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EXISTENCE OF POSITIVE SOLUTIONS TO A COUPLED
SYSTEM OF NONLINEAR FRACTIONAL ORDER
DIFFERENTIAL EQUATIONS WITH M-POINT BOUNDARY

CONDITIONS

(COMMUNICATED BY TONGXING LI)
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ABSTRACT. This article is concerned to the study of existence and uniqueness
of positive solutions to a class of coupled system with multi-point boundary
conditions of nonlinear fractional order differential equations. By using classi-
cal results of nonlinear Leray Schauder type, sufficient conditions are developed
for existence of at least one solutions. Further, sufficient conditions for unique-
ness of solution is also discussed. To demonstrate the concerned established
theory, we provide some appropriate examples.

1. INTRODUCTION

The theory of fractional order differential equations is the fastest growing area of
research due to its large number of applications in real world problems. Differential
equations of fractional order have great importance in many scientific and engi-
neering disciplines such as physics, mechanics, chemistry, biology, viscoelasticity,
control theory, signal and image processing phenomenons, economics, optimization
theory etc. For detail we refer the reader to study [I], 2} B, 4, 5] and the refer-
ences there in. In recent years, many researchers have studied the existence and
uniqueness of positive solutions of boundary value problems for fractional order
differential equations, for example see [0 [7, 8 @), 10]. Shah et al. [11], studied the
existence and uniqueness of positive solutions for the nonlinear m-point boundary
value problem of fractional order differential equation of the following form

—°Du(t) = f(t,u(t)," DT u(t)); 0<t<1,1<q<2,

w(0) =0, u()= Y diun)
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m—2
where D7 is the Caputo fractional derivative; §;,m; € (0,1) with > &mn < 1,
i=1

and f:J xR xR — R explicitly depends on the fractional order cllerivative. It
has been founded that differential equations of fractional order are the best tools
to explain many biological and chemical, physical and psychological phenomenon.
Differential equations of arbitrary order are used as a best tools for the description
of hereditary characteristic of various materials and genetical problems in biolog-
ical models. It is known fact that those mathematical models involve fractional
order differential equations are more realistic and practical as compare to those
mathematical models which involve classical differential equations. Due to these
importance applications of fractional differential equations researchers are taking
interest in the study of frictional order differential equations and their positive so-
lutions as they are meaningful. For more detail see [12] [T3] [T4] [T5] [T6] and the
reference there in. Recently the area devoted to the study of existence of positive
solutions for coupled systems of fractional order boundary/initial value problems
has gained considerable attention, because such types of systems often occur in
applications in various fields of science and technology. Due to the aforesaid facts,
in last few decades this area has gained much attentions from the researchers, we
refer [17, (18] 19, 20, 2T, 22 23] 24], 25, 26| 27] and the references therein. In [I8],
Wang et.al, developed sufficient conditions for the existence of positive solutions to
the following coupled system of three point boundary value problem

{D8‘+u(t) = f(t,v(t), D’v(t)), D0’8+v(t) = g(t,u(t), Du(t)),0 <t <1,
u(0) = v(0) = 0,u(1) = au(n),v(1) = bo(n),

where 1 < a,8 <2, 0 < a,b,<1and 0 < n < 1 and the non-linear functions
fy9:[0,1] x [0,00) — [0, 00) are assumed to be continuous.

Motivated by the aforementioned applications and importance of fractional order
differential equations, we consider the following coupled system of fractional order
differential equations with m-point boundary conditions

Dg,x(t) = f(t,x(t),y(), Do,y(t) = g(t.z(t).y(t)), 0<t<1,

n—2 n—2 (11)
z(0)=0, z(1)= Z Ajz(ng), y(0) =0, y(1)= Z 159(&5),

where Dg, , Dg . are the standard Rieman-Liouvilli fractional order derivative of
order o, 8 respectively, where A\j,p; € (0,00) and 0 < 1 < 12 < -+ < N2 <

n—2 n—2
L0<& <& <0 <& <1, such that Y Ajmf < 1, > ujff < 1 and
j=1 j=1

1 < a,p < 2. The nonlinear functions f,g : [0,1] x R x R — R are assumed to
be continuous. We prove our main results by mean of some classical fixed point
theorems of nonlinear Laray-Schauder type and Banach contractions principle. We
develop necessary and sufficient conditions for the existence of positive solutions
and their uniqueness. Some examples are also provided for the illustration of our
results.

