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FIXED POINT THEOREMS OF INTUITIONISTIC FUZZY

MAPPINGS IN QUASI-PSEUDO METRIC SPACES

AKBAR AZAM, REHANA TABASSUM

Abstract. The main focus in this article is to establish some fixed point the-

orems for intuitionistic fuzzy mappings in left K-sequentially complete quasi-

pseudo metric spaces as well as right K-sequentially complete quasi-pseudo
metric spaces in association with (α, β)− cut set of an intuitionistic fuzzy set.

Our main results generalize and unify several well-known fixed point results for

intuitionistic fuzzy maps. Some examples are presented to prove the validity
of hypothesis of our main results.

1. Introduction

Heilpern [15] first bring about the idea of fuzzy mappings and proved a fixed point
theorem for fuzzy contraction mappings on complete metric linear spaces which is
an extension of the fixed point theorem for multivalued mappings of Nadler [20].
The notion of fixed point for fuzzy mappings was initiated by Weiss [27] and But-
nariu [13]. Subsequently, several authors (see, [1, 6, 7, 8, 9, 19, 25]) generalized
and studied the existence of fixed points of fuzzy mappings satisfying a contractive
condition.
In 1963, Kelly [18] introduced the concept of Cauchy sequence for a quasi-pseudo-
metric space and gave a generalization of the Baire category theorem. This defini-
tion was further extended by Reilly et al. [22] in seven different notions. Afterwards,
in 1999, Gregori [14] established a fixed point theorem for fuzzy contraction map-
pings in left K-sequentially complete quasi-pseudo metric space to extend the result
of Heilpern [15]. Later on, in 2003, Telci [26] proved a fixed point theorem for fuzzy
mappings in quasi-metric spaces. In 2005, Sahin et al. [23] presented common fixed
point theorem for a pair of fuzzy mappings in left (right) K-sequentially complete
quasi-pseudo metric spaces.
In 2013, Azam et al. [9] established some local versions of fixed point theorems for
fuzzy contraction mappings in left (right) K-sequentially complete quasi-pseudo
metric spaces to generalize the result of Gregori [14]. Recently, Rashid et al. [10]
generalized the results [9, 14] by introducing L-fuzzy contraction mappings in left
(right) K-sequentially complete quasi-pseudo metric spaces.
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On the other hand, intuitionistic fuzzy set (IFS), developed by Atanassov (see,
[3, 4, 5]) in 1983, is a powerful tool to deal with vagueness. A prominent charac-
teristic of (IFS) is that it assigns to each element a membership degree and a non-
membership degree and thus, the (IFS) constitutes an extension of Zadeh’s fuzzy
set [28], which only assigns to each element a membership degree. Moreover, fuzzy
set is a special case of (IFS) by assigning each element a degree of non-membership.
Thus, (IFS) would be better to deal with the imprecise and uncertain information
than fuzzy sets. Afterwards, several researchers explored on the extension of the
notion of intuitionistic fuzzy set see, ([2, 11, 12, 16, 17, 21, 24, 25, 26]). In 2012,
Shen et al. [24] introduced the concept of intuitionistic fuzzy mappings and defined
some operations of intuitionistic fuzzy mappings to develop a soft algebra and pro-
posed a relationship with the intuitionistic fuzzy relation.
Thus, motivated and inspired by the researcher’s work presented in [24], fixed point
theorems for intuitionistic fuzzy mappings with (α, β)− cut set of an intuitionistic
fuzzy set in left (right) K-sequentially complete quasi-pseudo metric spaces have
been established. Moreover, our results are based on the fact that mappings are
not contractive on the whole space but they may be contractive on its subset.
Using same techniques of this paper, a variety of fixed point results of literature
can be improved/generalized in connection with the idea of (α, β) − cut set for
intuitionistic fuzzy mappings.

2. Preliminaries

This section explores the some basic definitions and known results needed in the
sequel.

Definition 2.1 [9] Let X be a nonempty set. Then the function d : X ×X →
[0,∞) is called quasi-pseudo metric on X, if for all x, y, z ∈ X, satisfying the
following
(i) d (x, x) = 0
(ii) d (x, y) ≤ d (x, z) + d (z, y) .
If d is a quasi-pseudo metric on X, then a pair (X, d) is said to be quasi-pseudo
metric space.
Each quasi-pseudo metric d on X induces a topology τ (d) which has as a base the
family of all d-balls Bε (x), where

Bε (x) = {y ∈ X : d (x, y) < ε} .

If d is a quasi-pseudo metric on X, then the function d−1 : X × X → [0,∞)
defined by d−1 (x, y) = d (y, x) is also quasi-pseudo metric on X. Here, d ∧ d−1 =
min

{
d, d−1

}
and d ∨ d−1 = max

{
d, d−1

}
.

