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APPROXIMATELY n-MULTIPLICATIVE AND APPROXIMATELY
ADDITIVE FUNCTIONS IN NORMED ALGEBRAS

(COMMUNICATED BY MOHAAMAD MOSLEHIAN)

E. ANSARI-PIRI, H. SHAYANPOUR AND Z. HEIDARPOUR

ABSTRACT. We derive some properties of (g, d, n)-multiplicative maps between
normed algebras and establish the superstability of (§, n)-multiplicative func-
tionals on normed algebras. We also prove that if ¢ is an (e, §, n)-multiplicative
such that in the case where n is odd, 1 € p(A), then |||¢]|| < (1 + §)1/ (=1,
Moreover, under certain conditions, we prove that if ¢ : A — Cp(X) is an
(e, 8, n)-multiplicative, then |||o||| < (14 8)/("=1) where Co(X) is the alge-
bra of all real valued continuous functions which vanish at infinity defined on
a locally compact Hausdorff space X.

1. INTRODUCTION

The notion of n-homomorphism between (Banach) algebras was introduced in [5].
Suppose that n > 2 is an integer. A mapping ¢ : A — B between (Banach) algebras
is called n-multiplicative if p(ajas---a,) = @(a1)p(az)---v(a,) for all elements
ai,az,- - ,a, € A. Moreover, ¢ is called an n-ring if ¢ is n-multiplicative and
additive. If ¢ is also linear, it is called an n-homomorphism. For further details on
the above concepts and properties one can refer, for example, to [4, [5] 6], 7, [8, 10, [14].

Let A and B be normed algebras, ¢ : A — B a map and § be a non-negative
real number. The mapping ¢ is said to be §-multiplicative if |p(zy) — p(z)e(y)]| <
ollz|||ly]l for all z,y € A.

A mapping ¢ : A — Bis called (6, n)-multiplicative if ||p(z1...2n) —@(21)...0(zn)|| <
Sllz1]]... ||z || for all 1, ..., 2, € A. If further ¢ is linear mapping, then it is called
(6, n)-homomorphism. Also we say that ¢ is approximately n-homomorphism if
there exists a constant § > 0 such that ¢ is (d, n)-homomorphisms. The (§,n)-
homomorphisms are near to the J~-homomorphisms but they are not the same. An
example of an approximately n-homomorphism which is not approximately homo-
morphism is given in [Il 3.6].
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Also, a mapping ¢ : A — B is called an e-additive for some ¢ > 0 if ||¢(z +y) —
o(@)—eW)| < e(l|lz]|+|lyll) for all z,y € A. It is clear that ¢(0) = 0. The mapping
@ is said to be approximately additive if there exists a constant € > 0 such that
¢ is e-additive. We say that ¢ is an (g, 0, n)-multiplicative if ¢ is e-additive and
(6, n)-multiplicative. For further details on the above concepts and properties one
can refer, for example, to [1} 2] [9] [15].

In 1980, Baker [3] proved that if ¢ is a complex valued function on a semigroup
A such that |o(zy) — w(x)e(y)| < 6 for all z,y € A, then either ¢ is multiplicative
or [p(z)| < @ for all x € A.

Semrl [I3] indicated that there exists an (g, d,2)-multiplicative such that it is
continuous only at the origin.

Let ¢ : A — B be (e, 0,n)-multiplicative. Define |[|¢|[| = sup,e 4\ j0} leta)]l <

00.
ol =

The map ¢ is called bounded if |||p]|| < oc.

Semrl [12] proved that if A is a real Banach algebra and ¢ : A — R is an
(e, 6, 2)-multiplicative, then |||¢]|| < @.

In this paper, we derive some properties of (g, d, n)-multiplicative maps between
normed algebras and establish the superstability of (d, n)-multiplicative functionals
on normed algebras. We also prove that if ¢ is an (g, d, n)-multiplicative such that
in the case where n is odd, 1 € ¢(A), then |||¢]|| < (1+6)"/ =1, Moreover, under
certain conditions, we prove that if ¢ : A — Cp(X) is an (g, 0, n)-multiplicative, then
lell] < (1 +6)Y =D where Cy(X) is the algebra of all real valued continuous
functions which vanish at infinity defined on a locally compact Hausdorff space
X. Finally, we show that if A is a real Banach algebra and ¢ : A — R is (4,9, n)-
multiplicative such that 0 < § < 1 and in the case where n is odd, we have 1 € ¢(A)
and also, if ¢ : A — R satisfies |¢(z) — ¢ (z)| < ¢||z| for all z € A where € > 0,
then v is (7,7, n)-multiplicative whenever v = € + & 4 £[2(1 4 §) 1/ (*=1) 4 gt/ (n=1)

2. APPROXIMATELY N-MULTIPLICATIVE AND APPROXIMATELY ADDITIVE

For the sake of completeness we first state the following result, which appeared
in [2, 2.4].