2. PRELIMINARIES

In this section we recall some basic definitions and lemmas from fractional cal-
culus, fixed point theory and functional analysis [2], B 14 [5] [6] [7, [8 ] [10].
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Definition 2.1. The fractional integral of order v € R, of a function v €
L'([0,1],R) is defined as

I, u(t) = ﬁ /0 (t — 5)7Lu(s)ds.

Definition 2.2. The Riemann-Liouville fractional order derivative of a function
u on the interval [0, 1] is defined by

Dy u(t) = ﬁ ((Z)n /0 (s Tu(s) ds,

where n = [y] + 1 and [y] represents the integer part of .

Lemma 2.1. [5], Assume that u € C(0,1) N L(0,1) with fractional derivative of
order v > 0 that belongs to C(0,1) N L(0,1). Then

DI'DVu(t) = u(t) + dit? 4 dot? 2 4 dgt? 4 d "
for arbitrary di, e R, k=,1,2,...,n, wheren=[y]+ 1.

Lemma 2.2. (The nonlinear alternative of Leray -Schauder type [10]). Let D be
a closed convex subset of a Banach space X. Consider a relative open subset C of
D such that 0 € C and let T : C — D be continuous and compact mapping. Then
etther

(1) the mapping T has a fized point in C; or
(2) there exist x € OC and § € (0,1) with x = 0Tx.

m—2 m—2
Lemma 2.3. Let Ay =1— > A\ and Ay =1 — > w;&;, for a given z,y €
j=1 j=1

m—2 m—2

C(I,R) and Aj, pj € (0,00) with Y- A\jn§ <1 and ) ujﬁf < 1, then BVP (L.1)
Jj=1 j=1

has a unique positive solution given by

(= ( / Ka(t, ) (s, 2(5), 9(s)ds, / Kaft,)g(s.a(s)(s)ds). (21
0 0

where Ky (t, s), Ka(t,s) are the Green’s functions and given by

_1 m—2
Atlr(a) [(1—s)*"+ z; Aj(nj — )71 = ﬁ(t -5 s <t, nj—1 < s < nj,
= 1,2, m— 1,
Kl(ta 3) = o1 1 m—2 1 J
AT(@ [(1—s)* "+ Z_:] Aj(nj —8)*1; t<s, nj—1 <s <y,
J=1,2, . m—1.
(2.2)
m—2
g1 _ _ _
Atgl"(,[i) [(1—s)P71 + Zgj (&5 —8)P71 = ﬁ(t — )71 s<t, §-1<s< ¢,
G=1,2, 0 m—1,
KQ(t7S) = -1 1 m—2 1
AST(B) [(1—s)"" + l; i (&5 — s)771; t<s, {1 <5<,
i=1,2,m—1.

(2.3)
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Proof. To obtain (2.1)), see the proof of Lemma 3.1 in [I1]. Therefore, we omit the
proof. ([

Hence, equivalent system of integral equations of Coupled system ([1.1)) is given
by

toc—l

z(t) = m _/0 (1—8)*"1f(s,2(s),y(s)) ds + Z Aj / (n; — 8)* 1 f(s,2(s),y(s)) ds

1 ! a—1 B
+@/o(t—s) f(s,2(s),y(s))ds = /K1ts)f(sx(s) y(s))ds.

A1

1 51 m—2 &5 51
y(t) = Y] —/O (1—5)"""g(s,x(s),y(s)) ds + ; uj/o (& — )" g(s,2(s),y(s)) ds

1 t

1
(t—5)""tg(s,2(s),y(s)) ds :/ Ks(t,5)g(s,2(s), y(s))ds,

T Jy
where Kl( s), Ks(t, s) can be easily obtain as in (2.2) and (2.3). We call K(t,s) =
(K1(t, s), Ka(t,s)) the Green’s functions of the BVP(L.1)) which satisfies the follow-
ing lemma

Lemma 2.4. If0 < A; < 1(¢ = 1,2) then each K;(t,s)(i = 1,2) satisfies the

following properties

(i) Ki(t,s) > 0(i = 1,2) is continuous Vt,s € [0,1],K;(t,s) > 0(i = 1,2),Vt,s €

(0,1);

(’LZ)K (t,s) < Ki(s)(i = 1,2), for each t,s € [0,1],and mingep, 1o Ki(t,s) >
K;(s)(i=1,2), where 0 < w < 0.5.

