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Abstract

Let G be a finite group and 7(G) be the set of prime divisors of the order of G. For
t € 7(G) denote by n(G) the order of a normalizer of t-Sylow subgroup of G and put
n(G) = {n(G) : t € 7(G)}. In this paper, we give an answer to the following problem,
for the groups of Lie type B,,, C,, and D,:

Let L be a finite non-abelian simple group and G be a finite group with n(L) = n(Q).
Is it true that L = G?

In this paper, we find the first examples of non-abelian finite simple groups which are
not isomorphic and they have the same set of orders of Sylow normalizers and hence, we
show that the question above is not correct always. Let A be the set of prime numbers of
order 2n, 2(n—1) and 2(n—2) mod ¢q. The latter condition is necessary if n > 5. Also, we
show that D,,11(q) is determined uniquely by its order and {n;(D,4+1(q)) : t € AU {2}}
and if n = 2 or ¢ #Z 1 (mod 8), then B, (q) and C,,(gq) are characterizable by their orders
and orders of ¢-Sylow normalizers, where t € AU {2}. If n > 3 and ¢ = +1 (mod 8),
then B, (q) and C,(q) are 2-characterizable by their orders and the orders of ¢-Sylow

normalizers, where t € AU {2}.
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1 Introduction

For a finite group K, let 7(K) and n;(K) denote the set of prime divisors of |K| and the
order of the normalizer of a ¢-Sylow subgroup of K, respectively. Also, let n(K) = {n(K) :
t € m(K)}. Characterization of finite groups is one of the central themes of research in group
theory. There are various characterizations of finite groups by given properties, such as the
set of orders of maximal abelian subgroup or order components, etc (see [1, 13]). A finite
group G is said to be characterizable by the orders of its Sylow normalizers, if G is uniquely
(up to isomorphism) determined by orders of its Sylow normalizers. A group G is said to
be 2-characterizable by the orders of Sylow normalizers, if there is exactly one group H (up
to isomorphism) such that H is not isomorphic to G and n(H) = n(G). Characterization
by the orders of their Sylow normalizers were first given by Bi [2]. Some finite non-abelian
simple groups are characterizable by orders of Sylow normalizers (see [3, 4, 5, 6, 14, 15, 16]).
Assume that n > 3 is a natural number, ¢ is a power of p (¢ = p*) and A is a set of prime
numbers of order 2n, 2(n — 1) and 2(n — 2) mod ¢. The latter condition is necessary if n > 5.
The main theorem of this paper is the following;:
Main Theorem. Let S, , € {By(q),Cn(q), Dnt+1(q)} and, suppose that |G| = |S, 4| and
{ni(Snq) 1t € AU{2}} = {n(GQ) : t € AU{2}}. Then, if S,y = Dpti1(q) or n = 2 or
q # £1 (mod 8), G = S, 4. Further, if ¢ = £1 (mod 8) and n > 3, then either G = S, ; or
{G, Sng} = {Bn(q), Cn(q)}-

Let M, (q) be the group of all (n xn) matrices with coefficients in GF'(q). If m is a natural
number and r is prime, then |m|, denotes the r-part of m, in fact |m|,. = rt if r[jm. Also, S;

is the Symmetric group of degree ¢ and (m,n) stands for the greatest common divisor of m

and n. All further unexplained notations are standard and can be found in [8], [12] and [18].

2 On The Orders of Sylow Normalizers Of Some Simple Clas-
sical Groups
In this section, we calculate the orders of Sylow normalizers of B, (q) and C,(q). First, let

s € m(Bp(q)) = 7(Cpn(q)). When we say exp,(q) = m, we mean s divides ¢"* — 1 and s doesn’t
divide ¢" — 1 for all 0 < h < m. Since |B,(q)| = |Cn(q)] = ¢" (¢* = 1)...(¢*" — 1)/(2,q — 1),



we have s € {p} U {r : exp,(¢) =i or 2¢ such that 1 <7 < n}.

Lemma 2.1 [9]. Let n > 2 be a natural number. If p" # 28, then there is a prime factor r
of p" — 1 such that exp,(p) = n. And if p is not a Mersenne prime, then there is a prime

factor r of p* — 1 such that exp,.(p) = 2.