Definition 2.2 [22] Let (X, d) be a quasi-pseudo metric space. A sequence {xn}
where n ∈ N in X is said to be
(i) left K-Cauchy if for each ε > 0, there exists k ∈ N such that d (xn, xm) < ε for
all m ∈ N with m ≥ n ≥ k.
(ii) right K-Cauchy if for each ε > 0, there exists k ∈ N such that d (xn, xm) < ε
for all m ∈ N with n ≥ m ≥ k.
A quasi-pseudo metric space (X, d) is said to be left(right) K-sequentially complete
if each left(right) K-Cauchy sequence in (X, d) converges to some point in X.
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Definition 2.3 [9] Let (X, d) be a quasi-pseudo metric space and let A and
B be two nonempty closed subsets of X w.r.t τ (d). Then the Hausdorff distance
between subsets A and B is defined as

H (A,B) = max

{
sup
a∈A

d (a,B) , sup
b∈B

d (b, A)

}
,

where

d (a,B) = inf {d (a, x) : x ∈ B} .
Clearly, H is the usual Hausdorff distance if d is a metric on X.

Definition 2.4 [9] A fuzzy set A on a nonempty set X is a function A : X →
[0, 1] . If A is a fuzzy set and x ∈ X, then the function values A (x) is called the
grade of membership of x in A.
The α− level set of A is denoted by [A]α and is defined as:

[A]α = {x : A (x) ≥ α} for each α ∈ (0, 1] ,

[A]0 = cl ({x : A (x) > 0}) .

Here, cl (B) denotes the closure of the set B.

Definition 2.5 [14] Let X be an arbitrary set and Y be a metric space. A
mapping T is called fuzzy mapping if T is a mapping from X into IY .

The classesW ∗ (X) andW / (X) of fuzzy sets on quasi-pseudo metric space (X, d)
and W (V ) of fuzzy sets on a metric linear space (V, dV ) are defined as follows:

W ∗ (X) =
{
A ∈ IX : A1 is nonempty d-closed and d−1-compact

}
W / (X) =

{
A ∈ IX : A1 is nonempty d-closed and d-compact

}
W (V ) =


A ∈ IV : Aα is compact and convex in V

for each α ∈ (0, 1]
with sup

x∈V
µA (x) = 1

 .

Definition 2.6 [23] Let (X, d) be a quasi-pseudo metric space and let A, B ∈
W ∗ (X)

(
or W / (X)

)
and α ∈ [0, 1]. Then following notions are defined as:

Dα (A,B) = H ([A]α , [B]α) ,

where the Hausdorff metric H is deduced from the quasi-pseudo metric d on X.

d∞ (A,B) = sup {Dα (A,B) : α ∈ (0, 1]} .

Lemma 2.7 [15] Suppose that K 6= ϕ is compact in the quasi-pseudo metric
space

(
X, d−1

)
or (X, d) . If z ∈ X, then there exists k0 ∈ K such that

d (z,K) = d (z, k0) or d (K, z) = d (k0, z) .

3. Fixed point theorems for intuitionistic fuzzy contractive maps

In this section, on the basis of (IFS), some definitions and lemmas are discussed.
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Definition 3.1 [4] Let X be a nonempty set. An Intuitionistic fuzzy set E in
X is an object having the form

E = {〈x, µE (x) , νE (x)〉 : x ∈ X} ,
where the functions µE (x) : X → [0, 1] and νE (x) : X → [0, 1] define respectively,
the degree of membership and degree of non-membership of x to E, satisfying the
condition

0 ≤ µE (x) + υE (x) ≤ 1 for each x ∈ X.
Furthermore, we have

πE (x) = 1− µE (x)− υE (x)

called the hesitation margin of x to E. Clearly

0 ≤ πE (x) ≤ 1 for all x ∈ X.

We denote the collection of all intuitionistic fuzzy sets on X by (IFS)
X
.

Definition 3.2 [3] Let E is an intuitionistic fuzzy set and x ∈ X, then α− level
set of an intuitionistic fuzzy set E is denoted by [E]α and defined as

[E]α = {x ∈ X : µE (x) ≥ α and υE (x) ≤ 1− α} if α ∈ [0, 1] .

Definition 3.3 [16] Let E is an intuitionistic fuzzy set on X, then (α, β)− cut
set of E is defined as

E(α,β) = {x ∈ X : µE (x) ≥ α and υE (x) ≤ β} , where α+ β ≤ 1,

which is generalization of α− level set.
We denote E(M,m) by [E]

∗
and is defined as

E(M,m) = [E]
∗

= {x ∈ X : µE (x) = M and υE (x) = m} ,
where

M = max
x∈X

µE (x) ,

m = min
x∈X

υE (x) .

Definition 3.4 [17] Any crisp set A can be represented as an intuitionistic fuzzy
set by its intuitionistic characteristic function 〈ΦA,ΨA〉 defined as:

ΦA (x) =

{
1 if x ∈ A
0 if x /∈ A, ΨA (x) =

{
0 if x ∈ A
1 if x /∈ A.

