+ ch [y Dr(y)] (—2) a.e.  (6.12)
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Proof It is clear that

lim r () = —i(y 4+ (N/2)).

a—0

In view of (2.6)), we deduce

o (aa)l=
COS «x

Then

65 tan(a)(\£\2+|y‘ ) k ( tz )Dkf(y)‘ < |Dk:f(y)|

COSs O[

Let y € RY such that |y| > 1. Then

IDief ()| < [y’ |Def(y)]-

Since y — |y|? D f € LL(RY), it follows that Dy f € LL(RY) and the dominated
convergence theorem implies

- % i tan(a) (|z[2 +1y|?) &
lim () oo [ e B () Do)y
= —il+ (VD) gt [ Bulin ) Des en(u)ay

= —i(y+ (N/2)Dj f(—=)
= —i(vy+ (N/2)f(z), ae.

From (6.11)), we deduce
li :E 2 2 K(i
im ro (e, 2, y) = S (|=]" + [y[") K (iz, y).
a—0 2

By the previous Lemma, we have the following majorization:

lro(a, z,y)Di f ()] < f1(y) + f2(y) + f3(v),

where
fily) = 0+ tan® ag) ol D (),
faly) = 50+ tan? o)yl D (w)]
ft) = OO D).

cos?(ay)
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Since y — |y|?Dyf € LL(RY), it follows that fi, fa, f3 € Li(RY) and therefore
fi+ fa+ f3 € LL(RY). By virtue of the dominated convergence theorem, we have

Ck

tim s [ e ) Def o)y
_ i 2 2 .
= oy [ e+ P Bz, ) D o)y

ilz|* e

= D) 2’Y+% BN Ek (va y)Dkf(y)wk (y)dy

) Ck
297+%

)
= Slelf) +

/RN lyI> Ex(iz, y) Di f (y)wi (y)dy
) Ck

2 .
sy | WPEE DL e )y ac,

— LRI+ 5D D] (o) e

Corollary 6.2.
1) S(RY) c W c D(T).
2) For all f € S(RY),

—iTf =—(y+ (N/2))f + %(W A f

Proof 1) Obvious.
2) Let f € S(RY). From Corollary 2.11 in [6], we deduce

—y7 Dy f(y) = Di[T7 f1(y),
where j € {1,2,...,N}. Then

—[yI*Dr.f(y) = Di[Axf](y).

Therefore

Dy [[yl’Di(y)] (—z) = Di[Arf(y)](—z)
— Auf(a). (6.13)

Finally, from (6.12)) and (6.13)) we obtain the desired result.

Remark 6.2. It is clear that the operator 20T — (2 + N) is an extension on W of
the Hermite operator Hy = Ay — |z|? studied by Résler [17] where it used another
approach based on the notion of Lie algebra.

In the same context, we give a new proof of the following result established in [17)

[z2 _ A

Corollary 6.3. For n € N and p € P, the function f = e~ 2 e~ 2 p(x) satisfies
(Ay —|z]2)f = —(2n+ 27+ N) f. (6.14)

In particular
(Ay — |2, = —(2|v| + 27 + N)h,,. (6.15)

Proof Since f € S(RY), (6.14) is obtained by the use of the previous Corollary
and (5.35)
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