For a given number n, we define 7(n) = {

n, if nis even

2n, if n is odd n, if nis odd
and 7/(n) =
n/2, if nis even

Lemma 2.2 . Ifexp,(q) = m such that s # 2, then

ns(Br(@))| = [ns(Cn(q))|
= [Spas (@] (T(m) (g™ ™) + (=1)™)* (ar)TT}

(ns(Se)T(m) (@ ™ + (=1)™)(|g7 ™) + (=1)™]o)" ) (@51 /(2.9 = 1),
where t € NU{0}, s't(m) < 2n < st*17(m) and 2n = ap+a17(m)+azsm(m)+...+ap18'7(m).

Proof. Frattini’s argument and [19] complete the proof. [J

Corollary 2.3 . If exp,(q) = 2n, then
Ins(Bn(@))l = [ns(Cnl@))] = 2n(¢" +1)/(2,¢ = 1),
and if exp,(q) = 2(n — 1), then

ns(Ba(q))] = [ns(Cu(@)] = 24(n —1)(¢* = 1)(¢"~" +1)/(2,¢ — 1).

Using the orders of Cartan subgroups of B, (q) and C,(q), we can prove the following

lemma.

Lemma 2.4 . Let P € Syl,(Cy(q)) and P" € Syl (By(q)), then |N¢, ) (P)| = |Ng, ) (P)] =
¢ (a—1)"/(2,4—1).

Corollary 2.5 . If p # 2, then ny(Bpn(q)) = ni(Crn(q)) for every odd prime t.

Again using Frattini’s argument and [19], we can reach to the following results:



Lemma 2.6 . If exp,(q) = 2n, then [Np, (o) (R)| = 2(¢" + 1)(¢+ 1)n/(¢" ™' — 1,4), where
R € Syl,(Dn+1(q))-

Lemma 2.7 . Letexp,,(q) = 2(n—1) and Ry € Syl, (Dn41(q)). Ifn > 4, then |Np, (g (R1)| =
2q2(q4 - 1)((]”71 + 1)(’”‘ - 1)/(47qn+1 - 1) Also, ‘ND4(Q) (R1)| = 8((]2 + 1)2/(47 q4 - 1)

Corollary 2.8 . Letn > 3. Ifr, r1 € n(Sny) such that exp,.(q) = 2n and exp, (q) =
2(n —1), then r1{ ny(Snq) and 740y (Spq)-

Proof. We claim that r { n,, (Sy4). If not, r | n, (Sn4). Since exp,(¢) = 2n, we have
2n | r — 1. Moreover, by Lemma 2.2 and Lemma 2.7, we have r | n — 1. Thus 2n < n,
a contradiction. Similar to the previous procedure, by Corollary 2.3 and Lemma 2.6, r; {

Ny (Sp,q), which completes the proof. O

Lemma 2.9 [17, Corollary after Theorem 3]. Let n > 3 and p # 2. Then na(B,(q)) =
|Bn(q)]2. If ¢ = £3 (mod 8), then na(Cr(q)) = 3'Cr(q)|2, where the number t can be found
from the 2-adic expansion 2n =251 + ...+ 2% 51 > ... > s;. Unless, n2(Cr(q)) = |Cn(q)|2-

Corollary 2.10 . Let n > 3 and q be any prime power. Then n(Bn(q)) = n(Cp(q)), unless
g = £3 (mod 8).

3 Main Theorem

Lemma 3.1 . Let G be a finite non-abelian simple group and |G|, = p°. If p'*/3 < |G| <
p%¢/3, then G is isomorphic to one of the following groups: L,(q) (for 2 < n < 5 and
(n,q) # (5,11)); Un(q) (for 3 < n <5, (n,q) # (3,2), (n,q) # (4,3) and (n,q) # (5,4));
By(q) (for n =2 and (n,q) # (2,3)); *Ba(q); *F;(2).

Proof. [6, Lemma 2] and the orders of all finite simple groups of Lie type in characteristic p

complete the proof. [

Remark 3.2 . Let G be a finite non-abelian simple group and |G|, = p°. If |G| < pTe/3,
then G 1is isomorphic to a simple group of Lie type in characteristic p. Moreover G is not

isomorphic to any of the groups stated in Lemma 3.1.