For convenience, we use the following notations

ΩAαβ (x) =

{
α x ∈ A
β x /∈ A,

which gives the following comparison

ΦA (x) = ΩA1
0

(x) = χA (x) and ΨA (x) = ΩA0
1

(x) = 1− χA (x) .

Now we are defining the classes for intuitionistic fuzzy sets on the basis of classes
defined in [13] .
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Definition 3.5. Let (X, d) be a quasi-pseudo metric space and (V, dV ) be a

metric linear space. The families W ∗IF (X) and W
/
IF (X) of intuitionistic fuzzy sets

on (X, d) and WIF (V ) of intuitionistic fuzzy sets on (V, dV ) are defined by

W ∗IF (X) =
{
E ∈ (IFS)

X
: [E]

∗
is nonempty d-closed and d−1-compact

}
W

/
IF (X) =

{
E ∈ (IFS)

X
: [E]

∗
is nonempty d-closed and d-compact

}
WIF (V ) =


E ∈ (IFS)

V
: E(α,β) is compact and convex in V

for each (α, β) ∈ (0, 1]× [0, 1)
with sup

x∈V
µE (x) = 1 and inf

x∈V
υE (x) = 0

 .

Definition 3.6 [24] Let X be an arbitrary set and Y be a quasi-pseudo metric
space. S is said to be intuitionistic fuzzy mapping if S is a mapping from X into

W ∗IF (Y ) or
(
W

/
IF (Y )

)
.

Definition 3.7. A point x∗ ∈ X is called fixed point of an intuitionistic fuzzy

mapping S : X → (IFS)
X

if x∗ ∈ [Sx∗]
∗
, i.e.

for all x ∈ X, µS(x∗) (x) ≤ µS(x∗) (x∗) and υS(x∗) (x) ≥ υS(x∗) (x∗) .

Definition 3.8. Let (X, d) be a quasi-pseudo metric space and let E, G ∈
W ∗IF (X) or W

/
IF (X) and (α, β) ∈ (0, 1]× [0, 1) . Then it can be defined as

D(α,β) (E,G) = H
(

[E](α,β) , [G](α,β)

)
,

where the Hausdorff metric H is deduced from the quasi-pseudo metric d on X,

d(∞,∞) (E,G) = sup
{
D(α,β) (E,G) : (α, β) ∈ (0, 1]× [0, 1)

}
.

For A, B ∈ (IFS)
X

, A ⊂ B implies that µA (x) ≤ µB (x) and υA (x) ≥ υB (x) for
each x ∈ X.
Now we are modifying the following Lemmas (see, [9, 14]) for intuitionistic fuzzy
mappings.

Lemma 3.9. Let (X, d) be a quasi-pseudo metric space, x ∈ X and E ∈
W ∗IF (X) or W

/
IF (X) . Then x ∈ [E]

∗

if and only if d
(
x, [E]

∗)
= 0 or

d
(
[E]
∗
, x
)

= 0.

Lemma 3.10. Let (X, d) be a quasi-pseudo metric space and E ∈ W ∗IF (X) or

W
/
IF (X) . Then for any x, y ∈ X and (α, β) ∈ (0, 1]× [0, 1), we have

d
(
x, [E](α,β)

)
≤ d (x, y) + d

(
y, [E](α,β)

)
or

d
(

[E](α,β) , x
)
≤ d

(
[E](α,β) , y

)
+ d (y, x) .
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Lemma 3.11. Let (X, d) be a quasi-pseudo metric space and E, G ∈W ∗IF (X)

or W
/
IF (X). Then for x0 ∈ [E](α,β) and (α, β) ∈ (0, 1]× [0, 1), we have

d
(
x0, [G](α,β)

)
≤ D(α,β) (E,G) or

d
(

[G](α,β) , x0

)
≤ D(α,β) (G,E) .

4. Fixed point theorems for intuitionistic fuzzy contractive maps

In this section, fixed point results for intuitionistic fuzzy contraction mappings
in a left (right) K-sequentially complete quasi-pseudo metric space are presented.

Theorem 4.1. Let (X, d) be a left K-sequentially complete quasi-pseudo metric
space, x0 ∈ X, ε > 0 and S : X → W ∗IF (X) is an intuitionistic fuzzy mapping. If

there exists 0 < q < 1 such that for each x, y ∈ Bd (x0, ε), we have

d(∞,∞) (Sx, Sy) ≤ q
(
d−1 ∧ d

)
(x, y)

and

d
(
x0, [Sx0]

∗)
< (1− q) ε.

Thus, there exists z ∈ Bd (x0, ε) such that z ∈ [Sz]
∗
.