Theorem 2.1. Let A be a normed algebra, and p > 0. If p : A — C satisfies
lo(xr - zp) —@(x1) - (zn)| < S|P |enl||P for all x1-- 2, € A, then ¢ is
n-multiplicative or there exists a constant k such that |p(x)| < k||z||P for all z € A.

Proof. Suppose that ¢ is not n-multiplicative, that is, there exist ay, -+ ,a, € A
such that

plar---an) # w(a1) - plan).

Then for every non-zero element = € A, we have
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()| Vp(ar - - an)—p(a1) - plan)|
=lp(@) " Vp(ar - an) — o) Ho(ar) - plan)+
e@™ Vay - a,) £ o Har)p(as) - o(an)|
<lp(z) " Vo(ay - an) — o(@™ Vay -+ an)|+
(@™ May -+ an) — (e Pay)p(az) - - p(an)|+
le(@™ Pay)e(az) - - plan) — (@) " Vep(ar) - plan)|

<26 Vlar||” - fanll? + p(az) - o(an) 8]l]PT fay ||

=5l |P" D ar [P [2llaz]|? - - llanl|? + |¢(az) - - - ¢ (an)]]
Therefore, if
1
k= (5|a1||”[2||azp - llan|? + [e(az) - ~~<p(an)l]> =0

p(ar - an) —p(ar) - - p(an)|
then we have |p(x)| < k||z||P. O

Theorem 2.2. Let A be a normed algebra and let ¢ be (§, n)-multiplicative func-
tional. Then either ¢ is n-multiplicative or |¢(x)| < (1 + §)||z|| for each x € A.

Proof. Suppose that ¢ is not n-multiplicative. Then by the Theorem there
exists k > 0 such that |o(z)| < k||z|| for all € A, so ¢(0) = 0. Assume towards a
contradiction that there exists a € A with |¢(a)| > (1 + J)al|, then |¢(a)| = (1 +
0+ p)||lal| for some p > 0. Since ¢ is (4, n)-multiplicative, |p(a)™ — ¢(a™)| < dal|™.
Hence

p(a™)] = [e(a)"] = lp(a)" —p(a™)| = (146 +p)"[lal" = dllal|* = (1 + 6+ p)la]".

Now, we assume the induction assumption |@(a™")| > (1+d4mp)|ja||™”. We have

nmt1 n"™\n n"™\n n
o™ ) 2@ )" = p(a™ )" — g™ )|
>(6 4+ 1+ mp)"||a|™" — ol |

m-+1

nmtl

>+ 1+ mp)™[la|™™ — d]|al
>(5 414 (m+ Dp)lla|™ .

m

Therefore |@(a™")| > (1 4+ +mp)||lal|”” holds for all positive integer m. Now, let
1,y Tpy1 € A. We have
[p(@1n) = @(a1)-p(zn)l[o(@ni1)| < OR|za ] [lzn gl (2.1)

In particular, if 2,1 = a”" by (2.1) we have

Skl|lzi|..||znl|la™” Okl ]]...]|znl
— < <
lo(@1...2n) — o(1)..p(zn)| < lo(a™™) S5, »
Letting m — oo shows that ¢ is n-multiplicative, which is a contradiction. [

Theorem 2.3. Let A be a semigroup and ¢ be a complex valued function defined
on A such that |p(x1...20) — @(x1)...0(xp)| < 0 for all x1,..,x, € A. Then either
lo(x)] <1406 for all x € A or ¢ is n-multiplicative.
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Proof. If ¢ is not n-multiplicative, then by the Theorem [2.1] there exists & > 0 such
that |¢(z)] < k for all z € A. Suppose there exists a € A such that |¢p(a)| > 1+ 4.
Thus, |¢(a)] = 14 0 + p for some p > 0. By a similar argument to that in the
Theorem [2.2) we obtain |p(a™")| > 1 + § 4+ mp for all positive integer m, and the
rest of the proof is similar to the proof of the Theorem O

Theorem 2.4. Let A be a Banach algebra and ¢ : A — C be a nonzero (6,n)-
homomorphism. Then ||¢|| <1+ 6.