Lemma 3.3 . [3| Let G be a finite group, N <G and R € Syl,.(G). If r | |G/N| and r 1 |N|
(r is prime and r # p), and if, in addition, p¢ || |[N| and pt || |Cn(R)|, then r | p°~t — 1.

In Lemma 3.4 and Lemma 3.5, let G be a finite group such that n¢(G) | n¢(Sp q), for every
t € m(G). Also, assume that r, ry € m(Sy ) such that exp,.(p) = 2nk and exp,. (p) = 2(n—1)k.
For every prime number t and a natural number m, if exp,(p) = mk, then it is obvious that

exp;(¢) = m. Thus we can use the results of Section 2, when exp,(p) = mk.

Lemma 3.4 . Let S, 4 € {Bn(q),Cn(q)}, N <G, r, 11 € ©(G) and |N|, = p'. Ifr, ry ¢
m(N), R € Syl.(G) and Ry € Syl, (G), then |Cn(R)|, = |Cn(R1)|p = p' or |Cn(R)|, = p“
and pPe=Dk pu|2(n — 1) such that p* € {1,2}, a € N and t = 2nka + u.

Proof. Let |Cn(R)|, = p* and |Cn(R1)|p = p". If t —u =0, we claim that ¢ — v = 0. If not,

then Lemma 3.3 allows us to assume that
2(n—1) |t — v, (1)

because exp,. (q) = 2(n — 1). Recall that n,(G) | 2n(¢" + 1) and n,, (G) | 2(n — 1)q(¢* —
1)(¢"~! +1), considering Corollary 2.3. Since u = t, n,.(G) | 2n(¢" +1) and |Cq(R)| | n.(G),
we have p' | 2n. Hence t < logf," < log2" < 2n/2 < n. Thus (1) implies that 2(n — 1) < n,
which is impossible. Similarly, we can see that if ¢t — v = 0, then ¢t — v = 0. In addition,
(t —u,t —v) = (0,0) or there are a, b € N such that t — u = 2nka and t — v = 2(n — 1)kb.
If (t —u,t —v) # (0,0), then we can consider similar to the previous argument that v > u,

a =b and v = 2ka + u. So, Corollary 2.3 completes the proof. [J

Lemma 3.5 . Let Sy g = Dnt1(q), n >3, NG, r, r1 € 7n(G) and |N|, =p'. If r, 11 ¢
m(N), R € Syl,(G) and Ry € Syl, (G), then |Cn(R)|p = |Cn(R1)]p = p' or |Cn(R)|, =
p € {1,2} and pPe=2k pt2(n — 1) with a € N and t = 2nka +u or u = 2, t = 18 and
Sng = Ds5(2).

Proof. By long and easy calculation, similar to the procedure of the proof of Lemma 3.4,

this lemma can be proved. [J
Proof of the Main Theorem . We note that Ba(q) = Ca(q) and D3(q) = L4(q). Also,

Ls(q), Ca(q) and L,,(q) have been characterized in [2, 3, 4]. Thus we may and do, assume



that n > 3. Let 1 = Go < G < ... < Gy = G be a chief series of G. Let r, r; and r3 be
prime numbers such that exp,.(q) = 2n, exp, (¢) = 2(n — 1) and exp,,(q) = 2(n — 2). Let
R € Syl.(G) and R; € Syl (G). We have the following cases:

