BULLETIN OF MATHEMATICAL ANALYSIS AND APPLICATIONS
ISSN: 1821-1291, URL: HTTP://WWW.BMATHAA.ORG
VOLUME 9 ISSUE 4(2017), PAGES 1-11.

FIXED POINT RESULTS FOR COMPLETE DISLOCATED
G4-METRIC SPACE VIA C-CLASS FUNCTIONS

ABDULLAH SHOAIB, ARSLAN HOJAT ANSARI, QASIM MAHMOOD AND AQEEL
SHAHZAD

ABSTRACT. In this paper, we discuss unique fixed point results for mappings
satisfying contractive condition via C-class functions for a complete dislocated
G 4-metric space. Example is also given which shows the novelty of our work.
Our results improve/generalize several well known recent and classical results.

1. Introduction and Basic Concepts

In the field of analysis the notion of metric spaces plays an important role in
pure and applied science such as biology, physics and computer science. The notion
of a G-metric space was introduced by Mustafa et al. [29].

A point x € X issaid to be a fixed point of mapping 7' : X — X, if x = Tz. Many
results appeared related to fixed point for mappings satisfying certain contractive
conditions in complete G-metric spaces and dislocated metric spaces(see [1]-[43]).
Recently, dislocated quasi G-metric space was introduced by Shoaib et al. [37) [39],
which is a generalization of both G-metric spaces and dislocated metric spaces. A
class of new C-class functions was recently introduced by Ansari et al. [6].

In this paper, we have obtained fixed point results for contractive self mappings
in a complete dislocated G4-metric space via C-class functions which extend and
improve the recent fixed point results proved by Karapinar et al. [23]. An example
is also given to support our results.

Definition 1.1 Let X be a nonempty set, and let G4: X x X x X — [0,00), be a
function satisfying the following properties:

(G1) If G4(a,b,c) =0, then a =b = ¢;

(G2) Gy(a,a,b) < Gq4(a,b,c), for all a, b, c € X with b # ¢;

(G3) Ga(a,b,c) = Gy4(a,c,b) = Ga(b,a,c) = Ga(b,c,a) = Gq(c,a,b) = Gy(c, b, a)
for all a,b,c € X;

(Gs) Gala,b,c) < Ggla,d,d) + Gq(d,b,c), for all a,b,c,d € X, (rectangle in-
equality).

Then the function Gy is called a dislocated Gg-metric on X and the pair (X, Gy)
is called dislocated G4-metric space.
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Example 1.2 Let X = [0,00) be a nonempty set and G4 : X x X x X — [0, 00)
be a function defined by

Ga(a,b,c) = max{a,b,c}, for all a,b,c € X.

Then clearly G4 : X x X x X — [0, 00) is dislocated G4-metric space.
Definition 1.3 Let (X,Gy) be a dislocated Gg-metric space, and let {z,} be a
sequence of points in X, a point z in X is said to be the limit of the sequence {z,}
if limyy, 100 Ga(T, Tn, Tm) = 0, and one says that sequence {z,} is G4-convergent
to x. Thus, if z,, — x in a dislocated G4-metric space (X, Gq), then for any € > 0,
there exist n,m € N such that G4(z, z,, ) < ¢, for all n,m > N.
Definition 1.4 Let (X, Gq4) be a dislocated G4-metric space. A sequence {z,} is
called G4-Cauchy sequence if, for € > 0 there exists a positive integer n* € N such
that Gg(xn, Tm,x1) < € for all n,l,m > n*; or Gg(xn, Tm, ) — 0 as n,m,l — oo.
Definition 1.5 A dislocated G4-metric space (X, Gq) is said to be Gg4-complete if
every Gg4-Cauchy sequence in (X, Gg4) is Gg4-convergent in X.
Proposition 1.6 Let (X, Gy) be a dislocated G4-metric space, then the following
are equivalent:

(i) {xn} is G4 convergent to .

(ii) Ga(@n, Tn,x) — 0 as n — 0.

(il) Ga(xn, z, ) = 0 as n — oo.

(iv) Ga(zp, Tm,x) — 0 as m n — oo.
Lemma 1.7 Let (X, Gy) be a dislocated Gg-metric space and {x,} be a sequence
in X such that {Gg4(zn,@n, Tnt1)} is decreasing and

lim Ga(zn, Tn, Tnt1) = 0.
n— oo

If {z2,} is not a G4-Cauchy sequence, then there exist an € > 0 and {my} and
{nr} of positive integers such that the following sequences {Ga(Tm, ,Tn,, Tn,)}s
{Gd(xmk » Tng+1, xnk+1)}ﬂ {Gd(xmk*17 Ly s xnk)}7 {Gd(xmk*h Tnp+1s xm-,+1)} and
{Ga(@m,, s Tnp415 Tny+1)} tend to € > 0, when k& — oo.
Definition 1.8 [6] A mapping F : [0,00)? — R is called a C-class function if it is
continuous and satisfies the following axioms:

(i) F(s,t) < s for all s,t € [0,00);

(ii) F'(s,t) = s implies that either s =0 or t = 0.