Proof. (i) Obviously K (¢, s) is continuous on [0, 1] x [0, 1] and by easy calculations
one can show that K (¢,s) > 0,Vt, s € [0,1]. Similarly for K3(¢,s) one can do the
same. Also it is obvious that K;(¢,s)(i =1,2) > 0, Vt,s € (0,1).

(ii) One can easily check that K;(t,s)(: = 1,2) is decreasing with respect to ¢ for
s < t and increasing with respect to ¢t for s > t. Thus by the monotonicity of
K;(t,s)(i = 1,2) we obtain

ta_l a—1 < a—1
e Ka(t0) = Ka(s:8) = Frpe (=977 4 30 Ayl =97

where s € (0,1), nj_1 <s<wmj;, forj=1,2,...,m—L

Similarly Jmax Ks(t,s) = Ki(s,8) = AL; (5) [(1—s)P~1 + Z wi(€ -1,
where s € (0,1), -1 <s< ¢, forj=1,2,...,m—1L
(2.4)
Hence the proof is completed. [
Let us introduce the space X = {z(t)|z(t) € C'([0,1])} whose norm is defined by
lz]] = sup{|z(t)],t € [0,1]}. Then obviously | X, ||z| | is Banach space. Similarly
Y = {y(t)|y(t) € C*([0,1])} whose norm is defined by ||y| = sup{|y(t)|,t € [0,1]}.
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Then obviously (Y, ||y||) is a Banach space. The product space X x Y is also a

Banach space under the norm defined by ||(z,y)| = max{||z|], ||y||}.
Define a cone C' = {(x,y) € X xY : z(t) > 0, y(t) > 0}, then the cone C C X x Y.

3. MAIN WORK

Theorem 3.1. Assume that f(t,x,y), g(t,x,y) are continuous, then (x,y) € X XY
is a solution of BVP (1.1) if and only if (x,y) € X XY is a solution of the following
system of integral equations

/Klts (s,x(s),y(s))ds, y(t /K2 ,x(s),y(s))ds  (3.1)

Define the operator T: X x Y — X X Y by

o= / K (t, )£ (5, 2(s), y(5))ds, / Kot (s, 2(5).(5)ds )
— (T, (2, 5) (), Tolie, 1) 0):

Then by Theorem (3.1]), the fixed points of the operator T are the solutions of the
integral equations (3.1)

(3.2)

Theorem 3.2. Assume that f(t,z,y),g(t,z,y) are continuous on [0,1] x R? — R,
then the operator defined in (3.2) T :C — C is completely continuous.

Proof. We first prove that T : C' — C defined in is completely continuous.
Due to continuity and nonnegativity of K;(t,s) for (i =1,2), f and g the operator
T is continuous for all (z,y) € C. Let @ C C be bounded then there exist a positive
constant K and L such that |f(¢,z,y)| < K and |g(¢t,z,y)| < L for all (z,y) € Q.
Then for every (z,y) €  and using |t| <1 we have

Ty (2, ) (¢)] ’ e Z / i — ) f(s,2(s), y(s»ds_L) /O (1= )1 f(s,2(s), y(s))ds

A1F(Oé

t ' ! a—1

+ ey / (t = )7 f (s 2(), y(s))ds
+ 1 m-—2 M5 a 1 ta_l 1 -

‘All“ Z / i —8)* f(s,2(s), y(s))ds — m/o (L=5)"""f(s,2(s),y(s))ds
+ i | =0 et

|ta1| 78a1 s, z(s s S i ! 7So¢1 s, x s

<At Z [ (s.s) s + s [ (¢ =920 9()ld
B0 < F it

2L

. . < AT(B+1)
similarly |T2(z, )] < X w5773
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Thus from the above inequality it is follow that the operator T is uniformly bounded.
Next we show that T is equi-continuous for this let 0 < ¢ < 7 < 1 we have