I) Let Sy q # Dnti1(q) or n > 5. If (n,q) # (3,2), (4,2), (5,2), then by Lemma 2.1, 7(G)
contains prime numbers 7, 71 and ro. Let jo = Max{l < i < f :r € n(G;/Gi-1)} and,
fix H := Gj,—1 and K := Gj,. By Frattini’s argument, |G/K| = n,(G)/n,(K). According
to Corollary 2.8, 71 { n,(G) and hence, r; € m(G/K). We can repeat the same argument
to show that r; € n(K/H) and if n > 4, then ro ¢ 7(G/K) and ro € w(K/H). Since
|Glp = [Snglp = p° and |G| = |Sn,|, we have |G| < p™/3, considering Lemma 3.1. Thus,
there is 1 < j < f such that |G;/Gj_1], = p% > p and |G;/G;j_1| < p"/3. We claim that
there exists 1 < h < f such that r or 71 (or 7, where n > 4) is an element of 7(Gp/Ghr—1),
|Gh/Ghr1lp = p® > p and |Gy/Gp_1| < p°#/2. If not, then r ¢ 7(G;/G;-1) and r1 &
7(Gj/Gj-1) (moreover ro & w(G;j/Gj—1), for n > 4). Also, by Frattini’s argument, |G/K| =
n(G)/n,(K) and |G/K| = ny,(G)/n, (K). This implies that |G/K]| | (n,(G),n, (G)) and
hence, |G/K]| | (2¢%,2n). If there exist ji, ..., jx > jo such that |G}, /Gj,—1]p, = p% > p and
|G, /Gj—1| < ¢’/ then poit-+en < 2¢% and M1, 1G),/Gji1| > p*ent=Fei) . Hence,
IGI/(TT¥_, |Gy, /G —1]) < prek/3=2en+etes) < polek—(es+ten /2 because e, + ... + €5, <

2k + 1. Thus we may assume that j < jo and we continue the proof in the following subcases:

i) If ptnand |Cg,/q,_, (RGj-1/Gj-1)lp = |Cq;/c,_, (B1Gj-1/Gj-1)|p = p%, then p% |

n,(G), because

Ca,/c; 1 (XGj—1/Gj1)

IA

Ng;/c; 1 (XGj-1/Gj-1)

Ngja; (XGj—1/Gj-1) = Ng(X)/Ng,_, (X), (2)

IN

for every z € 7(G) and X € Syl,(G). Note that n,(G) | 2n(¢" + 1)(¢ + 1), using Corollary

2.3 and Lemma 2.6. So, p% | 2n and hence, p% | 2 which is a contradiction, because e; > 1.

ii) If ptn, |Cq, ;. (RGj-1/Gj-1)lp # |Cq;/c;_, (B1Gj—1/Gj-1)lp and Snq # Dnia(q),
then applying Lemma 3.4 to G/G;—1 and G;/G;—1 implies that e; = 2nka + v with a € N,
Ca,/a,_,(RGj—1/Gj-1)]p, = p* € {1,2} and 2= Dp¥|2(n — 1). Since pPe—1k pu|2(n — 1)
and p { n, we can consider that p | n — 1. Let (n,q) # (4,3). Also, (n,q) € {(3,2), (5,2)}.

Therefore, p | n — 1 shows that n > 6 or n = 5 and k¥ > 2. On the other hand, Lemma



3.3 allows us to assume that ro | p%~¢ — 1, where p© | |Cg,/q,_, (RGi-1/Gi-1)|- Repeating
the argument used for (2), we obtain that ¢ = e; or p¢ | |n.,(G)|, = [2¢*|, (using the
results appearing in [19]). In addition, we conclude that 2(n — 2)k | 4ka — ¢ + u, because

exp,.,(p) = 2(n — 2)k and e; = 2nka + u. Hence
2(n —2)k <4ka—c+u or 4ka—c+u=0. (3)

But p?*etv | 2pF(n — 1). Hence, if p is even, then n — 1 is even and if p is odd, then

p2katu | pk(n —1). Thus
2ka +u < log2™ M < (n—1)/2+ k + L.

So, we can consider that 2ka 4+ u < (n — 1)/2 + k, because p?*a+* | 2pF(n — 1). We claim
that 4ka — ¢ + v = 0. If not, then (3) implies that 2(n — 2)k < 4ka — ¢ + u and hence,
n<3+4+2/(2k—1). Thusn <4 orn=>5and k =1, which is a contradiction. This shows
that 4ka — c +u = 0. But p° | 2¢* and hence a = 1. Since n > 5, ej = 2nk + u and
G/Gj—1 is a direct product of some simple groups of Lie type (by Lemma 3.1), we observe
that |G;/Gj—1] > p*® and it is easy to see that there exists 1 < i < jy such that i # j,
|G/Gi1lp = p® > p and |G;/G;_1| < p°¢i/?. Again, repeating the argument used for (2),
we can see that that