Mention that some C-class function F' verifies F'(0,0) = 0. We denote by C the
set of C-class functions.
Example 1.9 [6] Following examples show that the class C is nonempty:

(i) F(s,t) =s—t.

(i) F'(s,t) = ms,for some m € (0,1).

(i) F(s,t) = 1%5.

[6] Let ®,, denote the class of all functions ¢ : [0,00) — [0, 00) which satisfy the
following conditions:

(i) ¢ is continuous ;

(ii) ¢(t) > 0,t > 0 and ¢(0) > 0.



FIXED POINT RESULTS FOR COMPLETE DISLOCATED 3

2. MAIN RESULT

Theorem 2.1: Let (X,G,4) be a complete dislocated Gg-metric space, let T :
X — X be a mapping satisfying

Gd(TaaTbﬂTC) < F(W(avba c),cp(W(a,b, C))) (21)
for all a,b,c € X, where ¢ € ®&,, and F is a C class function.
Here,
1
W(a,b,c) = 5 max{Gg(b, T%a,Th), G4(Ta,T?a, Th), G4(a,Ta,b),Gy(a, Ta,c),

Ga(c,T?a,Tc),Gyq(b,Ta,Th), Gy(Ta,T?a,Tc),Gy(c, Ta, Tb),
Gy(a,b,c),Ga(a,Ta,Ta), Gqa(b,Tb,Tbh), Ga(c,Tec,Tc),
Ga(a,Th,Tb),Gq(b,Tec,Tc),Gq(e,Ta,Ta)}. (2.2)

Then, there exists a unique fixed point a € X such that Ta = a.
Proof: Consider a Picard sequence {a,} with initial guess ag € X such that

ant+1 = Tay,, for alln € N.
Suppose an4+1 # an, for all n € N U{0}. Now, consider the relation
Galan,ans1,ant1) = Gq(Tan—1,Tay, Tay)
< F(W(an-1,an,0n), p(W(an—1,an,as))). (2.3)
From (2.2),

W(an—1,an,a,) = %maX{Gd(an_l,an,an),Gd(amanﬂ,an+1),Gd(an,an,an+1),
Galan-1,0n+1,0n41), Galan, an,an)}.

By Definition 1.1, we have
Galan,an,an) < Gg(an, Gni1, Gng1)-

So,
1
W(anfluanuan) S §maX{Gd(an717an>an)7Gd(anaanJrlaanJrl)y

Gd(an» An, an+1)a Gd(anfla An+1, an+1)}o
In first case, if

1
W(anfly Qn, an) = iGd(any Gn41, an+1)a

then, by (2.3)
1
§Gd(anaan+laan+l) S Gd(anvan+17an+l)
1 1
F(§Gd(an7 An+41, an-i—l)a w(iGd(ana Ap41, an+1)))

IA

1
< §Gd(ana Ap41, a7n+1)-

Then

1 1

1
F(iGd(anaan-&-han-&-l),Sﬁ(iGd(anvan+17an+l))) = §Gd(anvan+1van+l)~
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By the property of F, we get
1 1
§Gd(an7an+17an+1) =0 or @(iGd(an7an+17an+l)> = 0.
Then,
Gd(a/’ru An+1, an-i—l) =0.
It is a contradiction because a,41 # an,. Now, in second case, if

W(an—la Qs an) = §Gd(ana Qs (Zn+1),

then, we have
1

§Gd(anaanaan+1) S Gd(an7an>an+1) S Gd(an7an+17 anJrl)
1 1
S F(iGd(anaanaan+1)a(p(§Gd(an7anyan+1)))
1
S §Gd(an;an;an+1)7

which implies
1 1 1
F(ng(an,an,an+1),w(iGd(an,an,anH))) = §Gd(an7an7an+1)'
By the property of F, we get
1 1
iGd(a’ruan)an—f—l) =0 or @(iGd(aﬂruaf’ruanﬁ-l)) =0.
Then,

1
iGd(ana G, an-‘rl) =0.