Proof. If ¢ is n-homomorphism, then as in the proof of [I4, Lemma 2.1] we can see
that ||¢]| < 1. If ¢ is (§, n)-homomorphism such that ¢ is not n-multiplicative, then
by the Theorem [2.2] the result follows. O

Lemma 2.5. Let A be a normed algebra and 0 < 6 < 1. If ¢: A — C is (,6,n)-
homomorphism such that |||p||| < oo, then |||¢||] < (14 &)Y/ (=1,

Proof. Suppose that |||¢||| = k& > 0. By the hypothesis, we have |¢(x)" — ¢(x™)| <
O||lz||™ for all x € A, so |¢(x)|™ < dllz||™ + |p(z™)|. Therefore for all z # 0, where
™ # 0, we have

T L TR DY
] [l [l |
If 2™ = 0, since ¢(0) = 0 then
O OB oy
|| [J[|™
and so k™ — k < 8. Hence, if k& > 1, then k < (1 + 6)/(™= D since § < 1 and if
k<1, then k<1< (1+ (5)1/(”_1), so the result follows. O

Theorem 2.6. Suppose that A be a normed algebra, 0 < d < 1 and p > 0. Let
¢ : A— C is a functional such that

|¢(@1 - 2n) = ¢(@1) - Pan)| < Sllaal|”- - lwall” (21,--- 20 € A).
Then either ¢ is n-multiplicative or |¢p(x)| < (1 + 6)Y/ =V ||z||P for all 2 € A.

Proof. Suppose that ¢ is not n-multiplicative. Then by the Theorem there
exists M > 0 such that |¢(x)| < M||z||P for all z € A. Tt is clear that ¢(0) = 0 for
p# 0. If k =sup,e |p(z)] for p =0 and k = sup,c 4\ {0} % for p # 0, then we
have

[¢(@)[" < ollzl|™ + |o(z")] < ollz[[™ + Kll«"™[|” < (6 + F)[|l=[""
for all x € A. Finally, by using a similar argument as in the proof of the Lemma
2.5 we have |¢(z)| < (1 +8)V/ =D |z||? for all z € A, as desired. O

Theorem 2.7. [2, 2.6] Let A be a normed algebra and ¢,0, p be non-negative real
numbers. Suppose that o : A — C is a functional such that
lp(x +y) —o(@) — o) < (=" + [ylI*) (z,y € A),
and
(s an) —@(@1) - plan)| <Ol [P [lanl|? (21,20 € A),
Then ¢ is additive and n-multiplicative or there is a constant k such that

[p(@)] < Kl|l|[” (= € A).
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Proof. Suppose that ¢ is not additive or, is not n-multiplicative. If ¢ is not n-
multiplicative, then by the Theorem[2.1] the result follows. Now, if ¢ is not additive,
then there exist a,b € A, such that ¢(a+b) — 6(a) — p(b) # 0. For any « € A, by
the hypothesis, we have

lo(@)| " P]p(a +b) — p(a) — o) =|e(@) ™" He(a+b) — p(x) " Ve(a) — ()" Hpb)+
(@D (a+ b)) £ p(a"Va) £ (@b
<lp(@) " Ve(a+b) — ("D (a + b))+
lp(2"Va + 2" Vb) — p(a"Va) — o™ V)| +
lp(2) " Vp(a) — (@ Va)|+
(2" Vb) — ()" Dp(b)|
<612 "7l + P + e(lla™ ValP + [ Db|7)+
S| D7 |lall? + 8| DP |7
<[l (5 (la + Bl + llall” + 1BI17) + & (llal* + 51]") )
Therefore, if

1

= (et e+ ) el + o)y
|p(a+b) = p(a) = p(b)|
then we have |p(x)| < k||x||P, as desired. O

)

Theorem 2.8. Let A be a real Banach algebra, 0 < § < 1 andn be an even number.
Let ¢ : A — R be (e, 6,n)-multiplicative. Then |||¢||| < (14 6)/ =1,

Proof. If ¢ is not additive or is not n-multiplicative, then by the Theorem
there exists k& > 0 such that |¢(x)| < k|| for all z € A, so by the Lemma [2.5
oIl < (1+ )t/ =1

Now suppose ¢ is additive and n-multiplicative. Fix z € A with ||z|| = 1. Then
the mapping h : R — R defined by h(t) = ¢(tz) is additive. We now show that h

is linear. To do this, we define two functions f, g : R\{0} — R by f(t) = %
and g(t) = (@)% It is easy to see that f(ts) = g(t)g(s) for all s,t € R\{0}.
Then by [12, Theorem 3] we can assume that either g is bounded or g(1) # 0 and
g(t) = g(1)k(t), where k is multiplicative. First, suppose that g is bounded, then
there exists M > 0 such that |g(t)| < M for all t € R\{0}. Then |h(t)| < M= |t| and
so h is continuous at zero. Since h is additive, it is easy to see that h is linear. In
the second case, define 1) : R — R by ¢ (t) = tk(t)2 = g(1)~ = h(t) for all t € R\{0}
and ¢(0) = 0. Since k is multiplicative, then ¢ is multiplicative and since h is
additive, so ¢ is additive. Now, because ¥ : R — R is additive and multiplicative
map and g(1) # 0, then it is easy to see that it is the identity map. Thus h is
continuous, and so it is easy to see that h is linear. Therefore ¢(tx) = to(x) for all
t € Rand z € A with ||z|| = 1. Now suppose that y € A\{0}. For all £ € R we
have ¢(ty) = ¢(t||y||ﬁ) = tHy||¢(ﬁ) Consequently ¢ is linear and then it is an
n-homomorphism. Now the result follows by the Theorem [2.4] and the Lemma