T1 (2, y)(7) = T(z, y) (1)

AT EZ [ = o (s s

7.ocl

()
o1 m—2 .n; -
“Er & f, 0= (o

tafl

- t —5)* (s, x(s s))ds
H@A“ )" (5, 2(s) y(s)d
< AIF( )| Fo—1l _ o= 1‘ Z )\ / nj _s)afl

+ % (/Ot[(f =) = (t— )" ]ds — /Ot(t - s)“‘lds)-

Thus after simplification, we get

+

l[@—@%kuﬁmmm

ds

K a— a— = fel e «
T (z,y) (1) — T1 (2, y)(t)] < W( Pl JZl i Tl =t ]>

implies that [T} (x.)(7) = Ti(x.0) ()] < 3= Fa—i—l (T 1 jom1 ppe_ga).
(3.3)
similarly we can obtain
L
_ L (s 88 .
[Tales ) - Talo)0) € pgy (P70 =) G

As the functions on the right hands of and are uniformly continuous

n [0,1]. Therefore the operator T'(x,y) is equi-continuous and thus the T'(§2) is
equi-continuous set and uniformly bounded as T'(Q2) C © . Thus T is completely
continuous. Hence proof is completed. ([

For existence of at least one positive solution, we prove the following lemma.

Theorem 3.3. Assume that f(t,z,y),9(t,z,y) are continuous on [0,1] x R? — R
and satisfy

(A1) |f(t (), y(1)] < ao(t) + a(®)[|z(t)| + [y(@)]],
(A2) [g(t,z(t),y(£))| < bo(t) + b()[|=(2)| + |y(D)I],
(A3) 0< Yy = fol Ky (t,s)ap(s)ds < oo, To = fol Ky (t,s)a(s)ds < 1,

(A1) 0< T3 = [, Ka(t, 5)bo(s)ds < 00, Ta = [, Ka(t,5)b(s)ds < 1.
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Then the system (1.1) has at least one positive solution in

. Ty T3
Q= : . .
{ware sl <mn (5 2 )| (35)
Proof. Let Q = {(x,y) € X x Y|||(z,y)|| < €}, where ¢ = min { 131(27 1?%4

Let us defineT : @ — C as in (3.2). Let (z,y) € , so ||(z,y)]| < e. Then
MwwwmvmwsdHWﬂ
/ Ki(t, s)ap(s der/ Ki(t,s)a(s)[|z(s)| + |y(s)|]ds

/mm%dﬁ/mm )\, v)llds

=T+ Tofl(z,y)] <e
Simﬂa‘rIY7 HT2(£E7y)H < €, SO HT(iU,y)H <e

Hence T'(z,y) C €. Therefore, inview of Theorem T :Q — Qis completely
continuous.
Now let us call the eigen value problem

(z,y) = pT(z,y), p € (0,1). (3.7)
Then under the assumption that (z,y) is a solution of (3.7)) for p € (0, 1), we obtain

1

]l = {lpT1(z, y)|| = p max Kl(tvs)f(s,:ﬁ(S),y(S)

te[0,1]

; Ki(s, 8)[ao(s) + a(s)(l|z]| + [lyl)ds

/ Ki(s, 8)ag(s ds—i—/ Ki(s,s)a(s)|(z,y)|/ds
== Tl + TZ”(xvy)H S €.
Similarly [ly[| = [|pT2(z,y)|| <€, so [[(z,y)[| <e,

which show that (z,y) is not in 9. Hence by Lemma 2.2} T' has a fixed point in
Q. So BVP(L.1)) has at least one positive solution. Thus proof is completed. O

Theorem 3.4. Assume that f,g : I Xx R x R — R are continuous functions and
there exist two positive functions ¢(t), ¥(t) such that for all t € [0,1] and x;,y; €
R,i=1,2,

(As5) |f(t,z1,91) — f(t 22, y2)| < o()[|1 — 22| + Y1 — ve2l],
(A6) lg(t,x1,y1) — g(t, 2, y2)| < Y(#)[|71 — 22| + [y1 — y2l]-