It is a contradiction because a1 # a,. In third case, if
1

W(an—1,an,an) = iGd(an,l,an,an),
then, we have
Ga(an, apy1,an+1) < F(%Gd(an_l,an,an),@%Gd(an_l,an,an)))
< %Gd(an_l,an,an)
< Galan—1,an, an). (2.4)

In fourth case, if

W(anfla Qn, an) = Gd(anfla An+1, anJrl)v

then,
1 1
Ga(an, tng1,0ng1) < F(ng(anflaarH»l»arH»l)zW(§Gd(an71;an+laan+l)>>
1
S §Gd(an—1aan+laan+l)
< Ga(an—1,an,an) + Ga(an, Gni1, ani1)

2
Gd(an,an+1,an+1) < Gd(an—laanaan)~ (25)
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Hence, by combining (2.4) and (2.5), we have
Galan, ani1,an+1) < Galan—1,an,a,) — d.
Now, by inequality (2.3) with n — oo, we have
d < F(d, ¢(d)),

then,
d=0 or ¢(d)=0.

So, we have

lim Ga(an, ant1,ans1) =0.
n— oo

We shall show that {a,} is a G4-Cauchy sequence. Suppose that {as,} is not a
G 4-Cauchy sequence and from Lemma 1.7, there exists € > 0 such that

Ga(@mp+15 0y 41, any11)) < F(Wam,, an,, an,.), o(W(amy, any, any))). (2.6)
Now, by using (2.6) as k — oo, then
e < F(e,p(e)) <e.
By the property of F, we get
e=0 or p(e)=0.
Then, ¢ = 0, which is a contradiction. This proves that {as,} is a G4-Cauchy
sequence and hence {a,} is a G4-Cauchy sequence. So, we have

Ga(an, am,am) — 0, as n — oo.

Therefore, Picard sequence {a,} is Cauchy sequence in X. Hence, a,, — a as
n — oo. In general it is clear that,

lim Gg(an,a,a) = lim G4(a,an,a,) = 0. (2.7)

n—o0 n—oo

To check either a € X is a fixed point of T or not, we consider

Gq(a,Ta,Ta) < Ggla,ans1,an41) + Galansr, Ta, Ta)
< Gd(a»an+1aan+1) +F(W(anvava),30<W(anvaaa)))‘ (26)
From (2.2),

1

W(an,a, a) = 5maX{Gd(avTQGnyTa)aGd(TanaTzaana)aGd(anyTanya)a
Gd(aananv ) Gd(a T2anaTa) Gd(a TanyTa)
Gd(Tan,T2an,Ta) Gy(a,Tay,Ta),Gq(an,a,a),
Gylan,Tan,Tay),Ga(a,Ta,Ta),Gq(a,Ta,Ta),
Galan,Ta,Ta),Gy(a,Ta,Ta),Gq(a, Tan,Ta,)}
1

W(an,a,a) = 5max{Gd(a,an+2,Ta),Gd(anﬂ,anﬁ,Ta),Gd(an,anH,a),

Gd(anaan-‘rl? ) Gd(a an+27Ta) Gd(a an+17Ta)a

(an+lyan+2aTa) Gd(a an+1,Ta) Gd(a'ma CL),
Galan, ani1,an41), Gala, Ta,Ta),G4(a, Ta,Ta)
( )

Gylan,Ta,Ta),Gq(a,Ta,Ta),Gala, ant1,0n+1)}
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1

W(an, a, a/) = 5 maX{Gd(a7 an+27 Ta)a Gd(an+17 an+27 Ta>7 Gd(a/na a/n+17 a/)7
Gd(a7 an+17 Ta’)a Gd(a’l’H a, a’)7 Gd(anv anJrl) an+1)7
Gy(a,Ta,Ta),Gy(an,Ta,Ta),Gala,ani1,an+1)} (2.7)

After applying limit n — oo, by (2.8), for every selection of W(a,, a,a) from (2.9)
and by using the fact that G4 is symmetry, we get

Ga(a,Ta,Ta) < F(Gq(a,Ta,Ta), o(Gq(a,Ta,Ta))).
By the property of F, we get
Ga(a,Ta,Ta) =0 or ¢(Gy(a,Ta,Ta))=0.

That is
Gala,Ta,Ta) = 0.