Proof. Since K = [Sx0]
∗

is nonempty d−1-compact and x0 ∈ X, It follows from
Lemma 2.7, there exists x1 ∈ [Sx0]

∗
such that

d (x0, x1) = d
(
x0, [Sx0]

∗)
< (1− q) ε.

This also implies that x1 ∈ Bd (x0, ε) .
By Lemma 2.7, there exists x2 ∈ [Sx1]

∗
for x1 ∈ X such that

d (x1, x2) = d
(
x1, [Sx1]

∗)
≤ D(M,m) (Sx0, Sx1)

≤ d(∞,∞) (Sx0, Sx1)

≤ q
(
d−1 ∧ d

)
(x0, x1)

≤ qd (x0, x1)

< q (1− q) ε.

As

d (x0, x2) ≤ d (x0, x1) + d (x1, x2)

< (1− q) ε+ q (1− q) ε
< (1− q)

(
1 + q + q2 + · · ·

)
ε = ε.
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This implies that x2 ∈ Bd (x0, ε) .
By Lemma 2.7, there exists x3 ∈ [Sx2]

∗
for x2 ∈ X such that

d (x2, x3) = d
(
x2, [Sx2]

∗)
≤ D(M,m) (Sx1, Sx2)

≤ d(∞,∞) (Sx1, Sx2)

≤ q
(
d−1 ∧ d

)
(x1, x2)

≤ qd (x1, x2)

< q2d (x0, x1)

< q2 (1− q) ε.

Now,

d (x0, x3) ≤ d (x0, x1) + d (x1, x2) + d (x2, x3)

< (1− q) ε+ q (1− q) ε+ q2 (1− q) ε
< (1− q)

(
1 + q + q2 + · · ·

)
ε = ε.

This implies that x3 ∈ Bd (x0, ε) . Continuing in this way, we can obtain a sequence
xn ∈ [Sxn−1]

∗
such that

d (xn−1, xn) < qn−1d (x0, x1) < qn−1 (1− q) ε for n = 2, 3, 4, · · · .

and xn ∈ Bd (x0, ε) .
Hence, it can be verified that {xn} is a left K-Cauchy sequence. For n < m, we
obtain

d (xn, xm) ≤
m−n−1∑
j=0

d (xn+j , xn+j+1) <

m−1∑
j=n

qjd (x0, x1) <

(
qn

1− q

)
d (x0, x1) .

Since 0 < q < 1, it follows that {xn} is a left K-Cauchy sequence in the left
K-sequentially complete quasi-pseudo metric space (X, d) . Thus, there exists z ∈
Bd (x0, ε) such that limn→∞ xn = z.
Now by Lemma 3.10 and Lemma 3.11, we obtain

d
(
z, [Sz]

∗) ≤ d (z, xn) + d
(
xn, [Sz]

∗)
≤ d (z, xn) +D(M,m) (Sxn−1, Sz)

≤ d (z, xn) + d(∞,∞) (Sxn−1, Sz)

≤ d (z, xn) + q
(
d−1 ∧ d

)
(xn−1, z)

≤ d (z, xn) + qd−1 (xn−1, z)

≤ d (z, xn) + qd (z, xn−1) .

It implies that

d (z, xn) and d (z, xn−1) converges to zero as n→∞.

Therefore,

d
(
z, [Sz]

∗)
= 0.

By Lemma 3.9, we obtain

z ∈ [Sz]
∗
.

This completes the proof.
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Theorem 4.2. Let (X, d) be a right K-sequentially complete quasi-pseudo

metric space, x0 ∈ X, ε > 0 and S : X → W
/
IF (X) is an intuitionistic fuzzy

mapping. If there exists 0 < q < 1 such that for each x, y ∈ Bd (x0, ε), we obtain

d(∞,∞) (Sx, Sy) ≤ q
(
d−1 ∧ d

)
(x, y)

and

d
(
[Sx0]

∗
, x0
)
< (1− q) ε.

Thus, there exists z ∈ Bd (x0, ε) such that z ∈ [Sz]
∗
.

Proof. The proof is similar to the proof of Theorem 4.1 and thus omitted.

Corollary 4.3 [9] Let (X, d) be a left K-sequentially complete quasi-pseudo
metric space, x0 ∈ X, ε > 0 and S : X →W ∗ (X) be fuzzy mapping. If there exists
0 < q < 1 such that for each x, y ∈ Bd (x0, ε), we have

d∞ (Sx, Sy) ≤ q
(
d−1 ∧ d

)
(x, y)

and

d (x0, [Sx0]1) < (1− q) ε.
Thus, there exists z ∈ Bd (x0, ε) such that χ{z} ⊂ Sz.

Example 4.4. Let X = R ∪ {ω}, ω /∈ R. Define d : X × X → [0,∞) by
d (x, y) = |x− y|, for all x, y ∈ R and d (ω, ω) = 0.

d (x, ω) =

 −x+ 1
3 , x < − 1

3
2, − 1

3 ≤ x ≤
1
3

x+ 2, x > 1
3


and

d (ω, x) =

 −x−
1
3 , x < − 1

3
0, − 1

3 ≤ x ≤
1
3

x− 1
3 , x > 1

3

 .