f f

I 1Cojcn, (R2Grm1 /Gl | T] NGy (R2)l/I NGy, (Re)| = ny (G), (4)
k=1 k=1

where Ry € Syl (G) and hence using Corollary 2.3, H£:1 1Caq,/cy (ReGr1/Gr—1)lp |
12¢*|p. So, |Cq, /G, 1 (R2Gi—1/Gi-1)lp € {1,2}, because it had been considered that

|CGj/Gj—1 (R2Gj_l/Gj—l)|p — p4ka+u.
The same argument as the case G;/G;j_1 guarantees that
Ca,ia,_1 (RGi—1/Gi1)lp = [Cqyya,_ (R1Gi—1/Gi-1)lp

which is impossible, considering (i). If (n, q) = (4, 3), then 7,13,41|| |G|. Moreover, m(n7(G)) =
{2,3,7}, m(n13(G)) = {2,3,13} and 7(n41(G)) = {2,41}. Hence, we can see that G;/G;_1 is

a kz-simple group and hence, G;/G;_1 is isomorphic to one of the following groups (see [11]):

As, Ag, La(T), La(8), L2(17), L3(3), Us(3), Us(2),



which contradicts Remark 3.2.

iii) If pt n, |Cg; /6, (RGj—1/Gj-1)lp # |Cq;/c;  (R1Gj—1/Gj-1)lp and Spq = Dny1(q),
then by Lemma 3.5, ¢; = 2nka +u (a € N), |Cg,/q,_,(RGj-1/Gj-1)lp = p* € {1,2} and
¢?%=2p¥12(n—1). But n > 5. Thus applying the results of [19] and the argument of previous
case, we can see that ro | p%7=¢ — 1, where p¢ | |n.,(G)|, and |n., (G)|, | 2¢%(n — 2). Since

e; = 2nka + u and exp,, (p) = 2(n — 2)k, we have 2(n — 2)k | 4ka 4+ u — c. So,
2(n —2)k <4ka—c+u or 4dka—c+u=0. (5)

Also, ¢*?p* | 2¢*(n — 1) and hence, we observe that 2ka +u < (n —1)/2 + 2k. If 2(n — 2)k <
4dka — ¢+ u, we conclude that 2(n —2)k < (n — 1) +4k. Hence n —1 <3+ 3/(2k —1). Thus
n < 7. We claim that @ = 1. If not, then ¢* | 2(n — 1). So, (n,q,a) = (7,2,2), because
(n,q) # (5,2) and 5 < n < 7. Therefore, 2(n — 2)k = 10 | 4ka + v — ¢ = 8 + u — ¢. It follows

that u > 2 which is a contradiction, because p" | 2. In addition, we conclude that
dka—c+u=0 or a=1 and 2(n—2)k<4dk+u—c. (6)

On the other hand, the results of [19] imply that |n, (G)|, | 2¢*(n — 1) and |n.,(G)|, |

2¢%(n — 2), and hence, repeating the argument used for (4), we observe that

f
11 Cc, /6, (RiGy—1/Gy-1)lp | 2¢*(n — 1), where Ry € Syl (G), (7)
y=1

f

I11Cc, /e, . (B2Gy-1/Gy-1)lp | 2¢°(n — 2), where R, € Syl,, (G). (8)
y=1

We have two following subcases:

a) If p | n—1, then p f n — 2. We claim that 4ka + u — ¢ = 0. If not, then (6)
implies that 2(n — 2)k < 4k + u — ¢ and so, n < 4, which is a contradiction, as required.
Hence, 4ka +u — ¢ = 0. Under our assumption, p f n — 2 and by (8), p**ete = p¢ =

ICa, 6, (RGj-1/Gj-1)lp | 2¢°(n — 2). These imply that a = 1. Set
I ={1<i<jo:|Gi/Gi-rlp =" >p, |Gi/Gi-1| < p*/*}. (9)



and |G|,/|G;/Gj-1lp = |G|p/p*" 2 = pln(ntl)=4n)k=2u] " These imply that there exists
z € {1,..,jo}, where x # j, |Gy/Gr-1lp = p® > p and |G,/Gyp-1| < poe=/2 Therefore,

similar to the argument given for I(i), we observe that x € Il — {j}, which is a contradiction.