O
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Corollary 2.9. Let A be a real Banach algebra, 0 < § < 1, X be a locally compact
Hausdorff space and let ¢ : A — Co(X) be (g, 0, n)-multiplicative. If n is an even
number, then |||¢]|| < (14 &)1/ (=1,

Proof. By the hypothesis the functional ¢, : A — R by ¢.(a) = ¢(a)(z) is also
(e, d,n)-multiplicative for every z € X. Then by the Theorem [llozll] < (1+
5)Y/ (=1 for all € X. Hence

l¢lll = sup I¢(a)] = sup sup M < _5_5)1/(71—1).

a€A\{0} all acA\{0} z€X lall

O

Theorem 2.10. Let A be a real Banach algebra, 0 < § < 1 and n an odd number.
Suppose ¢ : A — R is (€,9,n)-multiplicative such that in the case where ¢ is an
additive and n-multiplicative, we have 1 € ¢(A). Then |||¢]|| < (1 4 &)Y/ (=1,

Proof. If ¢ is not additive or not n-multiplicative, then by the Theorem there
exists k > 0 such that |¢(z)| < k||z| for all z € A, so by the Lemma [2.5] [[|¢]|| <
(1 +6)Y/ (=1,

If ¢ is additive and n-multiplicative, then by the hypothesis there exists a € A
such that ¢(a) = 1. Now we define additive function ¢ : A — R by ¥ (z) = ¢(ax)
for all x € A. By the following proof of [I4, Lemma 2.1], ¢ is multiplicative and
Y L(z) = ¢""L(x) for all x € A. Using the proof of the Theorem Since
is additive and multiplicative so it is linear, and hence ¢ is linear. Therefore the
result follows by the Theorem and the Lemma [2.5

O

Corollary 2.11. Let A be a real Banach algebra, 0 < § < 1, n be an odd number
and let X be a locally compact Hausdorff space. Suppose ¢ : A — Cy(X) is (g,0,n)-
multiplicative and 1 € ¢,(A) for all x € X. Then |||¢]]] < (1 + §)Y/ (=1,

Proof. By adopting the proof of the Corollary the result follows. (]

Theorem 2.12. Let A be a real Banach algebra, 0 < § < 1 and € > 0. Let
¢ A— R be (4,0,n)-multiplicative such that in the case where n is odd, we have
1€ ¢(A). Ifp: A — R satisfies |¢p(x) — P(x)| < g||z|| for all x € A, then v is
(7,7, n)-multiplicative whenever v = € + & + €[2(1 + §)1/ (=1 4 g1/ (n=1),

Proof. By the Theorems and we have |||¢[|] < (1 4+ 0)Y™=D =k so
[l|1¥]]] < e+ k. We prove that the following inequality

|6(a1).-d(am) = ¥(ar)..(am)| < ellarll...llam|lk + (e + &)™, (2.2)

for all 1 < m < n. By the hypothesis, the inequality (2.2)) is certainly true if m = 1.
Assume that (2.2)) is true for m — 1. Therefore

¢(ar)..d(am) — ¥(ar)...vp(am)| <|¢(ar)...d(am—1)l[¢(am) — ¢ (am)|+
[ (am)lll¢(ar)...d(am—1) = (a1)..4(am-1)|
<elk™ ™+ (e + Bk + (e + B)"?llar |- flan|
<elk + (e + B)]"llax-..llam],
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which complete the proof of (2.2]). Now by (2.2) for all ay,...,a, € A, we have

[W(ay...an) — P(ar)..(an)| <|Y(ar...an) — d(ag...an)| + |o(ar...an) — d(ar)...o(ay)|
+|¢(ar).d(an) — Plar).(an)|
<le+d+elk+ (e+ k)" ar]-[lan].-

Moreover,

V(x4 y) —¥(x) — )| <z +y) — oz +y)| + o +y) — d(z) — oy)|l
+ |p(x) — ()| + |(y) — ¥(y)]
<(2e +0)(ll=|l + llyll)

<[e + 8 +e(2k + )" (=] + Iyl
for all z,y € A, as desired. O
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