Then (X, d) is a left K-sequentially complete quasi-pseudo metric space. Define
intuitionistic fuzzy mapping S = 〈µS , υS〉 : X →W ∗IF (X) as follows:

Sx = {〈µSx, υSx〉} .

=



〈
Ω{−x− 1

3}0.90.08

,Ω{−x− 1
3}0.080.9

〉
, x < − 1

3〈
Ω{−x

3 }0.90.08

,Ω{−x
3 }0.080.9

〉
, − 1

3 ≤ x ≤
1
3〈

Ω{− 1
3+x}0.90.08

,Ω{− 1
3+x}0.080.9

〉
, x > 1

3〈
Ω{0}0.90.08

,Ω{0}0.080.9

〉
, x = ω


.

Thus,

[Sx]
∗

= [Sx](0.9,0.08) =


t ∈ X : Ω

{−x− 1
3}0.90.08

(t) = 0.9 and Ω{−x− 1
3}0.080.9

(t) = 0.08, x < − 1
3

t ∈ X : Ω{−x
3 }0.90.08

(t) = 0.9 and Ω{−x
3 }0.080.9

(t) = 0.08, − 1
3 ≤ x ≤

1
3

t ∈ X : Ω{− 1
3+x}0.90.08

(t) = 0.9 and Ω{− 1
3+x}0.080.9

(t) = 0.08, x > 1
3

t ∈ X : Ω{0}0.90.08
(t) = 0.9 and Ω{0}0.080.9

(t) = 0.08, x = ω

 .
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This implies that

[Sx]
∗

=


−x− 1

3 , x < − 1
3−x

3 , − 1
3 ≤ x ≤

1
3

− 1
3 + x, x > 1

3
0, x = ω

 .

Now ∣∣∣∣x− y3

∣∣∣∣ < 2

3
|x− y| .

Therefore, for q = 2
3 and for each x, y ∈ Bd

(
0, 13
)

we have

d(∞,∞) (Sx, Sy) ≤ q
(
d−1 ∧ d

)
(x, y)

and

d
(
0, [S0]

∗)
< (1− q) .

This implies that 0 ∈ Bd
(
0, 13
)
. Thus, all the assumptions of theorem 4.1 are

satisfied to obtain 0 ∈ [S0]
∗
.

It is noticed that an intuitionistic fuzzy mapping defined in the above example is
not contractive on the whole space X. For example, when x and y are not in the
interval

[
− 1

3 ,
1
3

]
.

Theorem 4.5. Let (X, d) be a left K-sequentially complete quasi-pseudo metric
space, x0 ∈ X, ε > 0 and S : X → W ∗IF (X) is an intuitionistic fuzzy mapping. If

there exists 0 < q < 1
2 such that for each x, y ∈ Bd (x0, ε),

d(∞,∞) (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d

(
x, [Sx]

∗)
+ d

(
y, [Sy]

∗)}
and

d
(
x0, [Sx0]

∗)
< (1− q) ε.

Thus, there exists z ∈ Bd (x0, ε) such that z ∈ [Sz]
∗
.

Proof. Since K = [Sx0]
∗

is nonempty d−1-compact and x0 ∈ X, It follows from
Lemma 2.7, there exists x1 ∈ [Sx0]

∗
such that

d (x0, x1) = d
(
x0, [Sx0]

∗)
< (1− q) ε. (1)

This also implies that x1 ∈ Bd (x0, ε) .
By Lemma 2.7, there exists x2 ∈ [Sx1]

∗
for x1 ∈ X such that

d (x1, x2) = d
(
x1, [Sx1]

∗)
≤ D(M,m) (Sx0, Sx1)

≤ d(∞,∞) (Sx0, Sx1)

≤ qmax
{(
d−1 ∧ d

)
(x0, x1) , d

(
x0, [Sx0]

∗)
+ d

(
x1, [Sx1]

∗)}
≤ qmax {d (x0, x1) , d (x0, x1) + d (x1, x2)} . (2)

Now, we are considering the following cases:
Case 1: If d (x0, x1) is taken as maximum in above inequality (2) and also using
inequality (1), we have

d (x1, x2) ≤ qd (x0, x1) < q (1− q) ε.
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Case 2. If d (x0, x1) + d (x1, x2) is taken as maximum in above inequality (2), we
get

d (x1, x2) ≤ q {d (x0, x1) + d (x1, x2)}

≤
(

q

1− q

)
d (x0, x1) .