b) Let ptn — 1. If pfn — 2, then Sub-case (a) completes the proof. If p | n — 2, then by
the same argument as used for Sub-case (a), we can see that there exists z € Il = {1 <i <

jo : |Gi/Giz1lp = p¥ > p, |Gi/Gi—1| < p°¢/?}. According to (7),

Ca, /6,1 (R1Gi-1/Gi-1)lp-|Ca, i, (R1Gam1 /Gt lp | 267

But Lemma 3.4 and previous argument imply that |Cg, /g, ,(R1Gj-1/Gj-1)lp = p2aktu

and hence, |Cq, /q, (R1Gy—1/Gz-1)lp < p. Thus Lemma 3.4 allows us to assume that
Ca, /o (R1Ge—1/Gz1)lp = |Ca,ya,_,(RGz1/Gy—1)|p, which is a contradiction using
Sub-case (i).

iv) If p | n and S, g # Dp+1(q), then by Lemma 3.4,

1Cq,/6;1(RGj—1/Gj1)lp = [Cq,ja,_, (R1Gj—1/Gj-1)l, =p7 or (10)
pr=1,  plk =2 (11)

If p, k, usatisfy (11), then (p, k,u) = (2,1,0). Hence [Cg,q,_,(R1Gj-1/Gj-1)|p = 4. On the
other hand, with the same reasoning as in Sub-case (ii), H?J;:l 1Ca, . (R1Gy—1/Gy-1)lp | 4.
Thus Lemma 3.4 implies that II = {1 < i < jo : |G;/Gi—1lp = p% > p, |Gi/Gi—1] <
p*i/2} = {j}. Since ¢ = 2, p | n and (n,q) # (4,2), we have n > 6. Also, ¢; = 2n and
|Sn.q
It follows that |G|/|G;/Gj-1] < (|Glp/|G;/Gj-1]p)7/® and hence, there exists x € I — {j},
which is a contradiction. Therefore e; satisfies (10). We conclude that p® | (n,(G), n,, (G))

< ¢ (2 —=1)...(¢*"—1) < ¢"*¢""*D_ Thus n(n+1)—2n < 4(n%—2n)/3, because n > 6.

and thus p% | 2p*. We can consider similar to the previous procedure that for every i € II,
e; satisfies (10) and n(n + 1)k < 4[n?k — k — 1]/3. Since |Cg(R1)|, < 2p¥, by continuation
of this procedure, we can find = € II such that |Cq, /q,_, (R1Gz—1/Gz-1)|p = 1, which is a

contradiction.

v) If p| n and Sy g = Dp41(q), then by Lemma 3.5,

1Ca;/6, (RGj-1/Gi-1)ly = [Cq;c, (R1Gj—1/Gj1)lp =p“  or (12)
p* |2, a=1. (13)



Since |Cq,/q, o (R1Gj-1/Gj-1)|p = ¢*0% TT{_1 1Cq, 60 ,(R1Gi-1/Gr-1)lp | |Ca(R1)| and

|Ca(R1)lp | 2¢%p*, similar to the previous procedure, we can get a contradiction.

Therefore, we conclude that there is 1 < h < f such that r or r1 (or 7o, for n > 5)
is an element of 7(G/Gh_1), |Gr/Gh_1lp = p™ > p and |Gy/Gp_1| < p°*»/2. Hence
Gpr/Ghr—1 is a direct product of isomorphic simple groups of Lie type in characteristic p. But
ri € m(Gp/Gp-1), for some ¢ € {0,1,2} such that 7o = r (if n > 5, then i can be equal to
2). Hence G}1,/Gp,—1 is a simple group of Lie type in characteristic p. We claim that h = jp.
If not, then we conclude by checking the orders of all finite simple groups of Lie type in
characteristic p that r ¢ 7(K/H) or r1 ¢ m(K/H) (or ro € m(K/H), where n > 5) which is
a contradiction. Thus h = jo. Therefore K/H is a simple group of Lie type in characteristic
p. It follows that for all 1 <i < f (i # jo), r, ™1 € 7(G;/Gi—1) (moreover, ro & 7(Gi/Gi-1),
where n > 5). Hence, r { |H|. Let |H|, = p’ and |G|, = p°. Lemma 3.3 allows us to assume
that r | p'~* — 1, where |Cg(R)|, = p* and hence, we may consider that 2nk | ¢ — z. This
implies that either |H/K]|, < ¢ *" or t = z. But