Hence, Ta = a where a € X is a fixed point for 7. For uniqueness of fixed point,
consider a,b € X be two distinct fixed points. So consider the relation,

Gala,bb) = Gq(Ta,Tb,Th)
Gd(a’bv b) < F(W(aa b, b)v@(W(avba b))) (28)
From (2.2),

Wiabb) — }mqqmmmm%@maygmﬂ@,
Ga(b,a,a),Gyla,a,a), G4(b,b,b)}. (2.9)
Also,
Gala,a,a)
Ga(b,b,b)
Gala,a,b)

G4(a,b,b),
Gd(av ba b)7
Gd(a’a b7 b)7

INIAIA

and
Gd(bv a, a) S Gd(a7 b7 b)
Hence, (2.11) gives

W@amzé@m@m.

Gala,b,t) < F(5(Gala,b,b), ol (Gala b)),

1
S §(Gd(a'7 b) b)7

which implies
Ga(a,b,b) =0. or ¢(Gg(a,b,b)) =0.
That is
Gd(a, b, b) =0.
It is a contradiction to our assumption, that is @ # b. So our supposition is wrong.
Hence, a € X is a unique fixed point for T'.
Example 2.2: Let X ={0,1,2,3,4}, and G4 : X x X x X — X, be a mapping
defined by,
Gy(a,b,c) = max{a,b,c} forall a,b,c € X
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then, (X, Gy) is a complete dislocated G4-metric space. Let, T : X — X be defined

by,
T — 0 if z€{0,1,2}
11 if ze{3,4}
and
F(s,t) =s—t forall s,t>0.
Take ¢(t) = £ for all t > 0.
Case I: If a =0, b=1, and ¢ = 2, then
G4a(Ta,Tb,Tc) = max{0,0,0}
= 0.
Moreover
1
W(a,b,c) = imax{l,(), 1,2,2,1,0,2,2,0,1,2,0,1,2}
2
= —=1
2
Therefore
F(W(a7 b, C), (p(W(Ch b, C))) = F(1> 9‘7(1))
1
= F(1,-
( ’5)
1
= 1 —_ =
5
_ 4
= &
Thus

Ga(Ta, Tb,Tc) =0 < 1 F(W(a,b,c), p(W(a,b,c))),

5
that is, (2.1) holds.
Case II: If a =0, b =1, and ¢ = 3, then

G4(Ta,Tb,Tc) = max{0,0,1}
= 1.
Moreover
1
W(a,b,c) = 5max{1,0,173,3,1,1,373,0,173,071,3}
_ 3
= 5
Therefore
3 3
F(W(a,b,c),g@(W(a,b, C))) = F(i)@(i))
3 3
= F -, —
(2,10)
_ 3 3
n 10
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Thus 6

that is, (2.1) holds.
Case III: If a =1, b= 1, and ¢ = 1, then

G4(Ta, Tb,Tc) = max{0,0,0}
= 0.
Moreover
1
W(a,b,c) = imax{l,O,L1,1,1,0,171,1,1,1,171,1}
1
= 3
Therefore
1 1
F(W<a7bac)a(p(W(a’7b’ C))) = F(§,(p(2))
1 1
- (5’10
_ 1.1
2 10
_ 2
= 5
Thus

Ga(Ta, Tb,Tc) =0 < % = F(W(a,b,c), o(W(a,b,c))),

that is, (2.1) holds.
It is clear from above cases, the contractive condition of Theorem 2.1 holds and
similarly for other cases. Therefore, 0 € X, is a fixed point for T, such that 70 = 0.
In Theorem 2.1, W(a,b,c) contains 15 elements. Hence many corollaries can
be constructed by taking different subsets of W(a,b,c¢). Some of them are given
below.
Corollary 2.3: Let (X,G4) be a complete dislocated Gg4-metric space, let T :
X — X be a mapping satisfying

Gal(Ta, Tb,T¢) < F(3Galb, T, T0), 9(5Calb, 7%, TD)))

for all a,b,c € X, where p € ®,, and F' is a C class function. Then, there exists a
unique fixed point @ € X such that Ta = a.

Corollary 2.4: Let (X,G4) be a complete dislocated Gg-metric space, let T :
X — X be a mapping satisfying

1 1
Gq(Ta,Th,Tc) < F(iGd(Ta, T?a,Th), cp(iGd(Ta, T?a,Th)))

for all a,b,c € X, where ¢ € ®,, and F is a C' class function. Then, there exists a
unique fixed point @ € X such that Ta = a.

Corollary 2.5: Let (X,G4) be a complete dislocated G4-metric space, let T :
X — X be a mapping satisfying

1 1
Gy(Ta, Tbh,Tc) < F(iGd(a,Ta, b), @(iGd(a,Ta, b)))
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for all a,b,c € X, where ¢ € ®,, and F is a C' class function. Then, there exists a
unique fixed point @ € X such that Ta = a.
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