As
(

q
1−q

)
< q, then by inequality (1), we obtain

d (x1, x2) ≤ qd (x0, x1) < q (1− q) ε.
It follows from the above two cases that

d (x1, x2) < q (1− q) ε.
Since

d (x0, x2) ≤ d (x0, x1) + d (x1, x2)

< (1− q) ε+ q (1− q) ε
< (1− q)

(
1 + q + q2 + · · ·

)
ε = ε.

It implies that x2 ∈ Bd (x0, ε) .
Following in the same way, we obtain a sequence xn ∈ [Sxn−1]

∗
such that

d (xn−1, xn) < qn−1d (x0, x1) < qn−1 (1− q) ε for n = 2, 3, 4, · · ·

and xn ∈ Bd (x0, ε) .
Now, it can be shown that {xn} is a left K-Cauchy sequence. For n < m, we obtain

d (xn, xm) ≤
m−n−1∑
j=0

d (xn+j , xn+j+1) <

m−1∑
j=n

qjd (x0, x1) <

(
qn

1− q

)
d (x0, x1) .

Since 0 < q < 1, it follows that {xn} is a left K-Cauchy sequence in the left
K-sequentially complete quasi-pseudo metric space (X, d) . Thus, there exists z ∈
Bd (x0, ε) such that limn→∞ xn = z. Now from Lemma 3.10 and Lemma 3.11, we
obtain

d
(
z, [Sz]

∗) ≤ d (z, xn) + d
(
xn, [Sz]

∗)
≤ d (z, xn) +D(M,m) (Sxn−1, Sz)

≤ d (z, xn) + d(∞,∞) (Sxn−1, Sz)

≤ d (z, xn) + qmax
{(
d−1 ∧ d

)
(xn−1, z) , d

(
xn−1, [Sxn−1]

∗)
+ d

(
z, [Sz]

∗)}
≤ d (z, xn) + qmax

{
d−1 (xn−1, z) , d (xn−1, xn) + d

(
z, [Sz]

∗)}
≤ d (z, xn) + qmax

{
d (z, xn−1) , d (xn−1, xn) + d

(
z, [Sz]

∗)}
.

As

d (z, xn) and d (z, xn−1) and d (xn−1, xn) converges to zero as n→∞.
Hence, we obtain

d
(
z, [Sz]

∗) ≤ qmax
{
d
(
z, [Sz]

∗)}
,

it implies that

d
(
z, [Sz]

∗)
= 0.

Thus by Lemma 3.9, we have

z ∈ [Sz]
∗
.
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This completes the proof.

Corollary 4.6 [9] Let (X, d) be a left K-sequentially complete quasi-pseudo
metric space, x0 ∈ X, ε > 0 and S : X → W ∗ (X) be a fuzzy mapping. If there
exists 0 < q < 1

2 such that for each x, y ∈ Bd (x0, ε),

d∞ (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d (x, [Sx]1) + d (y, [Sy]1)

}
and

d (x0, [Sx0]) < (1− q) ε.
Thus, there exists z ∈ Bd (x0, ε) such that χ{z} ⊂ Sz.

Example 4.7. Let (X, d) be a left K-sequentially complete quasi-pseudo metric
space of Example 4.4.
Now S : X →W ∗IF (X) defined as:

Sx = {〈µSx, υSx〉}

=



〈
Ω{−x− 1

3}0.90.1

,Ω{−x− 1
3}0.10.9

〉
, x < − 1

3〈
Ω{−x

6 }0.90.1

,Ω{−x
6 }0.10.9

〉
, − 1

3 ≤ x ≤
1
3〈

Ω{− 1
3+x}0.90.1

,Ω{− 1
3+x}0.10.9

〉
, x > 1

3〈
Ω{0}0.90.1

,Ω{0}0.10.9

〉
, x = ω


.

Thus,

[Sx]
∗

= [Sx](0.9,0.1)

=


t ∈ X : Ω{−x− 1

3}0.90.1

(t) = 0.9 and Ω{−x− 1
3}0.10.9

(t) = 0.1, x < − 1
3

t ∈ X : Ω{−x
6 }0.90.1

(t) = 0.9 and Ω{−x
6 }0.10.9

(t) = 0.1, − 1
3 ≤ x ≤

1
3

t ∈ X : Ω{− 1
3+x}0.90.1

(t) = 0.9 and Ω{− 1
3+x}0.10.9

(t) = 0.1, x > 1
3

t ∈ X : Ω{0}0.90.1
(t) = 0.9 and Ω{0}0.10.9

(t) = 0.1, x = ω

 .

It implies that

[Sx]
∗

=


−x− 1

3 , x < − 1
3−x

6 , − 1
3 ≤ x ≤

1
3

− 1
3 + x, x > 1

3
0, x = ω

 .

Now, ∣∣∣∣x− y6

∣∣∣∣ ≤ 2

5

[∣∣∣x− x

6

∣∣∣+
∣∣∣y − y

6

∣∣∣] .
Therefore, for q = 2

5 and for each x, y ∈ Bd
(
0, 13
)

we have

d(∞,∞) (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d

(
x, [Sx]

∗)
+ d

(
y, [Sy]

∗)}
and

d
(
0, [S0]

∗)
< (1− q) .