[Cu(R)||[K/H| | (|Nu(R)|n:(K))/|Nu(R)|, (14)

using Frattini’s argument. According to [19], |n,(G)|, < |2n|, < p". Therefore, if t = z,
then |H/K|, > p*~". In addition, we conclude that |H/K|, < ¢°~*" or |K/H|, > p*~™.
Also, [K/H| | Sugl, exp,(p) € Maz{exp,(p) : 5 € 7(Sng)} and exp,, (p) € Maz{exp,(p) :
s € m(Spq) and exp,(p) # exp,(p)} (moreover for n > 4, exp,,(p) € Maz{exp,(p) : s €
7(Sn,q) and exp,(p) # exp,(p),exp,, (p)}). It follows that by checking the orders of all finite
simple groups of Lie type, if Sy 4 = Dyy1(q), then K/H = Dy 11(q) and if Sy, 4 # Dyy1(q),
then K/H = By,(q) or K/H = C,(q). So, |G| = |Snq| = |K/H|. Therefore G = K and
H = 1. In addition, by Lemma 2.9, we conclude that G = S, , if and only if ¢ # £1 (mod 8)
orn <3 orS,g=Dpti(q). Unless, S, 4= By(q) or Sy, 4 = Cp(q).

II) If (n,q) = (3,2), then similar to the above argument, there is 1 < j < f such that
|G;/Gj-1lp = p% > pand |G;/Gj_1| < p™/3. Since |G;j/Gj-1| | |Sn| and by Remark (3.2),

we can consider that G;/Gj_1 =2 S, 4. Thus G = 5, , and the proof is complete.

II) If (n,q) = (4,2), then r = 17. Let jo = Max{l < i < f : 17 € 7(G;/Gi-1)},
H:= Gj,—1 and K:= Gj,. We claim that jo € IL. If not, then there is 7 € II such that jo # i.
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We can see that by the orders of Sylow normalizers of G, i < jo and 7(G;/Gi—1) = {2, 3,5}.

Hence G;/G;—_1 is isomorphic to one of the following groups (see [11]):
As, As, Us(2)

which is a contradiction to Remark 3.2. Hence jy € II and we conclude that by Remark 3.2,
K/H = S, 4. Therefore, G = S,, ; and the proof is complete. The same argument applies if
(n,q) = (5,2) and (n,q) = (3,4).

V) Let ¢ # 2, Spq = D5(q) and 7, r1, 72 € ©(Sp,q) such that exp,.(p) = 8k, exp,, (p) = 6k

and exp,., (p) = 5k. We can consider that by Corollary 2.3,

n(G) = 8(¢g+1)(¢" +1)/(¢° —1,4);
n (G) = 6¢°(¢" = 1)(¢* +1)/(¢° — 1, 4);

n,(G) = 5(¢°—1)/(¢° — 1,4),

which easily, we can complete the proof. Also, if ¢ # 2 and S, ¢ = D4(q), then we assume
that r, r1 € 7(Sp,) such that exp,(p) = 6k and exp,,(p) = 4k. We can consider that by
Corollary 2.3, n,.(G) = 6(q+1)(¢>+1)/(¢* —1,4) and n,,(G) = 8(¢>+1)2/(¢* —1,4), which

easily, we can complete the proof. [

Corollary 3.6 Let S, , € {Bn(q),Cn(q), Dnt1(q)} and suppose that n(Sy ) = n(G). Then,
if Sn.g = Dnyi1(q) orn =2 or g # £1 (mod 8), G = S, 4. Further, if n > 3 and ¢ = %1
(mod 8), then either G = Sy, 4 or {G, Sy ¢} = {Bn(q),Cn(q)}.

Using the results about the characterization of finite groups by the orders of Sylow nor-

malizers, we can put forward the following conjecture:
Conjecture: If S is a non-abelian finite simple group, then either S is characterizable
by the orders of Sylow normalizers or S € {B(q),Cr(¢)}, where n > 3 and ¢ = £1 (mod 8),

and in the latter case, S is 2-characterizable.

Acknowledgment. The authors would like to thank the referees for the valuable comments.
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