Then the system(L.1)) has a unique positive solutions if

/ Ki(s,s)p(s)ds <1, pu= / Ks(s,s)p(s)ds < 1. (3.9)
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Proof. Since K;(t,s),t = 1,2 and f(¢,z,y), g(t,x,y), are nonnegative, so for any
(z,y) € C we have T'(z,y) >0, also T(C) C C.
)

T (z2,y2) — Th(z1,31)|| = tfél[gb)f] T (22, y2) — Th (21, 91)]

1
/ K (t,5)[f (s, 22(s), y2(s)) = f(s,21(5), 91 (5)))ds

= Imax
te[0,1] (3.10)
/ Ki (s, 5)6()dslo2 — 1]l + lys — ]
<Az = 21| + lly2 — v ll]-
Similarly, we can get
T2 (w2, y2) — To(z1, y1)|| < plllze — 21l + ly2 — v ll]- (3.11)
Thus from (3.10)),(3.11)) we have
1T (z2,y2) — T'(21,y1) || < max(\, p)[[(z2,y2) — (z1,91)]- (3.12)

Therefore under the condition(3.9) 7" is a contraction operator. Also T is completely
continuous operator by Lemmal[3.2] so by Banach’s fixed-point theorem the operator
T has a unique fixed point, which is the the unique positive solution of BVP(1.1]).

O
4. EXAMPLE
Example 4.1. Consider the following problem
b B t2  sinz(t)  tln(l+y(t))
D4:c(t)f1+z+ 1 713 , t€(0,1),
3 _ cos 2x(t) y(t)
Dzy(t) =1 2t t 1
0 1 10 1
w0 =0 =3 o (5 ) w0 =0, w0 = ().
j=1 j=1
We have
t2  sin(z(t))  tIn(l+y(t)) t? |z(t)| t
=14 — <14 —
t.ate) 90| = |1+ o4 O BCAO) < (44 ) L S
_ —ome C0s2(x(t) | y(®) —ame) . [2(0)] 1 (4.2)
’g(t,m(t%y(t)’ = ‘10—1—6 + 16 + 517 10+e + 16 + 15th|y(t)|.
Hence
1 1 2
Ti= [ Ki(s,8)ap(s)ds = / Ki(s,8)(1+ Z)ds < o0,
0 0
1 1
Ty = / Kq(s,s)a(s)ds < / Ki(s,s)ds =~ 0.99984 < 1,
0 0 (4.3)

1 1
T3 = / Ks(s,8)bo(s)ds = / K(s,5)(10 + e2™)ds < oo,
0 0

1 1
Ty = / Ks(s, s)b(s)ds < / K(s,s)ds ~ 0.76889 < 1.
0 0
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by Theorem (3.3), BVP (4.1)) has at least one positive solution in

B | Ty
Q= {(w,y) €C: |yl <mm(1_rl’1—T3)}'

Example 4.2. Consider the following multi-point BVP

1 cos?(x(t)) n sin?(y(t)) ;
t2+1 4 g8
2 cos2(x(t)) 1
t
S TR T

2(0) =0, a(1)= ; 5o (3)- v =0 )= g;y (3):

€ [0,1],

Da(t) =

D3y(t) = € [0,1], (4.4)

1 1
:g,,uj:§,nj: .75] .,j 1,2,3,...,100

flt,z,y) = 2 iL - 4 908 Ef(t)) n sin (8y(t))’
cos(2x(t)) 1
6 15 +y(t)

Set x;(t), y:(¢), (i = 1,2) € [0,00) and ¢t € [0, 1], then we have

gtz y) =e " +

lf(t, z2,92) — f(t,z1,01)] < %[|x27:c1|+|y27y1|]
l9(t, w2, y2) — g(t, x1,11)| < é[lxz —z1| + y2 — 1] (4.5)
6s) = 5, () = 5.

1 1
= / Ki(s,s)p(s)ds < / Ki(s,s)ds = 0.99984 < 1,
0 0 (4.6)

1 1
W= / Ks(s,8)1(s)ds < / Ki(s,s)ds = 0.76889 < 1.
0 0

Thus all the conditions of Theorem ([3.4)) are satisfied, so the given BVP(4.4) has a

unique positive solution.
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