It yields 0 ∈ Bd
(
0, 13
)
. Thus, all the assumptions of theorem 4.5 are satisfied to

obtain 0 ∈ [S0]
∗
.
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Theorem 4.8. Let (X, d) be a right K-sequentially complete quasi-pseudo

metric space, x0 ∈ X, ε > 0 and S : X → W
/
IF (X) is an intuitionistic fuzzy

mapping. If there exists 0 < q < 1
2 such that for each x, y ∈ Bd (x0, ε),

d(∞,∞) (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d

(
[Sx]

∗
, x
)

+ d
(
[Sy]

∗
, y
)}

and

d
(
[Sx0]

∗
, x0
)
< (1− q) ε.

Thus, there exists z ∈ Bd (x0, ε) such that z ∈ [Sz]
∗
.

Proof. The proof is similar to the proof of Theorem (4.5) and so omitted.

Theorem 4.9. Let (X, d) be a left K-sequentially complete quasi-pseudo metric
space, x0 ∈ X, ε > 0 and S : X → W ∗IF (X) is an intuitionistic fuzzy mapping. If

there exists 0 < q < 1
2 such that for each x, y ∈ Bd (x0, ε),

d(∞,∞) (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d

(
x, [Sy]

∗)
+ d

(
y, [Sx]

∗)}
and

d
(
x0, [Sx0]

∗)
< (1− q) ε.

Thus, there exists z ∈ Bd (x0, ε) such that z ∈ [Sz]
∗
.

Proof. Since K = [Sx0]
∗

is nonempty d−1-compact and x0 ∈ X, it follows from
Lemma 2.7, there exists x1 ∈ [Sx0]

∗
such that

d (x0, x1) = d
(
x0, [Sx0]

∗)
< (1− q) ε. (3)

This also implies that x1 ∈ Bd (x0, ε) .
By Lemma 2.7, there exists x2 ∈ [Sx1]

∗
for x1 ∈ X such that

d (x1, x2) = d
(
x1, [Sx1]

∗)
≤ D(M,m) (Sx0, Sx1)

≤ d(∞,∞) (Sx0, Sx1)

≤ qmax
{(
d−1 ∧ d

)
(x0, x1) , d

(
x0, [Sx1]

∗)
+ d

(
x1, [Sx0]

∗)}
≤ qmax {d (x0, x1) , d (x0, x1) + d (x1, x2)} . (4)

Now, we are considering the following cases:
Case 1: If d (x0, x1) is taken as maximum in above inequality (4) and also using
inequality (3), we have

d (x1, x2) ≤ qd (x0, x1) < q (1− q) ε.

Case 2. If d (x0, x1) + d (x1, x2) is taken as maximum in above inequality (4), we
get

d (x1, x2) ≤ q {d (x0, x1) + d (x1, x2)}

≤
(

q

1− q

)
d (x0, x1) .

As
(

q
1−q

)
< q, then by inequality (3), we obtain

d (x1, x2) ≤ qd (x0, x1) < q (1− q) ε.
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It follows from the above two cases that

d (x1, x2) < q (1− q) ε.
Since

d (x0, x2) ≤ d (x0, x1) + d (x1, x2) < (1− q) ε+ q (1− q) ε
< (1− q)

(
1 + q + q2 + · · ·

)
ε = ε.

It implies that
x2 ∈ Bd (x0, ε) .

Following in the same way, we obtain a sequence xn ∈ [Sxn−1]
∗

such that

d (xn−1, xn) < qn−1d (x0, x1) < qn−1 (1− q) ε for n = 2, 3, 4, · · ·
and xn ∈ Bd (x0, ε) .
Now, it can be shown that {xn} is a left K-Cauchy sequence, for n < m, we obtain

d (xn, xm) ≤
m−n−1∑
j=0

d (xn+j , xn+j+1) <

m−1∑
j=n

qjd (x0, x1) <

(
qn

1− q

)
d (x0, x1) .

Since 0 < q < 1, it follows that {xn} is a left K-Cauchy sequence in the left
K-sequentially complete quasi-pseudo metric space (X, d) . Thus, there exists z ∈
Bd (x0, ε) such that limn→∞ xn = z.
Now from Lemma 3.10 and Lemma 3.11, we obtain

d
(
z, [Sz]

∗) ≤ d (z, xn) + d
(
xn, [Sz]

∗)
≤ d (z, xn) +D(M,m) (Sxn−1, Sz)

≤ d (z, xn) + d(∞,∞) (Sxn−1, Sz)

≤ d (z, xn) + qmax
{(
d−1 ∧ d

)
(xn−1, z) , d

(
xn−1, [Sz]

∗)
+ d

(
z, [Sxn−1]

∗)}
≤ d (z, xn) + qmax

{
d−1 (xn−1, z) , d

(
xn−1, [Sz]

∗)
+ d (z, xn)

}
≤ d (z, xn) + qmax

{
d (z, xn−1) , d

(
xn−1, [Sz]

∗)
+ d (z, xn)

}
.

As
d (z, xn) , d (z, xn−1) and d (z, xn) converges to zero as n→∞.

Hence, we obtain
d
(
z, [Sz]

∗) ≤ qmax
{
d
(
z, [Sz]

∗)}
,

this implies that
d
(
z, [Sz]

∗)
= 0.

Therefore, Lemma 3.9 yields
z ∈ [Sz]

∗
.

Hence this completes the proof.

Corollary 4.10 [9] Let (X, d) be a left K-sequentially complete quasi-pseudo
metric space, x0 ∈ X, ε > 0 and S : X →W ∗ (X) be fuzzy mapping. If there exists
0 < q < 1

2 such that for each x, y ∈ Bd (x0, ε)

D1 (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d (x, [Sy]1) + d (y, [Sx]1)

}
and

d (x0, [Sx0]) < (1− q) ε.
Thus, there exists z ∈ Bd (x0, ε) such that χ{z} ⊂ Sz.
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Example 4.11. Let (X, d) be a left K-sequentially complete quasi-pseudo met-
ric space of Example 4.5.
Now S : X →W ∗IF (X) defined as

Sx = {〈µSx, υSx〉} .

=



〈
Ω{−x− 1

3}0.990.01

,Ω{−x− 1
3}0.010.99

〉
, x < − 1

3〈
Ω{−x

6 }0.990.01

,Ω{−x
6 }0.010.99

〉
, − 1

3 ≤ x ≤
1
3〈

Ω{− 1
3+x}0.990.01

,Ω{− 1
3+x}0.010.99

〉
, x > 1

3〈
Ω{0}0.990.01

,Ω{0}0.010.99

〉
, x = ω


.

Thus,

[Sx]
∗

= [Sx](0.99,0.01)

=


t ∈ X : Ω{−x− 1

3}0.990.01

(t) = 0.99 and Ω{−x− 1
3}0.010.99

(t) = 0.01, x < − 1
3

t ∈ X : Ω{−x
5 }0.990.01

(t) = 0.99 and Ω{−x
5 }0.010.99

(t) = 0.01, − 1
3 ≤ x ≤

1
3

t ∈ X : Ω{− 1
3+x}0.990.01

(t) = 0.99 and Ω{− 1
3+x}0.010.99

(t) = 0.01, x > 1
3

t ∈ X : Ω{0}0.990.01
(t) = 0.99 and Ω{0}0.010.99

(t) = 0.01, x = ω

 .

It yields

[Sx]
∗

=


−x− 1

3 , x < − 1
3−x

5 , − 1
3 ≤ x ≤

1
3

− 1
3 + x, x > 1

3
0, x = ω

 .

Now ∣∣∣∣x− y5

∣∣∣∣ ≤ 1

4

[∣∣∣x− y

5

∣∣∣+
∣∣∣y − x

5

∣∣∣] .
Thus, for q = 1

4 and for each x, y ∈ Bd
(
0, 13
)

we have

d(∞,∞) (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d

(
x, [Sy]

∗)
+ d

(
y, [Sx]

∗)}
and

d
(
0, [S0]

∗)
< (1− q) .

This implies that 0 ∈ Bd
(
0, 13
)
. Thus, all the assumptions of theorem 4.9 are

satisfied to obtain 0 ∈ [S0]
∗
.

Theorem 4.12 Let (X, d) be a right K-sequentially complete quasi-pseudo met-

ric space, x0 ∈ X, ε > 0 and S : X → W
/
IF (X) is an intuitionistic fuzzy mapping.

If there exists 0 < q < 1
2 such that for each x, y ∈ Bd (x0, ε),

d(∞,∞) (Sx, Sy) ≤ qmax
{(
d−1 ∧ d

)
(x, y) , d

(
[Sy]

∗
, x
)

+ d
(
[Sx]

∗
, y
)}

and

d
(
[Sx0]

∗
, x0
)
< (1− q) ε.

Thus, there exists z ∈ Bd (x0, ε) such that z ∈ [Sz]
∗
.

Proof. The proof is similar to the proof of Theorem 4.9 and so omitted.
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Remark 4.13 Main results of [14] and [9] can be obtained as corollaries of our
theorems and examples 4.4, 4.7 and 4.11 can be considered as evidence of this
statement. As a matter of fact, in examples 4.4, 4.7 and 4.11, [Sx](1,0) is an empty

set, therefore the results proved in [9, 10, 14] are not valid in this case.
Acknowledgements. The authors are very grateful to the referee for his useful

comments and suggestions to improve the quality of this paper.
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